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Abstract

An overview of N = 2 theories, with 8 real supercharges, in 4,5 and 6 dimensions is given. The
construction of the theories by superconformal methods is explained. Special geometry is obtained
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1 Introduction

These lectures will treat theories with 8 supercharges. Why are the theories with 8 super-
symmetries so interesting? The maximal supergravitied!] contain 32 supersymmetries. These
are the N = 8 theories in 4 dimensions, and exist in spaces of Lorentzian signature with at
most 11 dimensions, i.e. (10,1) spacetime dimensions. If one allows more time directions, 32
supersymmetries is possible in 12 dimensions with (10,2) or (6,6) signature. However, these
theories allow no matter multiplets?} For the geometry, determined by the kinetic terms of
the scalars, this means that the manifold is fixed once the dimension is given. For all theories
with 32 supersymmetries this is a symmetric space.

Matter multiplets are possible if one limits the number of supersymmetries to 16 (thus
N =4 in 4 dimensions). These theories exist up to 10 dimensions with Lorentzian signature.
In this case, the geometry is fixed to a particular coset geometry once one gives the number
of matter multiplets that are coupled to supergravity.

The situation becomes more interesting if the number of supersymmetries is 8. Now there
are functions, which can be varied continuously, that determine the geometry. This makes the
geometries much more interesting. Of course, if one further restricts to 4 supersymmetries,
more geometries would be possible. In 4 dimensions, e.g., general Kahler manifolds appear.
For 8 supersymmetries, these are restricted to ’special Kahler manifolds’, determined by
a holomorphic prepotential [1]. However, this restriction makes the class of manifolds very
interesting and manageable. The holomorphicity is a useful ingredient, and was e.g. essential
to allow the solution of the theory in the Seiberg-Witten model [2], B]. The theories with 8
supersymmetries are thus the maximally supersymmetric that are not completely determined
by the number of fields in the model, but allow arbitrary functions in their definition, i.e.
continuous deformations of the metric of the manifolds.

I will consider mostly N = 2 in 4 dimensions, but also comment on N = 2 in 5 dimensions
and in 6 dimensions. Concerning terminology, N = 2 in 6 dimensions is what is also called
(1,0) in 6 dimensions. Indeed, in 6 dimensions one can have chiral and antichiral real
generators, and the classification can thus be done by giving multiples of 8 real chiral or 8
real antichiral spinors. 8 chiral spinors is the minimal spinor of Spin(5,1). Also for N = 2
in 5 dimensions, the minimal spinor of Spin(4,1) has 8 real components. I denote these
theories still as NV = 2 because for practical work we always use doublets of spinors. Note
also that for other signatures (2 or 3 time directions) one can impose Majorana conditions
such that only 4 of them survive (N = 1). But for Minkowski signature, one can only have
(symplectic) Majorana conditions, which need doublets of 4-component spinors. The basic
properties of the spinors are repeated in appendix . Thus, we will always have an SU(2)
automorphism group of the spinors (and for 4 dimensions the automorphism group has an
extra U(1)).

In the second superstring revolution, the models with special geometry were considered

!The restriction is due to interacting field theory descriptions, which e.g. in 4 dimensions does not allow
fields with spin larger than 2.

2We distinguish the multiplet that contains the graviton and gravitini, and is determined by specifying
the dimension and the number of supersymmetries, and other multiplets, which we call ‘matter multiplets’.
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first, due to this restrictive nature, while still allowing functions that can vary continuously.
The concept of duality became very important at that time. With Bernard de Wit, we had
considered these dualities in N = 2, d = 4 earlier, and this concept had a natural formulation
in the context of superconformal tensor calculus.

Superconformal tensor calculus is another main topic of these lectures. It has been the
basis of the first constructions of general matter couplings. It was initiated in N = 1 due
to the work of S. Ferrara, M. Kaku, P.K. Townsend and P. van Nieuwenhuizen [4, [5, [6].
The extra symmetries of the superconformal group give an advantage over the direct super-
Poincaré approach in that many aspects of the theory get a clear structure. In fact, the
natural vectors in which the dualities have to be formulated are the multiplets of the super-
conformal tensor calculus. In this approach the superconformal symmetry is used as a tool
to obtain the theories that have super-Poincaré symmetry. All the super-Poincaré theories
are constructed as explicitly broken superconformal theories. Lately the conformal sym-
metry has gained importance. There is of course its interest in AdS/CFT correspondence,
although in that context one mostly considers rigid conformal symmetry. But it may also
be interesting to consider which parts of the supergravity theory are explicitly determined
by the breaking of the superconformal invariance, and which part is generically determined
by the superconformal structure. Recently this was useful in cosmology issues related to
gravitino production in the early universe [7]. Thus the superconformal approach may be
more interesting than just as a tool to obtain super-Poincaré results.

The conformal tensor calculus is not the only one to obtain the theories that we con-
sider. For the superspace methods you may consider [§]) and for the harmonic superspace
methods [9]. Furthermore there is the rheonomic approach that has been used for another
formulation of the general N = 2 theories in four dimensions [I0], and in five dimensions [I1].

The plan of the lectures is as follows. Section [2| will introduce some basic concepts.
That involves at the end general formulae for gauge theories. However, the gauging of the
spacetime symmetries is not that straightforward, and one needs constraints. The gauging
of the superconformal group is not a trivial issue and is dealt with in section [3| to obtain the
so-called Weyl multiplet, the multiplet of gauge fields of the superconformal theory. I will
give some practical tools to work with covariant derivatives.

XXX to be improved XXX Then I introduce matter (section [4]). Matter multiplets are
first introduced as representations the superconformal algebra, and then the construction of
their actions is considered. Due to time limits only a few multiplets will be treated. But
that is sufficient to discuss the structure of special geometry in section [6] This structure is
also defined independently of its supergravity construction. It appears in moduli spaces of
Calabi—Yau threefolds.

The matter couplings with N = 2 in 5 and 6 dimensions are of course very much related
to those in four dimensions. In section [§] I discuss the differences and specific properties of
the N = 2 theories in these dimensions. Very special geometry will then show up in relations
between the scalar manifolds that these theories define. This is further clarified in relations
between the homogeneous spaces that they allow. I will also give there an introduction to
quaternionic spaces.

A large appendix is given with conventions and tricks for handling spinors and gamma
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matrices.
XXX superconformal tensor calculus, refer to previous reviews as thesis of M. Derix, S.
Cucu, ...

2 Basic ingredients.

This section is meant to introduce some tools that are useful for the construction of supercon-
formal gauge theory and multiplets. First I discuss the catalogue of supersymmetric theories
with 8 supercharges and their multiplets. Then the superconformal groups are discussed.
Finally, I repeat the general formulae for gauge theories.

2.1 Overview of supersymmetric theories with 8 real supercharges

It is clear that one can introduce 8 supercharges in 1 or 2 dimensions, where the elementary
spinors have just one component. In 3 dimensions, gamma matrices are 2 x 2 matrices,
and the theories with 8 supercharges are N = 4 theories where the spinors satisfy a reality
condition (a Majorana condition). d = 3 will be mentioned shortly in section [8.3 but for
the rest of the lectures, I will consider d = 4,5 and 6. The latter is the maximal dimension
for theories with 8 supercharges. In fact, one could first construct these theories and then
derive several results for d < 6 from dimensional reduction. This programme has been
started for the superconformal theories in [I2 13]. There are many aspects that can be
treated at once for d = 4,5,6. The treatment of the Weyl multiplets is for a large part the
same. Hypermultiplets (multiplets with scalars and spinors only) do not feel the difference
of dimension. The difference indeed sits in the vectors and tensors, which under dimensional
reduction decompose in several representations of the Lorentz algebra. Only a subset of
the couplings of vectors multiplets in d = 4 and d = 5 can be obtained from dimensional
reduction, as I will explicitly demonstrate in section Therefore I will present the theories
for each dimension separately.

In 4 dimensions, the supersymmetries are represented by Majorana spinors. But in
practice, one can also use chiral spinors. I refer to the appendix for the notation and
definitions of the properties of the spinors. A supersymmetry operation is represented as

o(e) = €Q; +&Q",
€ =€, Qi =7Qi, € = — V56, Q' = —0Q". (2.1)
@ is the supersymmetry operation that acts on the field that follows. E.g. if (€)X = %?Qi,
then Q; X = %Ql and Q'X = 0.
In 5 dimensions, one uses symplectic Majorana spinors. The reality rules of appendix
now imply that we have to insert a factor i (see also the different meaning of the

position of the indices 7, as explained in appendix [A.2.2)):

§(e) = i€'Q; . (2.2)



February 2, 2007 — 09: 51 DRAFT LectParis 8

In 6 dimensions, symplectic Majorana—Weyl spinors can be used. In this case we have

5(6) = Jin‘?
776i = €i7 17 Qi = —Q;. (2.3)

The properties of the spinors also imply how the translations appear in the anticommu-
tator of two supersymmetries (the overall real factor is a matter of choice of normalization):

d=4 : {Q;7Qﬁj}:_% (PYaPL)aﬂégi’Pa
d=5andd=6 : {Q,Q%} =—3c7 (a)os Fa- (2.4)

On the use of spinor indices, see appendix The normalization of the spinor generators
is chosen to agree with existing literature in each case.

Exercise 2.1: Determine the parameter that will appear in the translation corre-
sponding to (2.4). Thus, determine £ in

[6(€1),0(e2)] = &% (er, €2) Pa - (2.5)

The results are

I~
M|
o =
-2

5]
[
—_
s,
&l
¥
Y
)

S}
[
[ S
~

d=4 : a,e)=;
3 3

d=5and d=6 €y . (2.6)

2.2  Multiplets.

The classical reference for the classification of multiplets for extended supersymmetry is [14].
From that reference, I extract the on-shell massless representations given in table [I In
the table in [14] are given also different SU(2) assignments, but these are not unique (see
e.g. below the linear multiplet as alternative to the hypermultiplet, so I omit these. To
recognize the number of on-shell components for massless fields, one has to view them as
representations of SO(d — 2). As such, the vectors have d — 2 components. The gravitons
are symmetric traceless tensors, and have thus 3(d —2)(d — 1) — 1 = d(d — 3) /2 components.
The gravitini are « - traceless spinors. As spinors have in each of these cases 2 components
(for d = 6 due to the chirality), this gives (d — 2)2 — 2 = 2(d — 3) components (and a factor
2 from the SU(2)). One can check the boson—fermion balance for all the multiplets.

Remark that vector multiplets have complex scalars in 4 dimensions, real scalars in 5
dimensions and no scalars in 6 dimensions. The scalars in d < 6 can thus be considered as
the remainders of the extra components of the d = 6 vectors.

For the hypermultiplets, one actually needs the double of the fields mentioned in the
table to construct actions. Indeed the scalars are doublets, and can thus not be real. See
also the lectures of P. West XXX in this respect. Then there are 4 real scalars in each
multiplet and supersymmetry defined 3 complex structures, such that the scalars naturally
combine in quaternions.
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Table 1: Massless on-shell representations. The fields are given a name as they will ap-
pear later. The representation content is indicated as its multiplicity in (SO(d — 2),SU(2)),
where the latter is also obtained from the i-type indices. For 6 dimensions, one can write
SO(4) = SU(2) xSU(2), and the corresponding decomposition is written. The non-symmetric
representations are either chiral (chirality is indicated on the field) or they are antisymmet-
ric tensors with self-dual (+) or anti-self-dual (—) field strengths. Of course, the two-form
indicated here is not + self dual, only its field strength is.

d=41 guuw zﬁfL v, gravity
so@) | 21 @2 @
W, Q; X X* | vector multiplet
2,1) (22 @G (11
¢ Al hypermultiplet
(2,1 (1,2
d=51| guw) ¥, A, gravity
S0@) | (5.1) @42 (3.
A, A 0 vector multiplet
3.1 (22 (11
¢ Al hypermultiplet
2,1) (1,2
d=6| Gguw) (L) B, gravity
SO(4) | (3,3;:1) (2,3;2) (1,3;1)
Bf, I o tensor multiplet
(3,1;1) (2,5;2) (1,1;1)
w, Qi vector multiplet
(2,21) (1,22)
Cr Al hypermultiplet
(2,1;1) (1,1;2)
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Remark that here the on-shell massless multiplets have been mentioned. The same
multiplet may be represented by different off-shell multiplets. In 4 dimensions, physical
scalars may be dualized to antisymmetric tensors. E.g. when one of the scalars of a vector
multiplet is replaced by an antisymmetric tensor, we obtain the vector—tensor multiplet [15]
16, [17]

vector-tensor multiplet: V,,, X', ¢, B, . (2.7)

When one of the scalars of a hypermultiplet is replaced by an antisymmetric tensor, then
this gives the so-called linear multiplet (the name is due to its relation with a superfield that
has a linear constraint)

linear multiplet: ', L) E, . (2.8)

I write the antisymmetric tensor here as a vector F, that satisfies a constraint 0°FE, = 0,
such that E, = e.,40°E?. In this way, it can be generalized to d = 5 and d = 6 in a similar
way. In these cases the FE, is the field strength of a 3-form or 4-form, respectively.

In 5 dimensions a vector is dual to a 2-index antisymmetric tensor. Therefore the vector
multiplets can be dualized to antisymmetric tensor multiplets:

d = 5 antisymmetric tensor multiplet: H,,, \’, ¢. (2.9)

For non-Abelian multiplets, the two formulations are not equivalent. This has been inves-
tigated in detail in a series of papers of M. Giinaydin and M. Zagermann [18, 19 20]. The
above overview is not exhaustive.

2.3 The strategy

Our aim is to study the transformation laws and actions for all these multiplets, coupled
to supergravity. As mentioned in the introduction, there are several ways to accomplish
this. The method that we use is the superconformal tensor calculus. That means that we
use extra symmetry. We use as much symmetry as possible. That means that we will in
intermediate steps use symmetries that will not be present in the final action. But its use has
two advantages. It facilitates the construction of the theories, and secondly, it will clarify a
lot of the structure of the theories.

The extra symmetry will be the superconformal symmetries. The motivation for this lies
in the classical work of Coleman and Mandula [21], who proved that the largest spacetime
group that is allowed without implying triviality of all scattering amplitudes is the conformal
group. Although our motivation and use of the group is completely different, this gives an
indication that the use of this group may be the most advantageous strategy. Over the years
we got more convinced that indeed the use of conformal symmetries is a very useful and
clarifying method. Analyzing the steps that are taken in local superspaces, we see that after
using part of the superspace constraints, the remaining part that leads to more insight is
equivalent to the structure that we use in the ‘superconformal tensor calculus’.

What we have in mind can be illustrated first for pure gravity. We show how Poincaré
supergravity is obtained after gauge fixing a conformal invariant action. The details of this
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example will come back in section We now just give the general idea. The conformal
invariant action for a scalar ¢ (in 4 dimensions) i

L = 9[3(0.0)(0") + 3 R¢%] |
5¢ = AD¢5 59;“/ = _2ADgp,1/ y (210)

where the second line gives the local dilatation symmetry that leaves this action invariant.
Now, we can gauge fix this dilatation symmetry by choosingﬁ the gauge

6
=4/—. 2.11
o=° 211
This leads to the pure Poincaré action

L=359R. (2.12)

Pure Poincaré is in this way obtained from a conformal action of a scalar after gauge fixing.
This scalar, which we will denote further as ‘compensating scalar’, thus has no physical
modes. Note also that the mass scale of the Poincaré theory is introduced through the gauge
fixing .

What we have seen is 1) the use of conformal symmetry, 2) construction of a conformal
invariant action, 3) gauge fixing of superfluous symmetries.

In the remaining part of this chapter, we will make familiarize ourselves first with the
conformal group, and first of all as a rigid symmetry. We will then take a look at possible
superconformal groups, and repeat the basis rules for gauging symmetries. In section (3| we
will learn how to gauge the superconformal group. The step 2) of the above overview involves
the superconformal construction of multiplets and their action. This will be the subject of
section . The step 3) will be taken in section , which will allow us to obtain the physical
theories, and be the starting point for analysing their physical and geometrical contents.

2.4 Rigid conformal symmetry

Conformal symmetry is defined as the symmetry that preserves angles. Therefore it should
contain the transformations that change the metric up to a factor. That implies that the
symmetries are determined by the solutions to the ‘conformal Killing equation’

a(ugu) - émwapgp =0. (213)

3Note that the scalar here has negative kinetic energy, and the final gravity action has positive kinetic
energy.

4A gauge fixing can be interpreted as choosing better coordinates such that only one field still transforms
under the corresponding transformations. Then, the invariance is expressed as the absence of this field from
the action. In this case we would use g;“, = gWgZ)Q as D-invariant metric. One can check that this redefinition
also leads to in terms of the new field.



February 2, 2007 — 09: 51 DRAFT LectParis 12

Exercise 2.2: Get more insight in the meaning of the statement that these are the
transformations that preserve ‘angles’. To consider angles, we should consider two
variations of the same spacetime point. Consider the vectors from x to z#+ (A;)*
and another one to x*+(Ay)#*, where the deformations are considered to be small.
The angle between these two is

(A1~ A)?
(A1 - A) (Ay - Ay)

cos® f = (2.14)

Now we perform a spacetime transformation that takes a point z to 2/(x) =
x + &(x). Then the first vector will be between 2/(z) and o'(x + A1) = 2/(z) +
Ay - 02'(z). The new vector is thus

Al = Ay - 02 (x) = Ay + Ay - 9E(2). (2.15)
We thus find that
AL A= Ay A+ AL (0,6 (0)) S + M AL (D,€4(x)), (2.16)
where I added indices for clarity. If the last factor gives just a scaling, i.e. if
AT (9,6 () nuw AG + A1 A (9,6 (x)) = 2Ap(2) AT, AG, (2.17)

then its easy to see that (2.14) is invariant. Indeed, all factors scale with the
same coefficient as the scale factor has to be evaluated at the same spacetime
point.

The requirement ([2.17)) amounts to the scaling of the metric. Indeed, if a metric
scales under spacetime transformations,

d(datn,,dz”) = 2da” (0,£" (x)) nuda” = 2Ap(z)(dan,,dx”), (2.18)

then replace dx in the above by (A; + Ay) and subtract the diagonal terms. This
leads to (2.17)) and hence to the invariance of the angle.

Angles are thus preserved by the transformations that scale the metric and these
are the conformal transformations.

In d = 2 with as non-zero metric elements 7,; = 1, the Killing equations are reduced to
0.¢, = 0:&; = 0 and this leads to an infinite dimensional conformal algebra (all holomorphic
vectors &z(z) and anti-holomorphic vectors €,(2)). In dimensions d > 2 the conformal algebra
is finite-dimensional. Indeed, the solutions are

EH(x) = a" + Mz, + Apah + (® A — 20M2 - Ag). (2.19)

Corresponding to the parameters a* are the translations P,, to Ay, correspond the Lorentz ro-

tations M, to A\p are associated dilatations D, and A% are parameters of ‘special conformal
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transformations’ K,. This is expressed as follows for the full set of conformal transformations
(Sci
bc = a"P, + Ny M, + \pD + A K, . (2.20)

With these transformations, one can obtain the algebra with as non-zero commutators

My, MP7) = —20/°M,)°)

(M
[Bus Myp] = nui By (K Myp] = nup Ko
[Py, K] = 2(1w D +2M,,)
D, P“] =P,, [D,K,|=-K,. (2.21)
This is the SO(d, 2) algebral’] Indeed one can define
- M AP KR (PR
M — :%E; ; [[gyi 12) —%D , (2.22)

where indices are raised w.r.t. the rotation matrices M*#, with the metric
n =diag (—1,1,...,1,—1). (2.23)

In general, fields ¢‘(z) in d dimensions have the following transformations under the
conformal group:

dcd'(z) = §"(x)0,0"(x) + A5} () myw' ;¢ ()

+Ap(2) kp(9) + N (ko) (2), (2.24)
where the z-dependent rotation Ay, (x) and z-dependent dilatation Ap(x) are given by
Api (@) = Op&u) = Aty — 42k
Ap(z) = 20,8 =Ap—2x-Ax. (2.25)

To specify for each field ¢° its transformations under conformal group one has to specify:

i) transformations under the Lorentz group, encoded into the matrix (my,)";. The
Lorentz transformation matrix m,, should satisfy

My kMpo j = Mpo kM j = —Nu[pMoly j + NupMolu j - (2.26)

The explicit form for Lorentz transformation matrices is for vectors (the indices i and
j are of the same kind as p and v)

Mo = —5ﬁLnl,]g, (2.27)
while for spinors, (where i and j are (unwritten) spinor indices)

My = _}17;11/- (228)

®In the 2-dimensional case SO(2,2) = SU(1,1) x SU(1, 1) is realized by the finite subgroup of the infinite
dimensional conformal group, and is well known in terms of L_; = %(PO —P), Ly = %D + Mg, Lh =
%(KO‘i‘Kl), L_l = %(PO‘FPl), LO = %D—Mlo, L1 = %(Ko—Kl). ngher order Ln, |7’l| Z 2 have no analogs
ind> 2.
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ii) The dilatational transformation specified by k% (¢). In most cases (and for all non-
scalar fields), we just have A A
ki = we (2.29)

where w is a real number called the Weyl weight (which is different for each field).
However, for scalars in a non-trivial manifold with affine connection I';;* (torsionless,
i.e. symmetric in (i7)), these are solutions of

Dik}, = 0k} + Tyl kb = wé? | (2.30)
where again w is the ‘Weyl weight’. For I';;* = 0, this reduces to the simple case (2.29).

iii) Special conformal transformations. Possible extra parts apart from those in
and , connected to translations, rotations and dilatations. These are denoted as
(k,9)". The commutator between the special conformal transformations and dilations
gives the restriction '

(ku¢”)0ikp — k0 (k') = ko' . (2.31)

For the simple form of the dilatations (2.29)), this means that k,¢" should have Weyl
weight one less than that of ¢. Also, for consistency of the [K, K| commutators, the
k, should be mutually commuting operators.

In this way, the algebra ([2.21]) is realized on the fields as

[0 (&1), 6c(&2)] = b (& = 50,87 — §10,85) - (2.32)

Note the sign difference between the commutator of matrices and the commutator of
the generators in , which is due to the difference between ‘active and passive’ trans-
formations. To understand fully the meaning of the order of the transformations, consider
in detail the calculation of the commutator of transformations of fields. See e.g. for a field
of zero Weyl weight (kp = 0), and notice how the transformations act only on fields, not on
explicit spacetime points x*:

Apa[D, P lé(x) = (6p(Ap)ip(a”) —dp(a*)dp(Ap)) ¢(x)
= Op(Ap)atd,é(x) — dp(a”)Apa”0,¢(x)
= a"0, (Apz") 0,¢(x)
= a"\p0,¢(z) = Apa"P,¢(z) . (2.33)
It is important to notice that the derivative of a field of Weyl weight w has weight w + 1.

E.g. for a scalar with dilatational transformation determined by the vector kp (and without
extra special conformal transformations) we obtain

dcOup(z) = €"(2)0,0,0(x) + Ap(x) 0.kp
— A" (2)0,0(x) + Ap(2)0,u0() — 2 Ak kp - (2.34)

The first term on the second line says that it behaves as a vector under Lorentz transfor-
mations. Furthermore, this equation implies that the dilatational transformation of 0,¢
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is determined by d,(kp + ¢). For the simple transformation (2.29), this means that the
derivative also satisfies such a simple transformation with weight w + 1. Furthermore,
the derivative 0,¢ has an extra part in the special conformal transformation of the form
ANk, (0,0) = —2Ak,kp.

With these rules the conformal algebra is satisfied. The question remains when an
action is conformal invariant. We consider local actions which can be written as S =
[ dx L(¢'(x), 0,9 (x)), i.e. with at most first order derivatives on all the fields. For P,
and M, there are the usual requirements of a covariant action. For the dilatations, let us
for now just take for all fields the simple law (2.29)) with w; as weight for each field ¢’ (for
an extension, see exercise [2.4)). Then we have the requirement that the weights of all fields
in each term should add up to d, where 9, counts also for 1, as can be seen from ([2.34]).
Indeed, the explicit Ap transformations finally have to cancel with

E4(2),L ~ — (9,6 ()L = —dAp(z)L . (2.35)

For special conformal transformations one remains with

£o | . S5 |
0xS = 2/\‘;(/01% (0, ) (—wwid’ + 2my,"¢7) + A%w(/ﬁm)l(ﬂff (2.36)

where O indicates a right derivative. The first terms originate from the K-transformations
contained in and . In most cases these are sufficient to find the invariance and
no (k,¢) are necessary. In fact, the latter are often excluded because of the requirement that
they should have Weyl weight w; — 1, and in many cases there are no such fields available.

Exercise 2.3: There are typical cases in which (2.36)) does not receive any contribu-
tions. Check the following ones

1. scalars with Weyl weight 0.

2. spinors appearing as @\ if their Weyl weight is (d — 1)/2. This is also the
appropriate weight for actions as A@A.

3. Vectors or antisymmetric tensors whose derivatives appear only as field
strengths ), By,..,.,) if their Weyl weight is p — 1. This value of the Weyl
weight is what we need also in order that their gauge invariances and their
zero modes commute with the dilatations. Then scale invariance of the
usual square of the field strengths will fix p = g.

4. Scalars X* with Weyl weight g — 1 and
L= (0,X")A;(0"X7), (2.37)

where A,-j are constants.
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Exercise 2.4: When the scalars transform under dilatations and special conformal
transformations according to

09" = &"(2)0.¢" + Ap(2)kp(9) (2.38)

with k%, (¢) arbitrary, check that the conformal algebra is satisfied. Consider now
the action for scalars

Sp= 1 / A2 0,8 iy () O (2.39)

It is invariant under translations and Lorentz rotations. Check that the dilata-
tional and special conformal transformations leave us with

08 = —[d%w {Ap(2)8,0" 0"¢ [gra (OpkD + Tje"kp) — 5(d — 2)gsy]
—205 0,0 giskD } (2.40)
if one identifies the affine connection with the Levi-Civita connection of the metric
[similar to ({A.4])]. The invariance under rigid dilatations is thus already obtained
if
Dyikjp = 5(d — 2)gy; , (2.41)

with the usual definition of a covariant derivative D;. Vectors satisfying this
equation are called ‘homothetic Killing Vectorsﬁ. However, to obtain special
conformal invariance, the last term of , originating from a contribution
0,Ap(z), should be a total derivative. Thus one finds that

for some k. Then D;k;p is already symmetric by itself, and thus (2.41) im-

plies (2.30) with w = (d — 2)/2. Thus the vectors satisfying (2.30) are ‘exact
homothetic Killing vectors’, and moreover the exactness for a homothetic Killing

vector is sufficient to prove (2.30). One can find that
(d—2)k = kgl . (2.43)

A systematic investigation of conformal actions for scalars in gravity can be found
in [22].

Exercise 2.5: Check that for a Lagrangian of the form
£ = (0,6)(@¢?). (2.44)
the conformal Killing equation has as solution

le = wlcbl y k'% = UJ2¢2 s W1 + W = d—2. (245)

5The terminology reflects that the right hand side is a constant times g;;. For an function times g;; it is
just a ‘conformal Killing vector’.
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However, the equation (2.30) gives also that w; = wy = 3(d — 2). Check that
this is necessary for special conformal transformations.

Modifying the Lagrangian to

¢1
= (14 %) @ohes), (2.46)
one finds as only non-zero Levi-Civita connections
1 1 2
Pil = 32 = —qb /0 (2.47)

or+ 7 R

The solutions of the conformal Killing equations already fix with
wy = Wy = %(d — 2). However, now the equation gives no solution.
Hence, this model can only have rigid dilatations, but no rigid special conformal
transformations.

2.5 Superconformal groups

A classical work on the classification of superconformal groups is the paper of W. Nahm [23].
In the groups that he classified, the bosonic subgroup is a direct product of the conformal
group and the R-symmetry group. It implies that bosonic symmetries that are not in the
conformal algebra are spacetime scalars. This was motivated by the works of [2I] and [24],
who had obtained such a condition from non-triviality of scattering amplitudes. However,
with branes the assumptions of these papers may too constrained. Other examples have been
considered first in 10 and 11 dimensions in [25]. Recently, a new classification has appeared
in [26] from which we can extract]| table [ for dimensions from 3 to 11. The bosonic
subgroup contains always two factors. One contains the conformal group. If that factor is
really the conformal group, then the algebra appears in Nahm’s classification. Note that 5
dimensions is a special case. There is a generic superconformal algebra for any extension.
But for the case N = 2 there exists a smaller superconformal algebra that is in Nahm’s
list. Note that for D = 6 or D = 10, where one can have chiral spinors, only the case that
all supersymmetries have the same chirality has been included. Non-chiral supersymmetry
can be obtained from the reduction in one more dimension, so e.g. from the d = 7 algebra
OSp(16*|N) we obtain (N, N) in d = 6 [27]. So far, superconformal tensor calculus has only
been based on algebras of Nahm’s type.

We thus see that for N =2 in d =4, d =5 and d = 6 the superconformal algebras are
respectively SU(2,2|2), F2(4) and OSp(8*|2). But, in the practical treatment we will not see
any fundamental difference in the structure of the supergroups. The bosonic subgroups are
respectively SO(4,2) x SU(2) x U(1), SO(5,2) x SU(2) and SO(6,2) x SU(2). The first factor
(one should consider its covering that allows the spinor representation) is the conformal
group, which consists of translations P,, Lorentz rotations M,,, dilatations D, and special

"For the notations on groups and supergroups, see appendix
8See appendix [B| for the notations of groups and supergroups.
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Table 2: Superconformal algebras, with the two parts of the bosonic subalgebra: one that
contains the conformal algebra and the other one is the R-symmetry. In the cases d = 4 and
d = 8, the U(1) factor in the R-symmetry group can be omitted for N # 4 and N # 16,
respectively.

d | supergroup bosonic group
3 | OSp(NV|4) Sp(4) = SO(3,2) SO(N)
4 | SU(2,2|N) SU(2,2) = S0O(4,2) SU(N)x U(1)
5 | OSp(8*|N) SO*(8) D SO(5,2) USp(NV)
F(4) SO(5,2) SU(2)
6 | OSp(8*|N) SO*(8) = SO(6,2) USp(NV)
7 | OSp(16*|N) SO*(16) D SO(7,2) USp(N)
8 | SU(8,8|N) SU(8,8) D SO(8,2) SU(N)x U(1)
9 | OSp(V|32) Sp(32) D SO(9,2) SO(N)
10 | OSp(V]32) Sp(32) D SO(10,2) SO(N)
11 | OSp(V|64) Sp(64) D SO(11,2) SO(N)

conformal transformations K,. The remaining part of the bosonic group is the so-called R-
symmetry group, the automorphism group of the supersymmetries. The fermionic generators
are the supersymmetries Q° and the special supersymmetries S?. In 6 dimensions the S* have
opposite chirality than the @, thus

St = ;5" (2.48)

In 4 dimensions, I also use the opposite convention for the chirality, i.e. (compare with (2.1)))
Si = ’75Si s Sz = —’}/551‘ . (249)

The dilatations provide a 3-grading of the conformal algebra and a 5-grading of the super-
conformal algebra. In the conformal algebra, the translations have weight 1, in the sense that
[D, P,] = P,. The special conformal transformations have weight —1, i.e. [D, K,] = —K,,
and the Lorentz generators and dilatations commute, i.e. they have all weight 0. Also the
R-symmetry algebra has weight 0. The supersymmetries have weight —i—% (see already that
this is consistent with ), and the special supersymmetries have weight —%. Thus, there
is a clear structure in the superconformal algebra, ordering them according to the Weyl
(dilatational) weight:

1 . P,
5 0 Q
0 : D, M, SU(2), (U(1))
s
1 K,, (2.50)

Many of the commutators are determined already by what was said. We have for all the
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dimensions as commutation relationd’|

[May, Meq] = NajeMap — e Maja »

[Pa, Mye) = napPy [Ka, Mye] = NapKq
[D, P, = Fu, D, K, = —Ka,
[
[

[Map, Q2] = =5 (YabQ")a » (M, Si] = —1(YabS)a s
[D,Q.'] = 3Qa',  [D,Sa'l= =35,
U7,Q4"] = (51-]“@&—%5/@&’“, (U7, S."] = 5ik5i—%(5ij5'ak,
d=4 [U(l)aQai] = _i%Qaia [U(l)asai] = _i%Sozi
d=4 : [K;,Q)) = (7aa: [P Sa] = (7Q")a,
d=5 [KLHQZ] = i(’YaSi)aa [Paysai] = _i('YaQi)aa
d=6 : [K.,Qu) = —(%5)ar  [PuSa’] = —(7%Q)a- (2.51)

The factors i are necessary in 5 dimensions if we use the same symplectic Majorana condition
for all the spinors. This can be seen easily from the C-conjugation rules in appendix [A.2.2]

The R-symmetry group is a compact group. In the standard conventions, avoiding ar-
tificial 1 factors in group theory, generators corresponding to a compact action are anti-
Hermitian. For the SU(2) generators we thus have

vl o= —(Uf)",  U'=0,

Uij = i<U101 + UQO'Q + U303) y (252)
where Uy, Us and Us are real operators. The equations of the first line are valid as well, on the
one hand in d = 4, where raising and lowering of i-indices is done by complex conjugation,

and on the other hand in d = 5,6 where they are raised and lowered by the £¥ as in (A.39).
In 4 dimensions, the first equation is written as

d=4 : U’ =-U/;. (2.53)

In 5 and 6 dimensions the one-index raised or lowered matrices are (e.g. Olij = alikekj =
O'liO'Q = —0'3)

d=5,6 : Uy = —ilUyo3 — Uyl +io Us, UY =ilo3 — Ul —i0,Us.. (2.54)

The first equation of (2.52)) implies with the C-rule M¢ = oy M*0y that U is a C-invariant
matrix. The tracelessness translates in symmetry of Ug;) and U () Thus, in conclusion, U
is C-invariant and symmetric (and thus also Uy = U’; here, different from (2.53))).

9To prepare these formulae, I made use of [28] for d = 4, apart from a sign change in the choice of charge
conjugation, such that the anticommutators of fermionic generators have all opposite sign. For d = 5, 1
made use of [29], and for d = 6 of [30], but replacing there K by —K and U;; by —3U;;.
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Exercise 2.6: Check that in 5 and 6 dimensions the [U, Q] commutator can be writ-
ten as [Uij; Qk] = (5[ZkQJ)

In 4 dimensions, the R-symmetry group is SU(2) x U(1). I write U(1) as a real generator.
The anticommutation relations between the fermionic generators are

d - 4 . {Qai, Q]ﬁ} - _%5ji(/ya>aﬁpa ’ {Qaia Qjﬂ} = 0’

{Saiﬂsjﬁ} = _%5ji(7a)aﬁKaa {Sociwsjﬁ} = O» {Qaiwsjﬂ} = O»
{Qa". 5"} = —38;'06"D — 56, (7"")a” Map + 150;'06°U (1) + 6.°T"
d=56 : {Qi, @’} = —36/(v")a" P, {Sia, 577} = =167 (7)o" K,
d=5 1 {Qia, "} = =11 (676.°D + 67 (7)o’ My, + 35,°U)
d=6  {Qin, 5"} = L(676.°D + 07 (7)o’ My, + 46,°U7) . (2.55)

Note that in 6 dimensions, the spinors have a chiral projection, and the gamma matrices in
the right hand side should also be understood as their chiral projection, thus e.g. in the last
line §,,° stands for %(Il —1)a”.

2.6 Rules of (super)gauge theories, gauge fields and curvatures.

Consider a general (super)algebra with commutators
[0a(e1),0p(e7)] = dc (e5'el fan”) - (2.56)

In general the f45° may be structure functions, i.e. depend on the fields. The equality may
be true only modulo equations of motion, as we will see below. To start with, the f45° are
related to the abstract algebra introduced in subsection [2.5

d=14,6 : [Ta,Tg}=TuTs — (—)"PTpTs = fa5°Tc,
d=5 : [Ta,Tg} = TuTs — (=)*PTTs = (—)* P f45°T¢, (2.57)

where (—)# is a minus sign if T4 is fermionic. The extra sign factor for d = 5 is due to the

factors i in (2.2)). It is assumed that in all other cases the transformation is generated by
€AT4. Soon, however, the structure constants will be changed in structure functions.

To realize such an algebra one needs of course gauge fields and curvatures. This means
that for every generator there is a gauge field h,* with

s(e)h,t = 0, + “h P fre?. (2.58)

Note that the order of the fields and parameters is relevant here. For fermionic fields, the
indices contain spinor indices and one may use the conventions of section [A.3.1] Although
the objects may be fermionic or bosonic, you do not see many sign changes. The trick to
avoid most of the signs is to keep objects with contracted indices together. E.g., you see
here the B index of the gauge field next to the B index in the structure constants, and then
the C' contracted indices do not have another uncontracted index.
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Covariant derivatives have a term involving the gauge field for every gauge transforma-
tion,

V,=0,—0alh,?), (2.59)
and their commutators are new transformations with as parameters the curvatures:
Vi V] = —0a(Ru™),
R, = 20,h,"* + 0, h," fpc?, (2.60)
which transform ‘covariantly’ as
SR, = €“ R foc? . (2.61)

They satisfy Bianchi identities, which are, with the definition (2.59)),

ViRt =0. (2.62)

Exercise 2.7: Check that the first equation of (A.2]) corresponds to the above def-
inition for R, if we just consider the Lorentz group, i.e. the first equation of

1} and define w,® as the gauge field of M.

3 Gauging spacetime symmetries and the Weyl multi-
plet.

The rules of gauge theories given in section are easy. | can start by giving a name to the
gauge fields and parameters for the generators that appeared in section

B, My D K, UJ UQ) Q S
e Wuab I VM? Ay Yu O
ga )\ab AD A(;( Ajl AA € n
Note that the table is made for d = 4 and the conventions in d = 4 and d = 5, 6 are different
for the relation between the SU(2) generators and parameters (translating to gauge fields)}

However, these rules do not lead to a suitable theory for spacetime symmetries. There
are several shortcomings if we straightforwardly apply the previous procedure:

1. w, should not be an independent field in general relativity. It is a function of €y
2. General coordinate transformations should appear rather than local translations.

3. The number of bosonic and fermionic components do not match.

0The different normalization of U w.r.t. [30], see footnote @ implies that V,fj in that paper has to be
replaced by —2V,% to get the formulae here.
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3.1 (Gauge theory of spacetime symmetries

As in superspace, we need constraints to get to the theory that we want. These will be
given in section [3.3] However, there are more conceptual changes necessary. First of all I
will discuss the essential modifications with respect to what was presented in the previous
section.

1. Translations will be replaced by general coordinate transformations (gct). These gct
will have to be distinguished from the other transformations.

2. The structure constants will be replaced by structure functions.

3. The multiplet that gauges the superconformal group contains also fields that are not
gauge fields.

4. Some gauge fields are ‘composite’; i.e. functions of the other fields in the multiplet.

Because of the distinguished role of the gct, we split the range of indices A in the trans-
lations, P,, and the remaining ones, which are called T;. The gauge field of the former is at
once denoted as e,”, i.e. the vielbein. One requires this field to be invertible as a matrix.
The translations are replaced by ‘covariant general coordinate transformations’. These are
by definition [31, 32]

Seger(€) = 8y (€) = 51(6"h, 1), (3:2)

a combination of general coordinate transformations and all the non-translation transforma-
tions whose parameter €’ is replaced by £*h,’. As we want the final action to be invariant
under general coordinate transformations and under all the transformations labelled by I,
the action should be invariant also under covariant general coordinate transformations.

Further, I make a distinction between ‘gauge fields” and matter fields. Gauge fields have
a local spacetime index p. Of course one could change it to an index a by multiplication with
e.”, but I consider it in the form hl‘:‘ as a basic field. This basic field may still be composite,
but that is not important at this point. Matter fields have no local spacetime index. The
fundamental difference between gauge fields and matter fields is that the transformation of
matter fields does not involve a derivative of a gauge parameter, while the transformation
of gauge fields have the 9,e? term.

I now present the general form of the transformations.

3.1.1 Transformations of the vielbeins

Remark the following expression for gct on gauge fields
Oget (€)™ = €0,h, ™ + (0,6 h ™ = 0p(€h,P)h,* — &R, (3.3)

For a covariant general coordinate transformation (cgct) the last term of cancels the
first term here, apart from the translation part, i.e. where B takes only the values corre-
sponding to translations. On the vielbeins this gives for the covariant general coordinate
transformation (cgct)

5cgct(§)eua = a,uga + Sbh’uBfBba - gl/R,ul/(Pa) ) (34)
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where the first two terms are (2.58)) for the parameter € replaced by the translation parameter
£, and used for e}, as gauge field of translations. At this point, I introduce a first constraint:

RMV(PG) =2 (8[u + b[u) eg] + QW[uabeu]b + fa(¢u7 @Du) =0, (3'5)

where £% is the function introduced in . This is the constraint that will imply that w,*
is a Levi-Civita connection such that for pure gravity the spacetime manifold with metric
G = €,€ua 18 torsionless. I will come back to this constraint and its consequences below,
and explain its solution for w,* in general. With this constraint, the covariant general
coordinate transformation of the vielbein is just its P, transformation as it would directly

follow from (2.58)):
5cgct(€)eua = (8M + b“)fa + wuab&, . (36)

I used the explicit expressions of the commutators that are of the form [P, -] = P.
The other transformations of the vielbein follow straightforwardly from the rule (2.58]).
Le., using the notation £%(-,-) from ({2.6)),

i(eNes, = €'hl fu”
= —Ape}; — XPepu + & (P, €)
d=4 1 &Y€) = 36" + 36"V,
d=56 : (P, e)=1e7" .. (3.7)

3.1.2 Transformations of the other gauge fields

For the other gauge fields, I will allow a modification of (2.58)), due to the foreseen presence
of matter fields in the multiplet. 1 consider the following general form of I-type gauge
transformations:

5J(e‘])h£ = 8,;1 + EJhMAfAJI + EJMMJ]
@Lel + eJhHKfKJI + EJMHJI,
MaJI = MaJI + faJI . (38>

The expression M,;’ is a function of ‘matter fields’. E.g. for super-Maxwell theories, the
field hﬁ can be the U(1) gauge field W,. The multiplet then contains also a ‘gaugino’, Q°,
which has to appear in the transformation of the gauge vector. This is the term (d = 4)

do(e)W, = —1e;@7,0 + hec., (3.9)

which is thus of the form of an M-term in . But also in the Weyl multiplet there will
be several terms like this, involving the extra matter fields of the multiplet. M, ;' should be
a covariant quantity. I will come back to covariant quantities below, but for now it is any
quantity that does not transform with a derivative. I will come back to this issue below.
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The extra terms determined by f,;’ can be given explicitly:

. . d=4 S4 = —1’
51(61)1% = ..+ savn with d=5 : s5=—i,
d=6 : sg=1.
5I<El)bu = ...+ QAK;M
5I(€I)wuab = ...— 4A[;€Hb] . (310)

To determine the sign factors from the algebra, you have to use symmetry properties of the
gamma matrix and charge conjugation.

The covariant general coordinate transformations on the gauge fields are from the defin-
ition (3.2)) and the transformations (3.8))

Ocget (£, = =& Ry’ + &0 fra" — €' h) M, ;"
= =R —EhMa," (3.11)

The second term in the first line only occurs for the transformation of the gauge fields of
supersymmetry, dilatations and Lorentz rotations. This is the original P, transformation
of the gauge field. In the second line appears a new covariant curvature, which takes the
transformations of the gauge fields to matter fields into account. Indeed, the last term of
the first line of implies that R,,’ transforms in the derivative of a parameter, i.e. there
is a term 28[#6J M, ;1. The modified curvature

R," = Ry, —2hy, My, =1 — 20, My, (3.12)

does not transform to a derivative of a parameter. In the last expression, I have extracted
all contributions from translations out of the curvatures. So

P’ = 200" + B fr (3.13)

Exercise 3.1: We saw already the explicit form of the terms that make the difference
between M and M. This should allow you to determine that the only ones where
these play a role are

RW(Mab) = ruV(Mab) + 8f[u[aeV]b]7
RW(D) = TW(D) — 4f[uae,,}a,
RMV(Q) = TW’(Q) + 2Sd7[u¢u] . (314)

I have not discussed here how the translations are deformed to these covariant general
coordinate transformations. This, I could do for the vielbein, imposing the constraint .
However, for the other gauge field this is not a straightforward step. First of all, we cannot
simply put all curvatures equal to zero to use . This would impose derivative constraints
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on all fields, and thus restrict its dynamics. It could be done for R(P) because in that case,
this constraint will just determine the spin connection in terms of the vielbein, without
imposing further dynamical constraints. The solution differs for the different gauge fields.
That is the reason why we need the matter fields in the transformations . An illustration
how these covariant general coordinate transformations do appear in the algebra, rather than
the translations, will be given in section [3.2.2] The modifications that are necessary to get
the covariant general coordinate transformations for the gauge fields of the Weyl multiplet
will be the subject of section [3.3.2]

3.1.3 Transformations of matter fields

Finally there are the matter fields. Their I-type transformations should be ’covariant ex-
pressions’, to which we turn in a moment. The covariant general coordinate transformations,

defined by (3.2), give
Ocget ()9 = €10 — 01(E"D,, )¢ (3.15)

As the parameter of transformations for matter fields by definition appears without a deriv-
ative, I can write

5Cgct(£>¢ = guD,u¢7 Du¢ = au¢ - 5[(h;€)¢ : (316)

This defines the new covariant derivative. The definition of V in (2.59)) leads to a vanish-
ing result when identifying P, = e}, P, with the generator of covariant general coordinate
transformations:

Vup = 0u¢ — €4 P — 61(h)p = 0. (3.17)
Thus on matter fields we have P,¢ = D,¢.

3.2 Covariant quantities and covariant derivatives

I already used the word ‘covariant quantity’.
Definition of a covariant quantity. A covariant quantity is a field whose transformation
under any local symmetry has no derivative on a transformation parameter.
In particular, as its general coordinate transformation should not involve a derivative on the
parameter £, it has to be a world scalar.

There are two ways to build new covariant quantities:

1. A covariant derivative on a covariant quantity with its index turned to a tangent
spacetime index:

Dot = €' D,y (3.18)

2. Covariant curvatures with their indices turned to tangent spacetime indices:

~

Ra' = e*e,’Ry," . (3.19)
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The elementary matter fields transform under the symmetries in other covariant quanti-
ties. Let me first warn you that this is not a general property of covariant quantities, as we
will see below. For quantities that do not transform in covariant quantities, the expression
of the covariant derivative is not as in . Let us first look to covariant quantities that
do transform in covariant quantities. For those we have the theorem
Theorem on covariant derivatives. If a covariant quantity ¢ transforms only into co-
variant quantities under I-transformations, then its covariant derivative with D, ¢
given by 18 @ covariant quantity.

In other words, this says that then the covariant general coordinate transformation P,
gives also a covariant quantity.

The result of this operation depends on whether the algebra is closed on the original
field. Thus we consider a field ¢ with transformation law and commutator

61(eNe = e'xr, [61(e1),05(e3)] & = €] et (fr0"xx + f1s°Dad + m15) - (3.20)

The last tensor, ;s is the non-closure function. If n;; = 0, then the ‘algebra closes’, and
D,¢ will transform itself in another covariant quantity. If the algebra does not close, then
D, ¢ is still a covariant quantity, but its transformation is not.

The same holds for curvatures, which are in fact the generalisation of the covariant
derivatives for gauge fields:

Theorem on covariant curvatures. For a gauge field with transformation law as in (@
where M, ;' is a covariant quantity, the covariant curvature , with 1S a covariant
quantity.

[ will now first give a proof of the theorem of covariant derivatives, and then discuss
an example of the vector multiplet in 6 dimensions. I will show in there how the covariant
general coordinate indeed needs the seemingly non-covariant last term in , but how
the theorem on the covariant curvature is realized. ﬁ;w does not transform to a covariant
quantity, but ]?iab does. These are very difficult calculations, and should show you why these
theorems are so useful, i.e. to avoid that you have to do such manipulations explicitly.
Finally, I will show in examples the ‘easy way’ in which to get results of transformations due
to the theorems.

3.2.1 Proof of theorem on covariant derivatives

This is just some formal calculation, starting from (3.20]) and (3.8

5](€J)DM¢ = EIaMX[ — GJhllffKJIX[ - EJMMJIX[ - hidJ(EJ)X[ (321)
= EI (DM + 5J(hi)) XI — EthL(fKJIXI - EJMMJIX] - 5J(€J)(5[(h/i)gb

For the last term, I used the notation in the way it is used in calculating a commutator.
That means, that the first d(¢) does not act on the hi within the other transformation in
the same way as it is done when one calculates a commutator. Then the other term of the
commutator comes from the term that was introduced to make the difference between 0,
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and D,,. One gets thus a commutator with €{ replaced by A/, and €5 by €’. Using then (3.20)),
I obtain

6;(e"VDyp = €D,xr — ' M,y xr + GJh,i (frs"Dad +n15)
= EID#X[ — €JMHJIX[ + EJhlIﬂ][J + (5[(€I)€Ha — GIGZfb[a) Da(ﬁ . (322)

At the end, I made use of (3.7). The first term in the bracket has an explicit ¢, but is
cancelled when reverting to the transformation of D,¢:

(SJ(EJ)Daqb = EIDaX] — EJMQJIX[ + EJhiﬁ]J — Ejfa[bDb¢. (323)

If n;; = 0, the transformation of the derivative is again a covariant quantity. I will come
back to the meaning of the last term in section [3.2.4]

3.2.2 Example of d = 6 vector multiplet

I will use an example to illustrate first the closure of the algebra on gauge fields. In the next
part, section [3.2.3|it is used to show how the transformation of curvatures gives a covariant
result. Finally, in section |3.2.4] it is used to illustrate how to make calculations easily using
the theorems.

The example, the d = 6 vector multiplet, consists of a vector W, and a spinor Q'. The
transformation laws excluding covariant general coordinate transformations are:

Si(HW, = d,a—&,9Q,
61(eNY = (BAp — 14"Ny) O+ AYQ; + %7abﬁabei. (3.24)
« is the parameter for the U(1) transformation that W, gauges. This U(1) commutes with
all other symmetries. W, is thus one of the hfL in the general treatment, and comparing with

(13.8), one can identify

Moy’ = — (7, ),, - (3.25)

(cvi) stands here for the combined index indicating a supersymmetry. The i-index is implicit
in the first line of (3.24)), as explained in (A.40). This implies that the modified curvature
(which is called F),, here) is

ij = ij + 2772[;/71/]97 ij = 28[uW,,]. (326)

Instead of using , just recognize that derivatives in F),,, have to be completed to co-
variant derivatives.

In the second line of 1) the Ap-term states that €2 has ‘Weyl weight’ % [ will explain
in section how this weight can be easily obtained. The Lorentz transformation is general
for all the spinors. Its form can in fact already be seen from the commutators in ([2.51)).
Similarly, the SU(2) transformation is general for any doublet. Finally, observe that the
supersymmetry transformation involves F\ab. This should be such because 2 is a matter
field, and should thus transform to a covariant quantity. In section [3.2.3] I will explain how



February 2, 2007 — 09: 51 DRAFT LectParis 28

F, is indeed a covariant quantity. But first, I want to comment on the covariant general
coordinate transformations, for which this expression is also necessary.

Following the formulae for covariant general coordinate transformations, one finds from
(13.11))

5cgct (f)Wu = _gyﬁ;w + fal/;;ﬁaﬁ
5cgct (S)Ql = gaDaQi ) DMQZ = DNQZ B %@L’yabFab )
DNQi = (8M - %bu + %’Yabwuab) QZ - Vuiij . (327)

I first comment on the last expression. I introduce here also a D for convenience, that
only includes the D, M, and R-symmetry, i.e. the linearly realized symmetries. That is
convenient as they have a general form, corresponding to the explanations above of the form
of these symmetries. They are also easy to calculate with, as will be illustrated below.

The last term in the first line may look strange, but is necessary for a correct result of
the anticommutator of two supersymmetries. Indeed, consider the exercise of calculating
the commutator of two supersymmetries on W,. That should now give a covariant general
coordinate transformation.

(5Q<€1)(5Q(€2)W# = —Eg’yuéQ(€1>Q — EQ’}/GQ 5@(61)6#a . (328)

The first term gives clearly the covariant curvature, and the second one leads to the second
term in the last expression of (3.11)).

Exercise 3.2: Check further that one obtains indeed the right coefficient for the

transformations, using (2.6), symmetries using (A.54)), Fierz formulae (A.66)),
gamma manipulations using (A.60]), and (A.18]).

3.2.3 Illustration of full calculation of the transformation of a curvature

[ will now show that ﬁab is a covariant quantity. I first want to calculate the supersymmetry
transformation of F),,. Therefore I need dg1,. The gauge algebra determines several terms,
and there may be matter terms that we have not discussed yet, and so I leave them arbitrary,
calling them T ,:

6oty =Due+7T,, Dye' = (0, + 3by + 19wue) € — V,7¢; . (3.29)

Therefore we have

0 (€) Fuy = =201, (e7Q) + 2(Dpe) 1) + 2T 1,7 + 2080 (€) (1492) - (3.30)

The first 0, can be replaced by a curly covariant derivative D,, as it acts on a SU(2) scalar,
Lorentz scalar, and D-invariant quantity. To say so, I consider for now the parameter € as
an SU(2) doublet, Lorentz spinor, and of dilatational weight —% (check that 2 got weight %
and the implicit e,* has weight —1, see ) That is implicit in the definition of D¢’ in
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(3-29). Then we can ‘distribute’ this covariant derivative, and terms with D, on € cancel.
This illustrates the convenience to work with the D, derivatives. I am left with

~

5Q(€)Fm/ = —25’)/[,,DM]Q — 2€7,§) 'D[Meu}“ + QT[M’YV}Q — 25Q(6)5Q(@/J[M)Wy] . (3.31)

The writing of the last term is similar to what was done in section, and the following
manipulations are similar to those that I did there. Replacing the first curly derivative by
a full covariant derivative, this can be written as D,Q = D,Q + 6o(¢,)S2. The latter term
nearly leads to d¢(1,,)d¢(€)W,, apart from that we have to be careful that also the vierbein
transforms in the latter expression. We obtain:

5Q(E)ﬁuy = —QEV[VDM]Q — 267,52 D[uey]a + QT[H’)/,,]Q
42 [3g(01,). 39(0)] Wey + 267 200(t3)es (3.32)

We already calculated the commutator on W), checking that it gives the covariant general
coordinate transformation. The parameter that we have to use here is, see (2.6)

§ (hu, €) = 367", = dg(e)e,” . (3.33)
That can be inserted in (3.27)) and one can use the constraint (3.5)) to obtain
0= 2D[“€V]a -+ fa(i/Jﬂ, 1Dl,) . (3.34)

I leave to you that after further Fierz manipulations as in exercise [3.2] one arrives at
5Q(€)FMV = —ZEV[VDMQ + QT[M’}/V]Q — 2Fa[,,5Q(6)€u]a . (335)

The last term contains an explicit v,. It is clear that this is cancelled when calculating the
transformation

8¢y (€) Fup = =23 Do + 27T 1762 (3.36)

This does not contain any explicit gauge fields. The gauge fields are hidden in the covariant
derivative.

3.2.4 The easy way

This was to show that it works. That was complicated, and I was only looking to a simple
example! However, now comes the good news: once you know the tricks, you never have to
do it. The tricks involve a good use of calculus with covariant quantities. The tricks involve
the knowledge of the following facts:

e [, on a covariant quantity is a covariant quantity, and so is Rg.
e The transformation of a covariant quantity does not involve a derivative of a parameter.

e [f the algebra closes on the fields, then the transformation of a covariant quantity is a
covariant quantity, i.e. gauge fields only appear either included in covariant derivatives
or in curvatures.
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Let us first consider again the calculation of §F,;. The principles imply that this should
be a covariant quantity. First, I consider the definition . For the transformation of
F,, = 20,W,), I consider the transformation of W,, and when taking the 0, derivative, I
delete the term where the derivative acts on the parameter, because this has to disappear
in the transformation of a covariant quantity. I also do not have to consider derivatives on
a vielbein. A derivative on any gauge field can only appear as its curvature, but we know
that the curvature for the vierbein has been constrained to zero. So from the variation of
the first term in ((3.26) remains only the first term of , modulo terms that should at
the end disappear. In the transformation of the second term, I should consider only

(5@’175“‘) ’y,,]Q . (337)

Indeed, if we would act with dg on the other factors, then a 1, remains and we know that
these should cancel anyway in the full result. Moreover for the variation of ¢, as for any
hfL gauge field, one can neglect the first and second terms in the second line of for the
reasons already mentioned. Thus, the only relevant part of the transformation is M, which
is in our case the Y-term.

Exercise 3.3: Check that, whatever would be the S-transformation of Q (here in 6
dimensions it is zero, however the corresponding fermion in 4 and 5 dimensions
has S-supersymmetry transformations), the S-variation of Fy;, is due to 1'

~

5S(n)Fab = _2’F]’YabQ . (338)

Exercise 3.4: One can even give a general formula for the transformation of curva-
tures, correcting for the effects that gauge fields transform with matter-like
terms. To apply the methods explained earlier, the last decomposition in
is most useful. Indeed, explicit gauge fields appear only quadratically in 7.”.
You can then determine that

5J(€J)§abl = EJﬁabeKJI + QEJD[aMb}JI — QEKM[aKJMb]JI . (339)
Similarly, the Bianchi identity becomes

DiuRpg” — 2R’ My,' = 0. (3.40)

Let me now consider again the transformation of a covariant derivative on a covariant
quantity. The exact calculation lead to (3.23)).

The first term is the covariantization of the leading term in the transformation of 9,¢.

The second term, is then the one that arises from the transformation of the gauge fields in
the second term of the definition . Again, I only have to consider the transformation of
the gauge field itself in that term, as other terms would remain with an explicit gauge term.
And moreover in the transformation of the gauge fields, I only have to consider the terms
M. These terms are thus from a practical point of view the most interesting ones. They
are of two types, see . The first ones are those from the gauge algebra where the gauge
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field was the vielbein. These are the transformations explicitly given in (3.10). The others
are the matter terms, which we still have to find for each case. For the gauge field in the
vector multiplet, that was the relevant term, which gave its supersymmetry transformation
to the gaugino.

The third term is only in case of non-closure. I will consider below the fermionic field in
the vector multiplet for which there is no closure. Closure could be obtained if I would have
introduced auxiliary fields, but for the didactical value of the example, it is good to consider
the situation without the auxiliary fields.

First, consider the fourth term, that finds its origin in transformations of the vielbein
to the vielbein. These are the first two terms in the explicit expression of . These two
terms amount to the following. First it implies that the Weyl weight of D,¢ is one higher
than that of ¢. Second, it implies that the Lorentz transformation of D,¢ differs from the
one of ¢ corresponding to the structure with one extra Lorentz index.

So, finally, consider the gaugino Q¢ in the d = 6 vector multiplet. As we have already
calculated the supersymmetry transformation of F,;, it is easy to calculate the commutator
of two supersymmetries on the gaugino. I do not take the Y-term into account, as we do
not know its form yet, and it is independent of the rest. The commutator is

[6g (1), (e2)] ' = =D &7 + E7e PV @7 er + Eeae P &%) . (3.41)

The first term is the covariant general coordinate transformation. The others are the non-
closure terms. Remark that they are proportional to )2 These imply that the supersym-
metry variation of D, is (neglecting again possible extra matter terms in transformations
of gauge fields)

5o(€) DY = %7bceiDanc + 1%% DY hy e + g—lﬁ%de »Q; Plincdeed) (3.42)

Thus, in this case the transformation of (the covariant) D,{) is not a covariant quantity. It
is now not possible to define Dy, D,() such that it does not transform to a derivative of a
gauge field. However, note that one can define it such that at least the antisymmetric part
in [ab] does not transform in a derivative. That is analogous to a curvature. Also on a gauge
field we cannot define a covariant generalisation of 9, W,y. The covariant Dy, D, should just
have extra factors % for every term in which there are two gauge fields. Also that is similar
to a curvature:

DDy = 0Dy — 198, Doy Fug — S9e DY 0ty — 15 Veae Py G5 " ;) . (3.43)

But these are objects that one seldom needs.

3.3 Curvature constraints and their consequences
3.3.1 Consequences of the constraint on R(P)

I mentioned already one constraint: (3.5)), the vanishing of the P® curvature. You see
immediately why this constraint can be imposed. Concerning representation content, it is a
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vector times an antisymmetric tensor, and the same holds for the spin connection wlﬂb. So,
one can solve it for this spin connection. That is why the constraint is called a ‘conventional
constraint’. Moreover, that is what I was looking for, see the first item of the list of three
shortcomings in the beginning of this chapter. So, from now on, we have

W, = w," () + 2,18 — €l (4h,, ) — Le, (0%, ), (3.44)

where wu“b(e) is the usual expression of the spin connection, see , obtained by the
antisymmetric part of , which is a simplification of the above constraint without b, and
gravitinos. The second term can be understood from the special conformal invariance, see
(3-10). The third contribution is already known from pure supergravity [33, 34, 35].

In fact, let me make a remark that, so far, the whole discussion is not specific for conformal
supergravity. All the expressions would hold also for gauging Poincaré supergravity (apart
from the fact that you should delete the b,-terms, ...).

The constraint is not invariant under all the symmetries. Consider its transformation,
using my ‘easy method’. The terms quadratic in the gravitino do not play a role in the
variation, as they will always leave a naked gravitino behind. Thus we should only consider
the variations of the vielbein in the derivative. According to , this involves only Oe,
Le. R (P), and 0, i.e. ﬁab(Q). The former are zero, so there remains only a variation in

Rab(Q):
61(") Run(P) = € (RunlQ)c€) (3.45)

One may think of two solutions. The first one is to put Eab(Q) = 0. However, in the
expression for ﬁab(Q) there is no field that is a spinor—antisymmetric tensor. Thus this would
not be a conventional constraint. It would already impose differential constraints on fields,
which is not what I want at this point. The second solution is easier. As w,* is now defined
by the vanishing of R, (P), its transformations can be defined by its expression in terms of
the other fields. Another way to say so, is that dw,*’ has extra terms to compensate for the

previous noninvariance of Rq,(P). The result has the same structure as the solution (3.44)):

Sertrawn® = E9(R(Q), €) + 1 (R™(Q),€) . (3.46)

This has to be seen as the additional M-term in (j3.8)).

A final consequence of the constraint can be seen from the Bianchi identity V[, R, (P?).
This equation contains terms with R, (P*), which are thus vanishing now, but also some
covariantization terms that involve other curvatures multiplied with gauge fields. Some of
these terms involve the gravitino, but in other terms the gauge field is the vielbein. E.g.
there is the term e‘[LRVp](D). Once, I change all indices to tangent spacetime indices, then

this is a relation between covariant quantities, e.g. Eab(D) and terms with gauge fields. But
then all explicit gauge fields should disappear when I write everything in terms of covariant
quantities. Therefore, finally I only have to consider the terms where the gauge field is the
vielbein, and covariantize the curvatures. The only terms are then (Bianchi identity for
R(P%), with [uvp] turned to [abc])

— 0o Ru (D) + Riap(My?) = 0. (3.47)
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So far, this is independent of supersymmetry or even of the conformal group. In fact, the
last identity, without R(D) would then be the well-known equation that the M -curvature
antisymmetrized in 3 indices is zero. Multiplying with 94 gives that the contracted
M-curvature, i.e. the Ricci tensor, is symmetric if there is no Ry, (D):

(2 = d) Rap(D) = 2Rqpa(My?) (3.48)

Exercise 3.5: The M-curvature can be calculated directly by taking the derivative
of (3.44)). As the final result has to be covariant, we can drop all other terms, and
restrict to the Jw term, where the derivative acts either on w(e) or on b,. This

leads to a direct relation expressing ]:YW(M ) in the covariantization of dw(e),

and EW. Check that in this terminology, 1} implies that the former part
satisfies the cyclic identity Rj,,,” = 0 and leads to a symmetric Ricci tensor.

Eztra comment. One can define the affine connection I'f,, by a similar constraint as (3-5)),
but now symmetric in (uv):

(O + bu) ey — I ep+ wy, e, = 0. (3.49)

uw=p

Then one has a covariantly constant vielbein in the sense that

Dyel = (0 +bu) ep —Th e 4wy ey + 364 (Y, 1) = 0. (3.50)
Including the affine connection I'?, in covariant derivatives, we can use these covariant
derivatives also on objects with local indices pu, v, .. ..

3.3.2 Other constraints

Now that we have seen the procedure how w,*’ became dependent, you may consider whether
this can be done for other gauge fields in the same way. If we look for the smallest possible
multiplet, then we should use this procedure for all the gauge fields that we can algebraically
solve. The clue is given in (3.14]). Indeed, that equation shows which gauge fields appear
‘linearly’ in the curvatures, in the sense that they are multiplied by a vielbein. This shows
that we may choose constraints that determine f,* and ¢,. This looks rather convenient.
Indeed, f,* would without such a constraint already appear in bosonic conformal gravity,
while we do not know this field in the physical conformal gravity. At first it looks that we can
define it either from a constraint on the dilatational or on the Lorentz curvature. But
implies that R(D) is a function of R(M), so that we can restrict ourselves to the Lorentz
curvature. To be able to eliminate f,* completely, the constraint should be a general d x d
matrix. Therefore the constraint should look like

Roe(M™) +C,b =0, (3.51)
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where C,° may be any covariant function that is independent of f,*. Similarly, there can be
a third constraint that determines ¢, from a constraint of the form

YR(Q)pa + pa =0, (3.52)

where p, is a covariant spinor-vector.

I go now again through the consequences of these constraints. First, the purpose was
to define the gauge fields. Let me repeat the names of the various covariantizations of
curvatures (and introduce meanwhile another one: R'):

r,uul = 28[uhu]l + huKhquJKI )

R, = r.'—2n,7 f
R.' = Ry —2h, My,  =rn" — 20y, M7,
R," = rn' =2k My, = R+ 2 a7 (3.53)

Furthermore, as a completion of the Ricci tensor, see ((A.2)), I define
R = R,(M®)efeyy,  R=R,". (3.54)
The solution is

2(d-2)f," = -R,"—C,“+ e (R+Cy)

2(d - 1)

ld =200 = P RYQ = pu = gy (FRU@ = m) . 659)

There are the same type of consequences as for the first constraint. The transformation
law of the fields f,* and ¢, get extra matter-like contributions. I assume that the extra C
and p terms in the constraints are taken with the same Lorentz structure, SU(2) structure,
dilatational and U(1) weight as the curvature term. Then the constraints break only super-
symmetry. In general, this can be as well () as S supersymmetry. The exact rules depend
on the transformations of the matter terms in the constraint. The simplicity of the result,
e.g. invariance of the constraint under S-transformations may even be an argument for the
choice of the matter terms in the constraints.

The K transformations of these constraints vanish due to the constraint on R, (P), at
least when the extra matter fields do not transform under K. Indeed, this will not be the
case due to a Weyl-weight related argument that I will give in section [3.5.1]

Furthermore, there are relations between the curvatures. Those give relations for the S
and K curvatures. The explicit form depends on the matter sector.

3.4 Conformal invariant actions

Let us now illustrate the construction of a conformal invariant action by looking at a scalar
sigma model without supersymmetry. We have thus a manifold with scalars ¢*. The metric
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gi; defines the Levi-Civita connection FZ We assume that there is a closed homothetic
Killing vector as in (2.30)), which allows to define the conformal symmetry of the scalars.
We have the gauge fields associated to the generators of the conformal group: e,* associated
to the translations P,, w,ﬂb associated to Lorentz transformations My, b, associated to the
dilatations D, and finally f,* associated to the special conformal transformations K,. There
are no other fields, and the transformation laws of the gauge fields under local dilatations
(parameter \p), and special conformal transformations (parameter Ag,) follow directly from
[2-58):

5¢" = kbhAp,
de,* = —Ape,”, oet', = Apet'y,
(5wuab = —4A[;éez] )
0b, = OuAp +2Ag,
0f." = Apfu" + OuAK", (3.56)

where as usual, e#, is the inverse of e,”./
The covariant derivative for the scalars is thus

D,¢" = 0,¢" — bkl Do¢' = e'D,¢" . (3.57)
This leads to
§Da¢" = Ap [Dad’ + (0;k) Dad’] — 2Akakiy = Ap [(w + 1)Da¢’ — KT Dad’| — 2AxakY, -

(3.58)
The second covariant derivative is therefore
D,D*¢" = 0,D¢" + 2f¢k' — b* [(w + 1)Da¢’ — KT, Do’ | + €"“wyia” Dy’ . (3.59)
The covariant box is ‘ A A _
0" = D*Dy¢’ + I Da¢? D¢* . (3.60)
One checks ‘ '
dx0%" = 2A%(d — 2 — 2w)D,¢" . (3.61)
For the action, one starts with
— 1 i mya 1j 1 a i 1.7
e 1£ = EgijDagb D ¢J — Efagijk:DkJD . (362)

Both terms on the right-hand side scale under dilatations separately with a factor 2(w + 1),
while the left-hand side scales with weight d. So it is consistent under the same condition

w=1(d-2), (3.63)

which keeps the conformal box also K-invariant. The K transformations of the action give

, 1 o 1 o
e oL = —2A5kpgiiDad’ — - (0ul\k) gijhphp = ——0a (A% gikpkD) | (3.64)
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where one uses that

0u(gi;k kD) = 2wk gi;0a¢” . (3.65)
One also checks that 5
[ AL = —g;; 0% . 3.66
o [ e = gy (3.66)
There are no C-terms in the constraint that determines fj, and thus 1) simplifies to
1
b=———"R. 3.67

We now just write R, rather than R to indicate that there are no further corrections to
the usual bosonic scalar curvature of the metric. Therefore, the Lagrangian (with negative
kinetic terms for the scalars) is

*IL_ 59 D.¢' D% + Rg;;kb kD, . (3.68)

1
2(d — 1)(d — 2)

In flat space, k' = w¢' and we obtain

L= 2 595D DY+ s RgmcbW (3.69)

d—
8(d—1)
This is, for d = 4 the result that we started from in the example to show the strategy of the

conformal method, see ([2.10)).

3.5 The Standard Weyl multiplets

So far, the third problem that was mentioned in the beginning of this chapter has not been
considered. The number of bosonic and fermionic components of the independent gauge
fields do not match. I will make the count below. The fact that the numbers do not
match also implies that the supersymmetry algebra cannot give rise to invertible coordinate
transformations. Indeed, so far I gave you general forms for the covariant general coordinate
transformations and for the other gauge transformations, but nothing guarantees that super-
symmetries anticommute to the covariant general coordinate transformations. The matter
terms M in the transformations of the gauge fields should be chosen appropriately to ob-
tain the right anticommutator. They should be functions of new matter fields. The general
argument says that the algebra can only be satisfied if the number of bosonic and fermionic
components match. (A detailed explanation of this theorem is in appendix B of [36].

3.5.1 Matter fields completing the Weyl multiplet

How do we have to count the number of components? The argument says that in a set of
states on which the algebra {@, @} = P is valid, with P invertible, there have to be an equal
number of bosonic as fermionic states. E.g., in table[l], we considered ‘on-shell counting’, i.e.
only physical states were considered. When we further consider an ‘on-shell representation’,
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i.e. one for which the algebra works only when the equations of motion are satisfied, then the
equality should hold for such states. But here I want more. I want the algebra to be realized
without use of equations of motion. Indeed, the ‘Weyl multiplet’ that we are constructing
should still be independent of equations of motion. It should be used for many different
actions. Therefore I will consider ‘off-shell counting’. Thus I consider the algebra before
using equations of motion.

To do so, one must realize that the algebra is not just {Q, @} = P. In the anticommutator
of supersymmetries appear also gauge transformations. We can restrict to {Q,Q} = P if
these can be deleted. Thus the argument about equal number of bosonic and fermionic states
is only correct up to gauge transformations. Thus we should subtract the gauge degrees of
freedom in order to perform on-shell countingE].

So, I can start the counting. First consider the bosonic fields related to the conformal
group. The spin connection and K-gauge fields are dependent, so I should not consider
them. There remain thus the vielbein and b, the gauge field of dilatations, that is d* + d
fields. But there are gauge degrees of freedom for the whole conformal group SO(2,d), i.e.
(d+2)(d+1)/2. Therefore this leaves d(d—1)/2—1 degrees of freedom. For the R symmetry
group. The gauge fields are 4d fields for SU(2) x U(1), i.e. 4 dimensions, and 3d for d = 5 or 6
when the gauge group is SU(2), however, the gauge invariance reduces it to 4(d—1) = 12 for
d =4 and 3(d—1) for d = 5,6. On the fermionic side, the gauge fields for S supersymmetry
are dependent fields, so there are only the 8d gravitino components, which transform under
@ and S supersymmetry, leaving 8(d — 2) components. In any case, the count does not work
(see table [3)).

Exercise 3.6: Check that for N = 1 in 4 dimensions, the count would be 8 + 8,
thus one does not need any extra fields. You have to know that the R-symmetry
group is then U(1).

A solution is presented in table[3] It involves an antisymmetric tensor 7', with two indices
in 4 dimensions (T, you may take it antiselfdual, but then it is complex) [37], with two
or three indices in 5 dimensions (these are dual to each other) [29], or an anti-self-dual real
tensor in 6 dimensions [30]. Further there is a real scalar D and a fermion doublet x'.

The solution is not unique and the arguments to obtain it are not so obvious. The
first one of this nature was obtained in 4 dimensions from splitting a linearized Poincaré
multiplet [38] 39 40] that was found before.

One way of constructing the set of fields is to make use of supercurrents. One considers
a multiplet that has rigid superconformal symmetry, and considers the fields that couple to
the Noether currents. This method has been used in various cases, see [B, 41], 42} 43, [44], 29].
We will not go into this subject any further here.

For the transformation laws, one can first consider all terms that are allowed from Lorentz
structure, SU(2) structure, and most of all Weyl weight. The latter is a strong restriction,
especially for the K and S transformations, which have a negative Weyl weight in the sense

" General coordinate transformations are also local gauge transformations, that are more general than
fixed translations. Indeed, the argument on equal numbers of bosons holds already for rigid supersymmetry.
So the general coordinate - equivalent states should also be subtracted.
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Table 3: Number of components in the fields of the standard Weyl multiplet. The columns
d = 4,5,6 indicate the number of components of the fields in the first column with gauge
transformations subtracted. The next columns contain the Weyl weight, the chiral weight

(only for d = 4, where it means that the transformation under U(1) is 6¢ = icoA ), and the

chirality for the fermions for even dimension. Note that for d = 4, changing the position of
the index changes the chirality, while in 6 dimensions the chirality is generic. Finally, we
indicate the symmetry for which it is a gauge field, and possibly other gauge transformations
that have been used to reduce its number of degrees of freedom in this counting.

’ d=4 d=5 d=6 \ w c vs/vr \ gauge transf. subtracted ‘
eu” 5 9 4/ -1 0 P® My, D
b, compensating K¢ 0 O D K
wy,® composite 0 O Mab
fu® composite 1 0 K
Vi 9 12 ) 0 0 SU(2)

A, 3 0 O U(1)

Uy 16 24 32(-3 -3 + Q' St
o composite +: -1 - St

T, 1. 6 10 0 1 -1

D 1 1 11 2 0

X! 8 8 8] 3 -1 +

| TOTAL |24 +24 32+32 40+40 |
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that in order to be in accordance with the commutation relations , a transformation
d¢ = X4 A% can only occur of x, has a Weyl weight that is 1 lower than that of ¢ (formally
consider therefore Ag to be of Weyl weight 1). The transformations are supposed to be
local. That implies that one can only encounter covariant derivatives on the fields that are
in the table. We saw already in section that the covariant derivative increases the Weyl
weight with one. Curvatures have Weyl weight two higher than that of the corresponding
gauge field (due to the fact that we have to change to indices [ab]). The covariant object
of lowest Weyl weight is thus the antisymmetric tensor 7. Due to the Lorentz structure it
cannot appear in dx D, the object with highest Weyl weight (the terms M,x” should have
Weyl weight one lower than the one of the corresponding gauge field).

Continuing the analysis this way, one finds all possible terms, and then one has to check
the algebra to determine coefficients. One more subtlety that appears at this time is that
the algebra may be modified from the pure group-theoretical one by structure functions
depending on the matter fields. One only has to demand that the same commutators are
realized on all fields.

The resulting algebra is called a ‘soft algebra’, meaning that the structure constants are
replaced by structure functions XXX ref. Sohnius XXX. These structure functions depend
on the fields of the Weyl multiplet.

The algebra that we obtain here should afterwards be imposed for all matter multiplets,
apart from possibly additional transformations under which the fields of the Weyl multiplets
do not transform, and possibly field equations if these matter multiplets are on-shell.

I present here the solutions with the fields mentioned in table [3| which are called the
‘Standard Weyl multiplets’. For 5 and 6 dimensions alternative versions for Weyl multiplets
have been constructed [30), 29], which differ from the above ones in the choice of auxiliary
fields (fields below the double line in table [3)). These multiplets contain a dilaton auxiliary
field and are therefore called the 'Dilaton Weyl multiplets’. The analogue in d = 4 is probably
the ‘new’ multiplet that is mentioned in section 4.4 of [45].



February 2, 2007 — 09: 51 DRAFT LectParis 40

3.5.2 d=4

Here is the result for the () and S supersymmetry transformations for d = 4. First for the
independent gauge fields:

5Q,S(€a n)eua %€17a¢ui + h.c s
5Q,S(67 T])b,u %gﬁ(ﬁuz - %ﬁz¢uz
_%gl”YuXi + h.c ;

5Q,S(€7 n)AM = %1€Z¢m + %lﬁl¢uz
—l—gié“%xz- + h.c.,
ogsle;mVui = —&dl, — 0,
—l—%éﬁuxj — (h.c.; traceless) ,
So.s(emvl, = (0 + 3bu + 37" wpae + 31A,) € + V' j€
167 T %6 — %’
dgs(e,mMTy = 28 Rup(Q) ey,
Saslemy' = —ay DT Ve — IR, Ad — HR(A)-7e + ED e + dyy - T e,
dg.s(e,mD = 3&Dxi+hc., (3.70)

where ﬁji is the SU(2) curvature, R(A) the U(1) curvature, and v - R = vR,,. The
notation A’; — (h.c.; traceless) stands for A’; — A;* — 36;'(A*, — A*). For the gauge fields,
the first line represents the original gauge transformations, and the second line are the terms
that were symbolically represented by M. Observe the covariance of these terms and the
transformations of the matter terms.

The dependent fields are defined by the constraints

0 = R%(P),
0 = VbRba(Q)l_‘_%PYaXZ)
0 = Rae(M") +iRS(A) + 1177 + 35,D. (3.71)

The terms that could appear in these constraints are fixed by compatibility with Weyl
weights (thus that we do not want to modify the dilatational transformations), and the
coefficients are chosen such that they are invariant under S-supersymmetry, avoiding extra
S-transformations for the constrained fields. Observe, however, that this is a choice for
convenience, which is even not necessary possible (it is not possible in d = 5 [29] or for (2,0)
in d = 6 [44]). In principle all constraints of the form and are equivalent up to
field redefinitions. I present the transformations of the constrained fields in 3 lines: first the
original transformations, then the M-transformations determined by the non-invariance of
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the constraints, and finally terms that represent modified structure functions:

dQ,s (€ n)wu“b = %E ab(bm 2ﬁi7abd’m’
— 2@y x — 1?%}?‘“’(62)1-
— €T 97 +hee.
So.s(en)fi = 37
— e DX + e DR (Q):
—3€] DT ey — 2€9"Y,; D+ hee.,
dq.s (€, 77)‘25; = (au - %bu + 17abwuab + 1A ) 77i + Vuijnj - fﬁ’YaEi
—m DT yyuee; — §le e + %iE(A) SV’
+2 [0 ) vaty, — (G V) )Yae'] - (3.72)
These third lines thus show that the commutator between two supersymmetries got modified.
The new commutator is

[00(€1), 60 (€2)] = deger (£5) + Oar (M) + 0k (Ad) + 65 (m5) (3.73)

where the associated parameters are given by the following expressions:

& = %?27 €1; + h.c.
AgY e JT % 4 h c.
NSk % €€ e DbTera&” + 1—6627%“ D +h.c.,
my = See ;- (3.74)

These extra terms can become important in applications where they can give rise to central
charges if the fields appearing in the structure functions get non-zero vacuum expectation
values. We will see that in the presence of vector multiplets, there appear extra terms of a
similar nature involving the matter scalars of the vector multiplet.
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The (- and S-supersymmetry transformation laws of the independent fields using again the
same splitting in two lines for gauge terms and matter termﬁ

do,s(€,m)e,”
5@,5(6, U)bu

5@,5(67 U)Vuij
6Q,S(€7 77)1/),3

do.s(e,m) T
do.s(e.m)x’

5@,5(67 77)D

567 Yu

§1€¢# 5”71/’#

—2€VuX

_%ig(i%) + %iﬁ(i¢i)

+4€<i7 X + iy P Tyl |

D€ + 1b € + 3 L “b%be —Vje] i,n"
e A

SiEvax — iiEfA‘zab(Q)

ieiD 647abRZLJb(V) —m/aleTabe — —wanTabe -

_zl;’)/adeTachde + éTZGz + Z abTabT] ’
ey — 2iey™ Tux — inx .

(3.75)

In 5 dimensions, not much simplifications are possible by taking appropriate C' in (3.51]) or
p in (3.52), so that we just took the constraints [29]

R,(P)=0, YRy (Q) =0, Roe(M¥) =0.

The full commutator of two supersymmetry transformations is

[Ba(er), da(e2)] = deger(€5) + 0ar(A5") + d5(113) + S (AY) + Ok (Afs) -

(3.76)

(3.77)

The covariant general coordinate transformations have been defined in (3.2)). The parameters

appearing in (3.77)) are
3
AP
v
5

a
AK3

% 7/.161 )

—iEy "y T 7 e
iééivabTabe{) ,

—dieax + Heven” X'+
e (0 + 1 R(Q) |
—‘62’}/ a1 D+ o 627abc ]Rbcw(v> +
+112162 ( 5’yadeDbTCd + ngTba) €+

+& (’YadeeTbche - 470 chad + %,yaTZ) €1.

12For §y the split in two lines is accidental due to the length of the expression.

(3.78)
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For the @, S commutators we find the following algebra:

[65(n),00(e)] = dp(3ien) + du(5iEr™n) + 6u(=31E"n”) + dx (Agx) ,
0s(m), ds(m2)] = O (5377"m), (3.79)
with
A?}K - %E <7bCTbc’7a - %’}/afybchc) n. (380)

For practical purposes (see how to calculate transformations of covariant derivatives), it
is useful to give the extra parts of the transformation laws of dependent gauge fields, i.e.
the parts denoted by M, ;' in (3.8). These are (for the gauge field of special conformal
transformations we suffice by giving the transformation of the trace, as this is what one
often needs):

Sos(emw,™® = - —1e 'R Q) — L&y, R (Q) — de, ey |
Sos(emdl, = -+ — 5i {1y — 530"} Ra'y (V) +
+1 [PV Ty — Dy Ty + 77D Tuc) € +
+i [= (V" Twb)? + 4T T + 167 T g — 47, T%) € +
+4 (8" T — vy - T) '
ds(n)fa" = —5inx, (3.81)
with v - T = ~®T,, and T? = T%T,,. Note that there are other terms determined by the

algebra. E.g. the A2 expression in (3.78)) implies that the supersymmetry transformation of
the spin connection contains a term

0o (€)w,® = -+ - — ey Ty, . (3.82)

3.5.4 d=6

The transformation laws of the independent fields are

5Q,S(€an)eua = %E’YGQ/J;L’

dgs(emMby = —3€0, + 37y
_iEFVMX>
dg.s(emVu? = 2ei¢) + 2ityd)
e,

o] CH 77)1% = (au + %bu + iVbeuab) €+ Ve
+917 T e + 9’
o5y = 5" YaneRae(Q) — &Evaex
Sgslemx' = +5(Duy-T )W = SRI(V) - ye; + 1D+ 4y - T7of
Sg.s(e,MD = €Dy — 20, (3.83)
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where v - T = v*Te, . . ..
The constraints that we took in 6 dimensions are:

0 = R (P),
0 = YRua(Q) + 1yax',
0 = Ru(M™)—T, 7%+ 15D (3.84)

The last equation contains a sign correctionlﬂ to the equation in [30].
The transformations of the dependent gauge fields w,*’ and gbz contain as covariant terms
(terms not determined by the algebra)

5Q(€)wuab = = %Ef)/[ Eu“(@) - iaﬁxéab(Q) - Tlgeu[a€7b]X7
So(e)d, = -+ 35 {7 — 1%7‘“’} R’ ;(V)el +
—g5 (D™, bcw) : (3.85)

In this case there are no extra S-supersymmetry transformations.
The algebra is only modified in the anticommutator of two ()-supersymmetries:

[6Q(€1)75Q(62)] = 6cgct (% 2/7,1161) + o (%Eg’ycelT_“bc)
+0s (X €7 %1) + 0 (—iéamer (DI~ + L0 D)) . (3.86)

Again, this implies that the transformations of gauge fields contain extra terms as e.g. there
is in the transformation of the spin connection +%€%¢“T— abe,

4 Matter multiplets

Our general strategy has been explained in section[2.3] In a first subsection we will expand on
this using the better knowledge that we have now on the conformal group and its gauge fields.
Then we can introduce various matter multiplets. First we explain their transformations
under all the symmetries, and then we discuss actions.

4.1 Example in bosonic case

In section [2.3] we already outlined the general idea of the superconformal construction for
actions with only super-Poincaré invariance. At that time, we had not yet explained the
gauging of the conformal algebra. Now we can be more precise. For this example, we
will still restrict to the bosonic case. Consider a scalar field ¢ with Weyl weight w. Its
superconformal covariant derivative is thus

Dy¢ = (9 — wby) ¢. (4.1)

13T thank T. Kugo for this correction.
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The transformation of the covariant derivative D,¢ can be easily obtained from the simple
method. One takes into account (3.10) to find that there is a K transformation. The
transformation law of a covariant derivative determines the covariant box

0%

N DyDa¢p = €™ (8,Da¢p — (w + 1)b, Dod + wyuap D¢ + 20 f100)

= ¢ (0, — (w+2—d)by) eg™ (8, — wh,) ¢ — ———R . (4.2)

2(d—1)
I use here the constraint (3.55)) (without matter for the pure bosonic case). The last term
is the well-known R /6 term in d = 4. In fact, choosing w = %l — 1, one has a conformal
invariant scalar action

S = / dzepn®o. (4.3)

Exercise 4.1: Show that [ d%z eD,¢ D is not a special conformal invariant. How-

ever, O¢ is invariant under K iff w = g —1.

Consider now that we want a Poincaré invariant action. Then we have to break dilata-
tions and special conformal transformations, as these are not part of the Poincaré algebra.
Considering ({3.10)), it is clear that the latter can be broken by a gauge choice

K — gauge : b,=0. (4.4)

Therefore, of the ‘Weyl multiplet’ (the multiplet of fields with the gauge fields of the con-
formal algebra), only the vielbein remains. One could take as gauge choice for dilatations a
fixed value of a scalar ¢. One easily checks that then the action (4.3]) reduces to the Poincaré
gravity action.

I can schematically summarize this procedure in the following diagram:

Weyl multiplet: e,*, b,

+
matter field: ¢
! gauge fixing K, D
Poincaré gravity e, . (4.5)

The field ¢ is called a compensating field.
XXX Stress that I do not construct the conformal action for gravity
XXX Explain that gauge fixing is equivalent to redefinitions.

4.2 Conformal properties of the multiplets.

We have defined the Weyl multiplet, and the algebra, which depends for part on the fields of
the Weyl multiplet, is fixed for what concerns the superconformal transformations. We will
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see below that extra terms with gauge transformations of extra vectors or antisymmetric ten-
sors may still appear. The fields of the Weyl multiplet are inert under these transformations,
and these extra transformations do therefore not modify the previous results.

All fields in ‘matter multiplets’ will now have to obey the same algebra. A first step is
to define their transformations under the bosonic symmetries. General coordinate transfor-
mations XXX Lorentz rotations XXX Weyl transformations. Usually,

R-symmetry, see indices for SU(2), and for U(1) (complex XXX)

5A(AA)¢ == iCAA¢. (47)

The number w is called the Weyl weight and ¢ the chiral weight.

In the previous chapter, the Weyl multiplet is constructed, which is the background for
the matter multiplets. Other multiplets should now transform in the representation of the
‘soft group’ defined by the Weyl multiplet. As I have already mentioned, a gauge vector
multiplet may modify this structure. The commutator of the supersymmetries can still be
modified by a gauge transformation that depends on fields of this vector multiplet. For
this structure to make sense, the algebra of the Weyl multiplet had to close without using
an equation of motion. A matter multiplet may now be introduced whose algebra closes
only modulo equations of motion. However, consider now the situation that there is matter
transforming in a representation of a Yang—Mills group. Then, in order to define the matter
multiplet in the background of the Yang—Mills multiplet, the latter has to be well defined
off-shell. Therefore we will have to start with the vector multiplet.

4.2.1 Vector multiplets

The vector multiplet for d = 6 has already been introduced in section [3.2.2] The transfor-
mations are given in (3.24). Later, it was shown in that the supersymmetry transfor-
mations do not close. The solution is well-known. The 5 bosonic components of the gauge
vector, and the 8 components of the spinor, need an SU(2)-triplet of real scalars, Y@, This
will appear in the transformation law of the fermion. As an example, I will determine here
its transformation law, using principles that can be used in general.

In general, it is useful to consider first the Weyl weights of the fields. I will give here
also the argument for the weight % of the gaugino. The starting point is the vector. It
is a gauge vector that gauges a U(1) group, commuting with the supersymmetry algebra.
The superconformal group is complete as it is given, and all other transformations have
to commute with it. Indeed, all extra transformations beyond those in the superconformal
algebra commute with the latteIEI. This implies that formally the parameters have to be
considered as Weyl weight 0. (In principle parameters do not transform, but the commutators
of symmetries can be stated in these terms). Consider then the transformation W, = d,c.

4There may still be a field-dependent correction of commutators of the superconformal algebra that
involve other transformations, that are similar to central charges as we will see below.
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Table 4: Fields in some superconformal matter multiplets. I indicate for each dimension
the Weyl weight (and for d = 4 chiral weight), the number of real degrees of freedom, the
SU(2) representations, which is the same in any dimension, and the chirality for d =4 and
d = 6. For each multiplet I give first the bosonic fields, and then the fermionic fields (below
the line).

field w c # field w # field w # SU(Q) ’75/’77

Off-shell vector multiplet
1 -1 2 o 1 1
0 0 3 A, 0 4| W, 0 5
2 0 3 Y, 3 3|Y, 3 3
3/2 -1/2 8 v, 3/2 81 Q; 3/2 8 2 +
On-shell tensor multiplet
B, 0 3|B, 0 3 1
10) 1 1] o 2 1 1
Ao3/2 4 Yt 5/2 4 2
On-shell hypermultiplet
q* 1 0 4 e 3/2 4| ¢t 2 4 2
¢t 32 —1/2 4 | ¢t 2 4 ¢t 52 4

W = =

1 +
Off-shell chiral multiplet
A w —w 2 1
By w+1 —w+1 6 3
G, w+l —w+1 6 1
C w+2 —w+2 2 1
v, w+ % —w + % 8 2 +
A w3 —w+2 8 2 —
Off-shell linear multiplet
Li; 2 0 3 Ly 3 3| Lj; 4 3 3
E, 3 0 3 E, 4 4| E, 5 5 1
G 3 1 2 N 4 1 1
;i 5/2 -1/2 8 o T/2 8| ¢ 9/2 8 2 —
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This implies that W, has Weyl weight 0. The same argument holds in fact for any gauge
field, or gauge two-form, ... . The the curvature Fy; has Weyl weight 2, due to the vielbeins
involved in Fy, = e ey F),,. As I have explained, these are the covariant quantities that
should appear in the transformations of other matter fields. the supersymmetry parameter €
should be considered to be of Weyl weight —%, as its gauge field 1,,. Thus the supersymmetry
transformation of the gaugino to the field strength of the gauge field determines that the
conformal weight of 2 is indeed %

Exercise 4.2: Determine the same result from the transformation of the gauge field
to the gaugino.

The only way in which we can involve the auxiliary field Y% in the transformation is
with an extra term 092" = Y"¢;. The auxiliary field should then be of Weyl weight 2. In its
supersymmetry transformation law can appear a covariant fermionic object of Weyl weight g
This is consistent with a transformation to the covariant derivative of the gaugino, in order
to cancel (3.41). The full transformation laws are

oW, = 0,0 — €78,
00 = (3Ap — I9™Aaw) U+ ATQ; + Iy Fye’ — $Y e,
OYY = 2ApYY 4 2ARCY ), — i) 4 27000 (4.8)

The final term is the only S-transformation that can occur consistent with Weyl weights.
Its coefficient has to be fixed from calculating the [0¢(€), dg(n)] commutator on the gaugino.
One can check that the extra terms from Y cancel the non-closure terms (3.41]).

Exercise 4.3: Check that all the transformation laws determine (and are consistent
with) Q to be a left-chiral spinor, in accordance with table

Consider now the vector multiplet in 4 dimensions. It could be obtained from dimensional
reduction of this one in 6 dimensions. As mentioned already in section it has then a
complex scalar. These are the fourth and fifth components of the vector of 6 dimensions. To
get the right behaviour of gauge and general coordinate transformations, one has to consider
the vector with tangent spacetime indices to consider the reduction (see [12) I3] and the
lectures of C. Pope XXX in this school). e, has Weyl weight 1, and this is therefore the
Weyl weight of the complex scalar X that appears here.

There is even more. Remember that the covariant general coordinate transformations
contain a linear combination of all gauge symmetries. That involves also the gauge trans-
formation of the vector. Thus in the commutator of two supersymmetry transformations is
a term €y"e;W,. When reduced to 4 dimensions, some components of W, are replaced by
the scalars X. This is the origin of a new term in the supersymmetry commutator involving
structure functions depending on the scalars. Before giving the supersymmetry transforma-
tions, I have to translate the reality of the triplet Y;; in appropriate notation for 4 dimensions.
In 6 dimensions the reality is Y = Y* = 0,Y %05. It is in the form with Y that we have to
translate it, thus giving rise to

Yy = eaei Y ™ Y9 = (Y;)*. (4.9)
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I will introduce here at once the vector multiplet in a non-Abelian group.m Note that 1
will use the index I from now on to enumerate the vector multiplets, and thus the generators
of the non-Abelian algebra that can be gauged. I hope that this does not lead to confusion
with the index I that was used so far to denote all the generators including supersymmetry,
...as it was done in section [3

The transformations under dilatations and chiral U(1) transformations follow from ta-
ble [4] with the general rules and (4.7). The supersymmetry (Q and S), and the gauge

transformations with parameter a of the multiplet in 4 dimensions are

60X = L0 — g’ X" fi,
60 = DX'e+ Iy FL eyd + LY + gXI XK ey
+2XI772- — gOéJQszJKIa
5W,{ - %gijgﬂuQJl + Eijgiwujxl +h.c. + aﬂal - gO‘JWj{fJKI’
0V = &IPS + cinejoe PO + 2ge (e X — & X7 k) frx!
— g0l Y fyil, (4.10)

where R )
Flo=FL - iX'T,. (4.11)

a

In the latter expression, the F is covariant with the new structure functions, as dictated by
definitions given in section [3] Indeed, the second term of the transformation of the vector

reflects the presence of the new term in the commutator of two supersymmetries, modifying
(13.73))

(1), dg(e)] = dp (E%er,€2)) +0u (X(e1, €2)) + 0k (Aic (1, €2)) + 05 (n(er, €2))
+5G (041(617 62) = €ij€2i61jXI + hC) s (412)

where d¢g is the gauge transformation that I announced before.
Exercise 4.4: Check that this leads to the form of ﬁw,l as given below in (4.83]).

For the tensor calculus that is used to construct actions for the vector multiplet, it is
important to note that a vector multiplet is a constrained chiral multiplet.

4.2.2 Chiral multiplet

A multiplet corresponds to a superfield. It can be constrained or unconstrained. A superfield
can be real or chiral, or carry a Lorentz representation, or be in a non-trivial representations
of the SU(2) automorphism group, ... . A chiral superfield is e.g. a superfield that is a
Lorentz scalar, complex, and satisfies the constraint that one chiral superspace derivative is
Zero.

- 15To be in accordance with common practice here, I denote the complex conjugates of the scalar fields by
X rather than X*.
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All that can be directly translated in components. A multiplet is defined by its ‘low-
est’” component. In superconformal language, ‘lowest’ is with respect to the Weyl weight.
Without the superconformal group, one may refer to engineering dimensions. That lowest
component may be a scalar, or any other representation. For a chiral multiplet it is a com-
plex scalar. An unconstrained multiplet would mean that I allow the lowest component to
transform in arbitrary spinors. Then the transformations of these arbitrary spinors can have
arbitrary expressions containing new fields, as long as it is consistent with the algebra. See
e.g. section 3.1 of [46] for the example of N = 1 chiral multiplets, and section 2.2 of [47] for
N = 2.

A chiral superfield is then the restriction that the lowest (complex) component (A) trans-
forms with only the left supersymmetry:

So(e)A = 1ey,. (4.13)

Thus the transformation does not contain ¢;, the right-chiral component. Imposing the rigid
supersymmetry algebra leads to the following general expressions:

5Q(€)A = %EIL\IJH
(SQ(E)\IIZ = @AEZ + %Bijﬁj + %'}/abG_abé“ijEj y

do(€)By = &PV — Mg,
00(6)Goy = 176DV Vi + €V,
5@(6)/\1 = —%’yabG;b E € — %@Bija’fjk(‘:k + %CEijEj s

You can count that this is a 16 + 16 multiplet counted as real components. In fact, it is
reducible. This can be seen by that one can impose the following conditions:

ke
Bij — enejB” =0,

QU — 5UA]- =0,
ab(G—i-ab _ G—ab) =0,
C —20,0°A =0, (4.15)

where B* is, as usual, defined by the complex conjugate of By, and similarly G¥ is the
complex conjugate of G, and thus self-dual as G~ is antiselfdual. These constraints are
consistent in the sense that a supersymmetry variation of one of them leads to the other
equations, and this is a complete set in that sense. The third equation is a Bianchi identity
that can be solved by interpreting GG, as the field strength of a vector. The independent
components are then those of the vector multiplet, identifying

X:A, Q,L:\I]Z, Fab:Gab7 }/:Lj :B,Lj (416)

You can identify the linear part of (4.10) with the transformations of the vector multiplet.
Now, I want to define all this in the full superconformal algebra.
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To define the chiral multiplet in the conformal algebra, one first allows an arbitrary
Weyl weight for A, say that this is w. Then you may allow a general S-supersymmetry
transformation for ¥;, and consistency with the Weyl weights imposes that this should be
proportional to A. Imposing the {Q, S} algebra immediately shows that the chiral U(1)
weight of A should be related to its Weyl weight. In fact, to avoid the ¢; terms in this
anticommutator, one should define that under dilatations and U(1),

5DU (AD,AA)A:U}(AD—IAA)A (417)

You may then determine the same transformations for the other fields from compatibility
with the supersymmetries, and you obtain

Spumy(Ap, Aa)¥; = (w4 $)Ap +i(—w+ 3)A4) U,
dpuay(Ap,Aa)Bi; = ((w+1)Ap +i(— w+1)AA) ij )
dp,u 1)(AD7AA)G;b = ((w+DAp +i(—w+1)A4) Gy,
Spum(Ap, Aa)A; = ((w+ A +i(—w +§)Aa) Ar,
5D,U(1 (Ap,Aa)C = ((w+2)Ap +i(—w+2)A) C. (4.18)

To complete the superconformal multiplet, one has to add S-transformations, and there
are non-linear transformations involving the matter fields of the Weyl multiplet x; and Tgp,
necessary in order to represent the anticommutators (3.73)). The full result was found in [4§]:

dgs(e,mA = &0,
do.s(e,mV; = DAe+ 5Bije + 17 - G ey + 2wAn;,
So.s(e,m By = PV — & Aaej +2(1 — w)i ¥y,
dgs(e,MGy = €7DV, + j€vmhi — 567 (1 + w)iw Y5 ,
dos(e,mA; = —}17 -G~ ]B € — %mBijfkgjk + %C’ejgij
—L(DA)T - y)e; — swAPT) - ve; — 3(X7a V)7 ene’™
—(1+ w)Bijajknk + %(1 —w)y- G,
So.5(6,m)C = —e9GIPA; — 38 ; Broe™e?’

+%(w - 1)@7 -T lD \I/jgij + %EZ’)/ : Tlﬁ\lfjeij + 2w5ijﬁz~Aj . (419)

The constraints are, however, not consistent with any choice of w. E.g. the first
constraint, is a reality condition, and it is easy to check that this is only consistent if the
chiral weight of B;; is zero. This fixes w = 1. That is the appropriate value also to interpret
G as a covariant field strength. The full constraints are

= Bij - 5ik5lekl )

= DU A,

= DUL(G;b - G(;b + %ATab - %ATab) - %(Ei‘j)—([}/bqu - hC) y

= —20A-1G)T" -3,V - C. (4.20)

o O O O



February 2, 2007 — 09: 51 DRAFT LectParis 52

Note that the Bianchi identity shows the shift between the pure covariant field strength and
the G. Compare this with (4.11)).

The chiral multiplet is so useful because the upper component is a scalar. In the rigid
supersymmetry case, it transforms to a total derivative. Therefore it can serve as an action.
That action corresponds in superspace to taking the full chiral superspace integral of the
chiral superfield. In order to do so in the superconformal context, one has to think of an
action of the form

I:/d4xeC’+...+h.c.. (4.21)

The Weyl weight of the determinant of the vielbein is —4, so C' should have Weyl weight 4.
It should also have chiral weight 0. Both these requirements lead to a chiral multiplet with
w = 2. The +... in are terms that should change the transformation of C' that is
covariant, i.e. €D\ to a total derivative. So these terms contain explicit gauge fields. The
full expression has been obtained in [48].

4.2.3 Hypermultiplets

Hypermultiplets are defined in the background of the Weyl multiplet and possibly also in
the background of the vector multiplet. The latter is the case if one considers hypermulti-
plets that transform non-trivially under the gauge transformations of the vector multiplets.
Auxiliary fields to close the algebra (in the sense explained before that ‘open’ means closed
including the trivial symmetries) exist for the simplest quaternionic manifolds, or can be
introduced if one uses the methods of harmonic superspace. However, we can avoid this.
We do not need auxiliary fields any more at this point. This is because the hypermultiplets
are at the end of the hierarchy line. We are not going to introduce any further multiplet
in the background of the hypermultiplets, as these do not introduce new gauge symmetries.
When we considered the vector multiplets, the construction had to take into account that
the multiplets can be used for various possible actions (including hypermultiplets or not).

The algebra thus closes only modulo ‘equations of motion’. The closure of the super-
symmetry algebra will impose equations that we will interpret as equations of motion, even
though we have not defined an action yet. Later we will see how an action can be constructed
that gives precisely these equations as Euler-Lagrange equations.

Rigid transformations in 5 dimensions. We start with 4r scalar fields and 2r spinors.
The scalars are denoted by ¢¥ with X = 1,...,4r and the spinors by (4 with A=1,...,2r.
We use the formulation in 5 dimensions, and first for rigid supersymmetry. For details on
spinor properties and our conventions, we refer to [29]. We consider general transformations
for the scalars under the two supersymmetries with parameters ¢, i = 1,2:

do(e)g™ = —ie'¢ fii(a) , (4.22)
where the ‘vielbeins’ f:(q) satisfy a reality condition

pasEi(fi5)" = fix, (4.23)
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defined by matrices £;; and pap that satisfy
EE* = —]12 y pp* = _]127’ . (424)

One may choose a standard antisymmetric form for p and identify E with € by a choice
of basis. The transformations on variables with an A index are by the reality condition
restricted to G¢(r, H) = SU*(2r) x U(1).

To realize the supersymmetry algebra on the scalars we need the supersymmetry
transformation of the fermions ¢4. They should therefore be of the form

5Q(€)CA = %iaqx ;(A(Q)Ei - CBWXBA(Q) [5(6)QX] ) (4.25)

where the f that appear here have indices in opposite position as in (4.22), indicating that
they are the inverse matrices as 4r x 4r matrices

ii/A i).i = 5YX7 ;(A J)% = ji(SBA- (426)

The last term in the fermion transformation is necessary to cancel the variation of the f
coefficients in the commutator on ¢*. This leads to an integrability condition:

Dy [ =0y [ —wya® (@) f5 + T 4(0) 5 =0,
Dy filt = an)Z(A + f;(BwYBA((ﬁ - FXZ/X<Q)fZZA =0, (4.27)

where T'3y-(q) = T'54(q) is any symmetric function of the scalars. We will identify these
equations as expressing a covariant constancy of the vielbeins.

This can then be interpreted geometrically. wxp?(q) are seen as gauge fields for the
G{(r,Q). Obviously, we can interpret 'y ,(q) as an affine connection. Also complex struc-
tures can be defined as (using vector sign for the three complex structures and using the
three sigma matrices)

IV =—ifidedi = I =iy d = 20 - 6k (4.28)

The complex structures satisfy, due to (4.26]), the quaternion algebra (using here for conve-
nience indices x,y, z instead of the vector sign)

JEJY = —14,0% + ™2 J* | (4.29)

This defines the space of the scalars to be a hypercomplex manifold. To get more insight in
their structure, we consider the integrability equation of , i.e. acting on it with another
derivative and antisymmetrizing. This equation involves the curvature of the manifold as
defined by the connection I'xy? and the G{(r, H) curvature

Rxyz" = 20xTyiz" +20yix" Ty2",
Rxvp? = 20xwyip” + 2wixio) wy)s°. (4.30)
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The integrability conditions relate these two, and they are further determined by one tensor

Wapc?, symmetric in the lower indices (for details on the derivations, see appendix B in
[49])

z 7 ¢iB A
Rxyw” = [fiifw Rxvs

A _ 1 4iC 4D A Z _ _1pAi. jB (kC +Z D
Rxvs® = —5fx [y €;Weps”, Rxyw” = —3fx"eii f fw fipWapc™ . (4.31)

Exercise 4.5: Show that the previous formulae lead also to
Rxvp’ [ };3 = —%ﬁijWBCDA or  Wpep® = %5ijff§a o i Rxy 2"
(4.32)

The conclusion so far is that imposing the supersymmetry transformations on the bosons
lead to the identification of a hypercomplex manifold parametrized by these bosons ¢*.
The structure is determined by vielbeins fi' and connections wx4? and I'4y (the latter
symmetric in its lower indices) such that and are satisfied. This leads to the
identification of complex structures as in and the curvature tensor .

Algebra on the fermions One can then check that with the given transformations and
identities (4.26]) and (4.27) the supersymmetry algebra on the fermions closes according to
(2.5)) modulo terms proportional to

FA = @CA + %WBCDACBCCCDy QMCA = auCA + (8qu)<BwXBA- (4'33)

There are more terms if the fields transform under the gauge group of a vector multiplet,
see [49]. Putting this equal to zero (demanding an on-shell algebra) gives an equation of
motion for the fermions. The supersymmetry transformation of this equation gives then also
an equation of motion for the bosons. As announced before, we thus have already physical
equations despite the absence of an action.

Intermezzo: Reparametrizations and covariant quantities. We could now wonder
in how far the parametrization of the scalars and the fermions has been important. There are
thus two kinds of reparametrizations. The first ones are the target space diffeomorphisms,
¢ — ¢%(q), under which f transforms as a vector, wxa®? as a one-form, and ['xy? as
a connection. The second set are the reparametrizations which act on the tangent space
indices A, B, .... On the fermions, they act as

¢t — Mg) = CPUN ), (4.34)

where U475 (q) is an invertible matrix, and the reality conditions impose U* = p~!Up, defining
G/(r,H). In general, such a transformation brings us into a basis where the fermions depend
on the scalars ¢*. In this sense, the hypermultiplet is written in a special basis where ¢*
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and (* are mdependent fields. The supersymmetry transformation rules and -
are covariant under if we transform fi(q) as a vector and wx,? as a connectlon

UJXAB — (:EXAB = [(axU_l)U + U_lwa]AB. (435)

These considerations lead us to define the covariant variation of vectors with indices in the
tangent space, as (*, or a quantity A~ with coordinate indices:

S =6¢" + PuxpoqX, AN =AY + AVTy %647, (4.36)

for any transformation ¢ (as e.g. supersymmetry, conformal transformations,. .. ).

Two models related by either target space diffeomorphisms or fermion reparametrizations
of the form (4.34]) are equivalent; they are different coordinate descriptions of the same
system. Thus, in a covariant formalism, the fermions can be functions of the scalars. The
expression Jx(* makes only sense if one compares different bases. But in the same way also
the expression (Pwxp? makes only sense if one compares different bases, as the connection
has no absolute value. The only covariant object is the covariant derivative

Dx(* = 0x¢* + Puxp?. (4.37)

The covariant transformations are also a useful tool to calculate any transformation on e.g.
a quantity Wa(q)¢™:

0 (Wala)¢h) = 0x (Wa¢™) 0q™ + Wa 64|,
= Dy (Wach) 6¢X + W (&A - @XQA&JX)
= (DxWa)5q ¢ + Wit (4.38)

We will frequently use the covariant transformations (4.36]).

Boson field equations. By varying the equations of motion of the fermions under super-
symmetry, we derive the corresponding equations of motion for the scalar fields:

-~ 1
5(e)T4 = 51 FRZA (4.39)
where
1= .
AY =0g¢" - §CB%CDaanff/C AWaep® — ZQYWBCD CHCPCeCP Y £l (4.40)

and the covariant laplacian is given by
D¢ = 0,0°¢" + (0.4") (0°¢%) Ty~ . (4.41)

The equations of motion (4.33) and (4.40). These form a multiplet, as (4.39) has the
counterpart N
5(e)AN = —@Pr4 f¥ + 21e 159 ¢P fBZRXYCD, (4.42)

where the covariant derivative of T'? is defined similar to .
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Superconformal. To allow the generalization to superconformal couplings, the essential
question is whether the manifold has dilatational symmetry. This means, according to (2.30))
that there is a ‘closed homothetic Killing vector’ [50]. The dilatations act aﬂ

Sp(Ap)a™ = Apkp(q), (4.43)

where k35 satisfies (we generalize here already to d dimensions, as the modifications involve
only a normalization factor)

d—2

m%zm%+wﬁﬁz2

Sy~ (4.44)

The presence of this vector allows one to extend the transformations of rigid supersymmetry
to the superconformal group [50), 51, [49], with e.g. transformations under the SU(2) R-
symmetry group:

Ssuiy(N)g* = K- kX K- kDX (4.45)

T d—2

On a flat manifold, where D = 0, the fields ¢* have Weyl weight 1. In general, one can
introduce the sections

A = |8 fid (4.46)
These transform under dilatations as
—~ . . . d— 2 .
6D(AD)A1A = (8XA1A — wXBAAzB) 5D(AD)qX = TADAZA. (4.47)

They thus scale under dilatations as most of the fields we are used to with just a factor
(weight), which is here (d — 2)/2. E.g. in 5 dimensions, its transformation laws are

We can then derive the other (super)conformal transformations using the algebra. The
special conformal transformations on ¢* and (4 vanish, apart from the induced parts as
follows from . These implicit K-transformations imply e.g. that dx(Ax)@q™ # 0. The
algebra gives then for the S-supersymmetry [again apart from the implicit ones in €(z)]

0s(n' )¢ = —kp fi'mi - (4.49)
The bosonic conformal symmetries act as
d—1
2

6Note that we give here only the intrinsic part of the dilatations, i.e. the Ap term in (2.24), and not the
part included in the general coordinate transformation (). Similarly for special conformal transformations,
we will write here only the intrinsic part represented as (k,¢) in that equation.

op¢t = ApC*t, dsu@Ct =0. (4.50)
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Isometries and coupling to vector multiplets. So far the multiplet was defined with-
out a gauge group. Having in mind couplings to vector multiplets, one has to define the
multiplet in the algebra including the vector multiplet with its gauge transformations. To do
so, we first have to consider which transformations are possible. One may consider general
transformations

da(@)q = —ga'k™ (q), (4.51)

where ¢ is the coupling constant and the k;*(¢) parametrize the transformations. When we
have a metric, these vectors should be Killing vectors. As we have not discussed a metric
yet, we could define here some generalization of symmetries, but we just refer the interested
reader to [49]. The transformations constitute an algebra with structure constants fr/%,

k¥ oyks, ™ — kY ovkr™ = —fr % ki (4.52)

These Killing vectors should respect the hypercomplex structure. This is the requirement
vanishing of the commutator of Dy k¥ with the complex structures:

(Dxk)) v? =T (Dyk?) . (4.53)
Extracting affine connections from this equation, it can be written as
<£k1j> Y = kIZOZfXY — azk}/sz + akuZjZY =0. (454)
b's

The left-hand side is the Lie derivative of the complex structure in the direction of the vector
kr. Note that these equations will be modified for quaternionic-Kéhler manifolds. In that
case, this is even not any more an independent equation, but follows from the fact that it is
a Killing vector for a metric of a quaternionic-Kéahler manifold. for hyper-Kahler manifolds,
however, this is an extra constraint.

To define the transformations on the spinors one needs the matrix

1 )
tral = 3 Y OvESfE. (4.55)

The transformation of the fermions is then in 5 dimensions

~

da(a)¢? = —ga'tip” (q)¢”. (4.56)

To illustrate the concept of the background of vector multiplets and Weyl multiplet for
the hypermultiplet, we can give the full forms of (4.25)), when the isometry with index I is
coupled to the gauge symmetry of the vector field with index I:

. i 1 a i 3 %
(SQ(G)CA = %lwq‘x XA(q)ei—CBwXBA(q) [(5(6)(]‘)(} +§’y bTakafXAQ—'— @hlk;(fXAEi, (457)

where T, is one of the auxiliary fields of the Weyl multiplet, and this term is thus absent in
rigid supersymmetry. The covariant derivative includes now a term Aikf( .
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To 4 dimensions. In [52] it has been discussed how to translate the d = 5 results to a
convenient d = 4 formulation. We consider the same bosonic fields ¢%. The reduction to
4 dimensions is only nontrivial for the fermionic sector. It leads again to 2r spinors, whose
right-handed part is (4, with A = 1,...,2r and the left-handed ones (C-conjugates of the
former) are ¢(#. See the details in the appendix Thus, in absence of an SU(2) index on
these spinors, the chirality is indicated by the fact that it has the index A up or down. One
can start again by allowing arbitrary transformations for the scalars, and transformations of
the spinors to derivatives of the scalars and deduce again the conditions on quantities that
appear in these transformations. We would arrive again at and . But as we
have already done all the work for d = 5 (for which in fact the formalism is easier) we can
also translate the results from what we already know.

We are lucky that the notations are compatible for bosonic quantities. The nontrivial
issue here is that in 4 dimensions we raise and lower indices by complex conjugation, while
in 5 dimensions we used the raising and lowering by means of the matrices pA? and p4p.
For the fermionic part we need some translation rules. Using as in appendix [A.4] a tilde for
the 5-dimensional spinors, we have

¢t =Pt Ca = Pr¢®ppa = PrCa,
Ei = PLgi, € = Pjo6ji = PRgz . (458)

This leads in 4 dimensions td'

bo(e)g® = —ifNe¢t +if e,
So(e)¢* = Lifilde¥ e — Pwxp?dole)d”,
So(e)Ca = —3ifxiada™ e + (pwxa®og(e)q™. (4.59)

We use here the notation™]
P = B = () (460)
Remark how charge conjugation changes the position of SU(2) indices i and USp indices A,
but leaves the index X referring to the real scalar coordinates invariant. The object wx4” is,
however, ‘imaginary’ under this conjugation [see ], which leads to the sign difference
between the last terms of the supersymmetry variations of the chiral and antichiral fermions.
Some formulae for the fermions differ because of the chiral notations. We obtain the
supersymmetry algebra

[5@(61), 5@(62)] CA = {“@CA — %SiijBFBEMEQj + %’Yugfl’yuég]iFA, (461)

I"Remark that a Majorana conjugated spinor of five dimensions gets due to an extra factor ~ys in
4 dimensions.

18Note that this notation is different from [49 53] where Cap, the matrix introduced in , is used
for raising and lowering symplectic indices. The conventions differ only for the case of non-positive definite
metrics. The convention that we take here is more appropriate for 4 dimensions as it allows us to keep the
rule that charge conjugation raises and lowers indices.
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with &* as in ([2.6)). The fermion field equation is now

M = D¢ — IWpePpcPC,
Ty = DCa— 2WPpulpleC?, (4.62)

where e.g. WcP4 = pPEWpep? and WBC 4 is its complex conjugate, and the translation
for the field equation from d =5 (tildes here) to d = 4 goes with

I = Ppl4, Tu=P I Bpgs=PT,. (4.63)

Exercise 4.6: Derive these expressions from using the projections as defined
in and . To translate (¢¢P from 5 dimensions to 4, one has to split
it in the two chiralities. Furthermore, one has to use that the charge conjugation
matrices differ by a factor v5, and finally that Fierz identities in 4 dimensions

[see (A.64)] imply that the symmetric part ((p(cCp) vanishes.

Also the treatment of symmetries can be taken over from 5 dimensions. For the conformal
symmetries, we have to consider also the U(1) in the superconformal group. The scalars are
inert under this transformation, while the fermions have

ot = 3¢
gU(l)CA = ¢4,
Ssu¢t = 0. (4.64)

4.2.4 Tensor multiplet in d =4
The tensor multiplet in d = 4 dimensions was obtained in [54]. We can immediately give
now the transformation rules in the background of conformal supergravity:
0Lij =Eups) + eacj €@,
o' =1IPLY ¢; + LV o e —3sGe+2L7n;,
0G = — &y’ — &(3LY x; — 47" Trpiee) + 20

0B, =31y, eij — 3iewp; e +iLye @y — 1L e ey b -

(4.65)

Obviously, the result in rigid supersymmetry is the above one where the fields of the Weyl
multiplet, 7" and 1,,, has been put equal to zero, and the covariant derivatives are replaced
by ordinary derivatives.

A first step in building actions from this multiplet has been set in [54], but more appli-
cations can be found in [55].



February 2, 2007 — 09: 51 DRAFT LectParis 60

4.3 Construction of the superconformal actions.

We have now the building stones to proceed to constructions of general actions. First, I
will review how the conformal calculus works in a simple bosonic example. Then I can go
through the full construction of actions in the superconformal framework and their gauge
fixing to super-Poincaré theories.

4.3.1 Vector multiplets in 4 dimensions

As explained in section the idea is to start by constructing an action invariant under

superconformal group. Later, one chooses gauges for the extra gauge invariances of the su-

perconformal group, such that the remaining theory has just the super-Poincaré symmetries.
The ‘R-symmetry group’ SU(2) x U(1) plays an important role:

e the gauge connection of U(1) will be the Kéhler curvature. It acts on the manifold of
scalars in vector multiplets,

e the gauge connection of SU(2) promotes the hyper-Kéhler manifold of hypermultiplets
to a quaternionic manifold.

Neglecting for now the hypermultiplets, we have to consider the basic supergravity mul-
tiplet and the vector multiplets. The physical content that one should have (from represen-
tation theory of the super-Poincaré group) can be represented as follows:

SUGRA vector multiplet
2
3 3
22 ) e (4.66)
+nx 3 3
0 0

The supergravity sector contains the graviton, 2 gravitini and a so-called graviphoton. That
spin-1 field™] gets, by coupling to n vector multiplets, part of a set of n + 1 vectors, which
will be uniformly described by the special Kahler geometry. The scalars appear as n complex
ones 2%, with a =1,...,n.

To describe this, the idea is to start with n + 1 superconformal vector multiplets with
scalars X! with I = 0,...,n. One of these multiplets should then be the compensating one.
Its vector survives, but the missing fermions and scalars are the ones that have been used
to fix superfluous gauge symmetries of the superconformal algebra.

Remembering that vector multiplets are constrained chiral supermultiplets, we can form
new chiral superfields by taking an arbitrary holomorphic function of the vector multiplets.

19We use here and below freely the terminology ‘spin 1’ for vectors, spin—% for spinors, ..., though of course
only in 4 dimensions the representations of the little group of the Lorentz group can be characterized by
just one number, which is called ‘spin’. In higher dimensions, the representations should be characterized
by more numbers, but often the same fields, like graviton as a symmetric tensor, vectors, ... occur, and we
denote them freely with the terminology that is appropriate for the 4-dimensional fields.
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Consider the chiral multiplet with lowest component A = $iF'(X) (the overall normalization
is for later convenience to get a result with the normalization that is currently most used in
the literature). The further components are then defined by the transformation law, which

gives, comparing with 1) v, = %iF 7Y where T use here and below the notation

0 _ 0 -, =
Fir(X) = —F(X Fr(X) = —F(X
(X)) = 5P, RX) = 55F(X),
o 0
Fr; = F(X ce 4.67
1 oxi gxi LX) (4.67)
Calculating the transformation of ¥; one finds B;; and Fy, .... See
A = LF
v, = Q]
By = MHEY}—1iF,000]
Gy = 3iFiF, — HiF Qa0 e
A = —5F D ey — §igF 1 XTQF — §iF P F0]
—ilF[JQgiflgE]k + %iF]]K’YabQ{QjVabQ£(€Jk
C = —iFD,D*X" — JiF;FLIT™ = 3iF Q7 + SigFy f1 070 ey

i Fy [l [l XEXEXM — LYY 4 4yt F e
+%1F]JQZImQZJ — %lgF]JfII{LXKQ;]QJLEU + %IF[JKYUIQ;]QJK
—%iFIJKgijQ{’Yabf;bJQj{ + ﬁiF[JKLQiIQZIQJKQéé‘USM. (468)

The action is determined by the components of this multiplet as I symbolically wrote in
(4.21]). For rigid supersymmetry, it is just the highest component of the multiplet, C. In
(conformal) supergravity one needs further ‘Noether terms’ in order that the transformation
is also a total derivative when the supersymmetry parameter is a local function. Moreover,
as already mentioned at the end of section [4.2.2] one needs a chiral multiplet with w = 2,
e.g. in order that C' does not transform under the U(1), see (4.18)), and that the dilatation
invariance is respected. Furthermore, the last terms in have to be compensated.
Therefore, the ‘density formula’ is in this case [50]

_ - 1- . 1 1- o
6_1£ = (C— ’QZ)Z : ’}/AJEU + gwm’y : T+’}/H\I/j€” - ZATL;ZT-Fab — éwui’yuywijklZkaS]l
_ - _ - 1 .. _ _
+ Dty G — by e AT + 5ie”&f’“le*lé“””"wmwyjwpwg\lfz
1 .. _ _
+515”5kl€_15“wa¢m¢u]’¢pk¢alz‘1 +h.c. (4.69)
In order to get the Weyl weight w = 2 for the chiral multiplet, F'(X) to be homogeneous
of weight 2, where the X fields carry weight 1. This implies the following relations for the

derivatives of F":
oF = [T X1, Fi ;X' =Fy, Fre X% =0. (4.70)
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Inserting then in leads to

e 'L = —AFDD X' + LiF Fl F + LiF QP
—8F Y'Y 4 LiF YITQIOF
— 51 FLe? QG F o QO + EiF e Qi Q] Q5 Qpevet
39 fr QY ey — SigFpy fro X Q] Qe — i Frfyp fa X E XXM
— R FRITH = 3iF Q" — SiF i - QY Y7
+igFr [ X i - Qe — JiFdy -y DQT 4 S F - ’Y’YabQ}]fij
P Q- Qe + LRy - T Qe — WFTETH
— Y F iy, YO — WFT 0p,,67 + SEF 7 ,00,, 67
—%GiFIﬂEuﬂﬁuthWQifijEM + %iFIJﬁiﬁi]@m’lebuﬁikSﬂ
—LF1eT M e et P b, b vo Yy — SFETER €T P by b oo
+h.c.. (4.71)

The first terms of the action are kinetic terms for the scalars X, the vectors, and the
fermions €2. The following term says that Y;; is an auxiliary field that can be eliminated
by its field equation. The first 4 lines are the ones that we would encounter also in rigid
supersymmetry, see . For these terms, the relations have not been used, and this
part is thus the general result for rigid supersymmetry. The other lines are due to the local
superconformal symmetry. For those interested in rigid symmetry, I repeat that in that case
the covariant derivatives reduce to e.g.

DX = 0,X" — gWEXT !,
DY = 0, X" — gWEQ! fri,
Fap = 20uWy+ gWSW ! (4.72)

For the gauging I assumed here that F'is an invariant function, i.e.
6gF = gF[O[KXJfJKI = 0, (473)

although one may allow that F transforms in a quadratic function with real coefficients [506,
SY(E
6aF = —ga'Cr e X7 XK, (4.74)

where C7 jx are real constants that enter then in an additional Chern—Simons term. We will
come back to this possibility in section 6.5, The statement of invariance of F' leads, after
one derivative to X that

Frfic' = —Fryfoe' X" (4.75)

Simplifications In order to get a more useful form of the action, one has to make the
conformal covariant derivatives explicit. The principle is explained for the bosonic case in
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(4.2)). This leads here to
0°X" = 9,D"X' —w, D, X" —iA,D'X" +2f " X' — L, DI

2 Wi
32%7 v T+Qj[5@'j — 307y ¢ — 3Ty XT

This leads to the expression for the first term of (4.71)

—ieF0°X" = ieFy;D,X"D"X’ — LieF; D, X"I'Q" — 2ieF; f," X' + LieFpi), D*QY
—aieFpi oty - T 100 ey + LieF Q7 y - ¢y + 3ie ' - yx X!
+%gieF15ij1Zi . nyjX’KﬁK + %gieF}eij&i . ’ijJX'KfﬁK
+ieF11/ij7”¢V}iD“)_(I — %ieFI@/}fuv”@by]in” + total derivative. (4.77)

The other term that has to be written explicitly is the covariant derivative of the fermions.
This leads to

LieF QDO = LieFr QPO — LieFy Q) yty w D, X7 + LieFr Q4" y’jwizzl,jﬁj‘]
——1eF”QIfy %Y”‘] 1eFUQIfy,/y ]_—+qu g
—1gieFr Q0 eV XEXE [, —ieF X7Qly - ¢ (4.78)

Deleting total derivatives, the action is at this point

e 'L = iFD,X'D'XT = 20F f, X" + LiF,F F 0 — WETATT — LEF T
—$iF Y =gy f g [l X B XE XM
HE X ™ o, + ME QPO + 3" "D, X L + HEQ - ¢
Ry - F e e, — SIF Aty - T ey + 3" - v X
—l—%giFﬂij?ﬁi : ’YQ}]XKf}K + %giFI&'j@Ei ) ”YQjJXKffK + iFI@fM’YV%/]iD“XI
—%iFI@fHVVQﬁu]i?EéLQiI — 3FpG QT + SigFr frc Q0 ey
—LF D X7 — LiFpp, "D, 0
—HF QY D X 4+ HEF 0,67
—%iFIJQiI%W}_H@b?*SU QQIFIJQ Y- e UXKXLfKL
—iF X7Qly - ¢ — 3igFy fle XEQ) Qe + LiF Y IQIQF
— i F e QAP F T — JFT 4,0, 567
FAgF) [ X0 - AU + HF F s - Qe + EiF iy - TH Qe
—I—%iFIJKQ‘ZQ]K% Qi et — —1FI¢MWW’YPW ¢kaM
+liF1JQIQZ@Em7W¢uj e™elt + LiF QA" Vil by, 7
+ P Q] QO Qpe e — LiFy jin, Qi ] e ek
—ine”e’“é ‘16"””“@%%]-%%9@ — 1FeTeM e e Pyt + huc. (4.79)
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We use then (4.11)) and the values of the conformal gauge fields that follow from the con-
straints:

L = =R =D+ {0 + gpieT e Dot + 550l T - hee
O = 10X 5 (V"% = 50) (Do, — 57 T utdy) (4.80)

This leads to various simplifications. The leading terms of the Lagrangian are then

e 'L = —§RNX'X?— DN, X'X? — NiyD,X"D'X? + i N, Y'Y
+9* Ny [ X EXE fin XM XY
+ {—%iﬁuﬁ,ﬁ]ﬁww - %LNIJQ“@Q;] - %NIJXIXJ%’ : ’YXi
AN XX — sN XTQA Dby, + N, DX Q]
_%iNIJXIXJe_l5#”/"7&“7;7’/’1)’0@/]:;
+%1iN[JXleflé‘Wpasz'%?/J;DgXJ + TENIJXIXJ@fl/f?TJbEU
_%N]JXIXJT;ZTJFCLZ) + iNIJXIF\;éJT+ab
—E N X QA YT e — FiF Q™ X T e
+%1F[JK’D”XIQ;]’Y“Q”( + %1FIJKYUIQ;]QJK + hC} + - y (481)
where we introduced -
NIJEQImF[J:—iF]J+iF]J. (482)

We also repeat the meaning of the covariant derivatives

DX = (9, — by +i4a) X1+ gfLWI XK
DaQZ.I = (aa + iwabcvbc — %ba + %iAa) Qf + Vaz‘jQJI- + gijWaJQzK ’

~

Fu' = Fu'+ (el mQ” —2e0, 0 X" +he.),
FMVI - aMWV - auw,u + gW/;]WquJKI- (483)

4.3.2 Vector multiplets in 5 dimensions

XXX d =5 rigid has only quadratic and cubic terms, see [58]. XXX

4.3.3 Hypermultiplets

While the actions of vector multiplets were constructed using tensor calculus manipulations,
for the hypermultiplets we use another procedure. The main difference is that we have
already the field equations in this case. We thus want to construct an action such that
these field equations are obtained as Euler-Lagrange equations of the action. E.g. (in 5
dimensions) we define the non-closure functions I'* to be proportional to the field equations
for the fermions (4 as

6Shyper

Cr 204517 . (4.84)
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In general, the tensor C'sp could be a function of the scalars and bilinears of the fermions.
If we try to construct an action with the above Ansatz, it turns out that the tensor has to
be anti-symmetric in AB and

0Cap
= 4.
DxCup = 0. (4.86)

This means that the tensor does not depend on the fermions and is covariantly constant.
We then identify also the bosonic field equations. It will turn out that the signature is
determined by the Hermitian metric d5 defined such that

Cup = pacd®p = —Cpy. (4.87)

By redefinitions of the basis [56] one may diagonalize d while simultaneously bringing p to
a canonical form

d=<ﬂ027’ B 0 ) p= 0 1 . (4.88)

These matrices should be covariantly constant. As we use a basis where they are actually
constant, this implies

Dxpap = —wxa“pes — wxp’pac = —wxap + wxpa. (4.89)

Thus the USp-connection is symmetric in such bases. There is even one further condition,
which can be taken to be
dAcwXBC = wXCAdCB. (490)
This is trivial in case d = 1, but not in general.
The subgroup of G¢(r, H) that preserves d is USp(2p, 2r — 2p). We define then the metric
of the manifold to be ‘
gxy = [¥'Capeii i = fxiad 17, (4.91)

Exercise 4.7: Check that for the simplest hypermultiplet with ny = 1, one can take
pap = eap and for fx* as non-zero elements

12 _ 21 —i 1 _rl2 — 21 — 1
1 1 \/57 2 2 \/57
1 1
11 — 22 f411 — 32 — ' (492>

R — 1_’
3 3 \/5 \/5
This leads to gxy = dxy and zero connections F)ZQ/ and wy4? and hence also
zero Wapce”. Check also that the 2-form complex structures are, with o = 1, 2, 3,

(J)ap = —€apys (ot = —(J")aa = 6. (4.93)
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As we defined the raising and lowering of symplectic indices with the matrix p, and
defined f7§ as the inverse of fit in (4.26)), we have

fxin = Flppagji = i Cpoej(d™)%a = gxv fin(d™)C a. (4.94)

Therefore, on f the lowering of an index X with the metric is only valid when we compensate
at the same time with the matrix d. E.g.

N axy = fvis dBa, gXYfffA = A fXB. (4.95)

Gauging hypermultiplet isometries. Having introduced a metric, the symmetries should
respect the metric. In other words, they should be isometries, which is expressed by the
Killing equation

Dxkyyr =0. (4.96)

As mentioned before, see (4.53)), these have to be triholomorphic Killing vectors. Then,
moment maps P; can be defined by

OxPr = —LJxvk) . (4.97)

In rigid supersymmetry this allows for Fayet—Iliopoulos terms as integration constants in
this equation. But when we impose conformal symmetry in view of coupling to supergravity,
then the moment maps are determined to be

P} == lkaXYkIZgyz. (498)

~ 6

The preservation of the metric, encoded in the hermitian matrix d®4, imply on the
transformation matrices t;4”, defined in (4.55)), the restriction

d°ptia® =t%d" 4. (4.99)

This implies that the gauged isometries are contained in USp(2p, 2r — 2p).

Remark on the conformal symmetry. Due to the fact that we have now a metric
available, we can rewrite the homothetic Killing equation (4.44]) and similar as in ([2.43])
introduce a scalar function such that

kDX = ngkg = axk’p (4100)
This scalar function can then be used to generate the metric.

agxy = @Xaykp. (4101)
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To 4 dimensions. We can multiply (4.84) at both sides with a chiral projection Pg. Using
the rules (4.63)) we should now have for the action Shyper
0Shyp
0Ca
We also want the action to generate the field equations for the scalars that we have seen
before. This leads to

= —2d45T5. (4.102)

Swp = [z (= gxyDag Dq" — (CaPCPd?p + hic) + §WnePdE 4 nCpCCC
—g (QXIt[BAC_CchCA + 2if§(Ak;(§BQjI€Z‘j + hC) - gpjikyijlﬁjk
—2¢°X'X "kék}”)gn) . (4.103)

This satisfies (4.102)) and also

3 Shyp
0g~x

= gxy A" + (2¢aMPwxp%d?c + he.) . (4.104)

The covariant derivatives in (4.103]) read

Dqu - a,uqx + gWikf(,
D¢t = 0, + 00 wxp (P + 2w el + gW s P (4.105)

Exercise 4.8: Take our simple example, with vielbeins defined in (4.92)). A triholo-
morphic Killing vector is e.g.

k' = ¢ k= —¢', k= q*, k= —¢. (4.106)

When the last two signs are interchanged, the vector is still a Killing vector, but
is not triholomorphic.

The last one allows us to define a mass term. Indeed, consider the gauging by
a trivial vector multiplet, where the scalar field X is fixed to a mass parameter
m/g (to cancel the factor ¢g* in the last line of (4.103)). Remark that this is
still a vector multiplet, and if there are other vector multiplets, we take the
prepotential F' independent of this constant vector multiplet. In particular, also
the corresponding field Y in that vector multiplet vanishes.

In the simple one multiplet case, the matrix ;47 is i(03)4®. The action (4.103))
reduces to (X =1,...,4and A =1,2)

Sy = / e (50,0 0q" 204D +aim (GG — ') —2mg g ) . (4107)
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Local superconformal result in 4 dimensions. After gauge covariantization and using
the values of the conformal gauge fields as in (4.80), the final result of the action is in 4
dimensions

e Liypcont = —%QXYDaqXDaC]Y + ( — CaP¢Pdh s + h'C-> + leDkQD - 1_12Rk2D

— Ly Deq™ IxY P kpy + 2WrcP A p(p(P(CdE 4
+{%1C_AVG¢CIX¢a¢f§(BdAB + %@27@07351/1@/{% — %iAiBC_A’YabDawbidAB
FLRU N — AP Caxid? p + SIAP v b T e yd g
— L kD i e T + 2Cary - TH(pd™? — g(i)_(lkffﬂa%&jf?d%
+2X7t, P40 Cpd 4 + 20k7 [V ey — oy QU PP — XI?/_JQ’V%gPIU)
~2g2 X XKKY) + he b — gPryY, (4.108)

where we remember the definition , and the covariant derivatives are:

Du® = 0.¢" —bukp — Vil kY + gWikT

DuCA = DuCA - %i %A]pqxwm - iAiA@bui - ig)?lkf(f}?&jwi,
DHCA = auCA + aquwXBACB - %b,uCA - %iAMCA + iwuab’YabCA

+gWitipACP. (4.109)

5 Gauge fixing of superconformal symmetries

We have obtained the superconformal actions. We are now in the position to make the step
to super-Poincaré symmetry. We thus have to break the superfluous symmetries.
A gauge symmetry means that there is a degree of freedom in the set of fields that is in
fact absent from the action. Indeed, the gauge invariance can be written as the equation
oS
0!
where ¢ stands here for all the fields. If one can redefine the basis of fields such that all fields
are inert apart from one field, then this equation says that this field does not occur in the
action. In principle this can always be done, but the field redefinitions are often non-local. If
there is one field that has the same number of degrees of freedom than the gauge symmetry
itself, one can often make such redefinitions. However, this procedure is often cumbersome
while the result is just the same as taking a ‘gauge choice’ for this symmetry. The example
presented in section can illustrate these remarks.
In this section we want to consider the geometries that result after the gauge fixings.

But before starting on the geometry, let us first discuss the gauge fixing of special conformal
transformations. A natural gauge choice for K transformations is

6¢' =0, (5.1)

K-gauge: b, =0. (5.2)



February 2, 2007 — 09: 51 DRAFT LectParis 69

Note that if one imposes such a gauge condition, it does not imply that one should forget
about K transformations. The correct conclusion is that now the K transformations are
dependent on the other ones, in such a way that the gauge condition is respected. Though
the principles that we discuss here are general, we will concentrate in this chapter on d = 4
dimensions.

In this case, comparing (3.10]) and (3.70]), we obtain
A?( = _%e,ua [a,uAD -+ % (E/L(]ﬁl” — %El’}/uxl — T_]Zw/” —+ hC):| . (53)

Such a rule is called a decomposition law.

E.g. the first term implies that what one denoted above as special conformal transfor-
mations, is a contribution to local dilatations of the action where b, is omitted.

XXX Here example pure N = 2, d = 4.

5.1 Projective Kahler geometry

We now first concentrate on the bosonic part of the action, and in particular on the part
related to the scalars of the vector multiplets. This part defines special Kahler geometry, but
we will first be present it in a more general way so that it even applies to N = 1 supergravity
and explains the concept of a projective Kéhler geometry. Let us write the relevant terms
of the Lagrangian as

e Ly = —g" N j(X, X)9,X19,X7 + LaN(X,X)R,  N(X,X)=—-N; (X, X)X X’
(5.4)
This is similar to the result in (4.81]), but with some modifications. First, the matrix N;7 is
not necessary the Ny; of (4.82), but satisfies as the latter the equation

o 0
N;s=—————_N. 5.5
o OXToX7 (55)
This equation implies first of all that ;7 is a Kahler metric, with Kahler potential — N, and
second that X7 is a closed homothetic Killing vector of this metric, see (2.30) with w = 1,
which is satisfied due to the consequences of the previous equation:

0 0 0

o , K o
aX—KNzJ = WNKL X aX——KNIJ =0, (5.6)

and their complex conjugates. For N = 2 vector multiplets, these homogeneity properties
follow from (4.70]).

Therefore there can be a conformal symmetry. In fact, would be local conformal
invariant if @ = 1/3. This also agrees with . However, that equation has also a term
DN. We will come back to this later, but one can already easily check that eliminating the
auxiliary field D from the sum of and modifies the coefficient a in to
a = 1. Therefore we keep a arbitrary, the value a = 1/3 corresponds to what one finds for
N =1 supergravity, while we have a = 1 in N = 2 supergravity. We will thus continue here
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with and show how a ‘projective Kahler manifold” emerges from this Kahler manifold
with the closed homothetic Killing vector. A more extensive discussion of this construction
appears in [59].

The presence of a complex structure and a closed homothetic Killing vector implies in
general a U(1) symmetry. Here, this is the phase transformation of the vector X!, and we
know this U(1) transformation already from its presence in the superconformal algebra. For
the fields of the vector multiplet, see table [4] i.e.

Sy X! = —iAaXT, Sy X! =iAaXT. (5.7)

In order to promote this symmetry to a gauge symmetry, it should be gauged by a gauge
field, which is the field A, that we encountered in the Weyl multiplet, see e.g. table .
Therefore we have to replace the derivatives in ({5.4]) by covariant derivatives

9,X" - D,X"=(9,+iA4,) X", (5.8)

which is what we had in (4.83)), where we have already put (5.2]), and we take for now the
Abelian theory (or neglect the gauge terms proportional to g).
The field equation for the auxiliary field A, is algebraic and it allows us to solve for A,
giving it the value
i _ 7 _ - i _
=g [XINI H0,X7) = (9, XN, jXJ] = (aMXJajN - 8MX161N> . (5.9)

The first term of ((5.4)) is then

*Cscalar

V9

— —¢"™ N (X,X)D,X'D,X’
-1 _ - 2
= N0 X'P X+ 0, X70;N — 9,X" 0, |
_ 1 1
= 9,X'orX7 {aIaJN - N(aIN)(aJN)] + 1y [0,V 9" N
- 1
= NI, X'0"X’0;05log |N| + v [0,N O"N] . (5.10)

As in the example in section , we take the gauge fixing such that the second term of ([5.4))
reduces to the Einstein-Hilbert action. Hence, we take

1
D- . N=—. 5.11
gauge = (5.11)

The resulting scalar manifold is thus the submanifold of the scalars defined by this condition.
It will be parametrized by n complex fields z* (and complex conjugates z%). We define

X'=vZ'(2), X'=YZ(7), (5.12)
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where Z1(z) are n + 1 non—degeneratﬂ arbitrary holomorphic functions of the 2%, and Y is
the (n+ 1)th complex variable. The latter will be determined by the condition (5.11]) and by
a gauge choice for U(1) in terms of the Z, Z variables®!] such that we get functions Y (Z, 7).

Notice that the transition from X! to Z! does not respect the holomorphicity. In other
words, the complex structure that is relevant in the submanifold is not the same as that in
the embedding manifold. If we denote by ®y the map in the embedding manifold M

q)ylM e M
7zl — X'=27'Y(Z,2), (5.13)

then the old complex structure J on M induces a new complex structure, denoted as J’, by
the commutativity of the diagram

TM 125 T M
2 K
M —— TM
Ty
The map TPy then sends holomorphic vectors with respect to J' to holomorphic vectors
with respect to J. In this sense, it is a holomorphic map.
As N gets a fixed value, a function of N is not convenient as a Kéhler potential for the

restricted manifold. We will show now how to construct a Kéahler potential.
Defining

K(z,2) = —#ln {a%} - —éln [—aZI(z)NI (2,927 (z)} : (5.14)

we can use the homogeneity properties to reduce the action on the surface (5.11)) to
3 1
G_IEN = —8uza8“258aaglC + 2—2R . (515)
K

Proof.

With the coordinates as in ([5.12)), the last part of (5.6) implies that N;; depends only
on z and z, and not on Y. The condition 1' ‘implies that when we derive Z'N;;Z7 with
respect to z we can forget derivatives on N;;Z”, and hence

N,;270,7!
cm28a/C - —U—”,
Ny ZKZ
- N N, - XEXIN, ;
2 I J 1J IK LJ
ak 0,05k = 0,2°052°YY + 2
= —0,2'9;27YY 90710 N . (5.16)

20The matrix 9, Z’ has to be of rank n and the matrix (Z7, 8QZI) has to be of rank n + 1.
ZINote that in practice, we will not need to specify a U(1) gauge choice in this derivation. The phase of
Y disappears automatically because it is the only quantity that transforms under U(1).
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Using f)u for (5.8) with A replaced by A, we have
DX =Y 0,:°D,Z" +1X1'0,In N,  D,Z' = [0, + (0.K) Z". (5.17)

Notice that ﬁHX IN X 7 is real, which eliminates the linear terms in A, — flu in the La-
grangian.

Plugging this in the Lagrangian (and for future use re-installing the term with the aux-
iliary field) one obtains

N2 _ _ _
¢ Lot = INTUOuN) + N (A, = A,) = YV NDZ! D27 9,2°0%7 . (5.18)
Thus, before any gauge fixing we can write the action as
1 1 1 2 i)’ 3
€ Locatar = AN 0N+ N (A, = A,) = N (3500K) 92" 0"27 . (5.19)

where AM is the value of A, that we wrote in 1) and which for future use we write also
in terms of the z variables:

i ] Y
A, = —Hak? (0,K 9,2 — 0K 9,7%) + 119, In - (5.20)

This proves (5.15)) after N is put equal to a constant and use of the field equation for A,,.

Comments

Note that the normalization of the Kahler potential depends on the value a, which
we have discussed in the beginning of this section. This leads to the familiar factors 3 that
appear in these formulae for N = 1.

When we now restrict to N = 2,

NIj — N[J’ a=1. (521)
where N;; was defined in (4.82)). The gauge fixing for dilatations is the condition
D-gauge: N = —X'Np; X7 =i(XTF, — F;X") = [YPe % = 2. (5.22)

In the full theory, is not invariant under all gauge transformations, e.g. under
supersymmetry. But to simplify the case here, the S-gauge condition is taken as the -
supersymmetry variation of this gauge, such that the ‘decomposition law’ is just Ap = 0.
Using the homogeneity properties of the functions F, , it is easy to see that the
transformation under a chiral supersymmetry of leads to

S-gauge: XN ,Q7 =0. (5.23)

This implies another decomposition law expressing n in terms of a field-dependent €. The
resulting combination of the original ()-supersymmetry transformations and those induced
by S-supersymmetry is the Poincaré supersymmetry.
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Positivity.
Note that there are positivity conditions restricting the domain of the scalars, and the
form of the matrix N. First of all in order that the gauge condition (5.28|) can be satisfied,

ZIN;; 27 <0, (5.24)

and thus Ny;(z, z) should have at least one negative eigenvalue for all values of the scalars
in the domain.

On the other hand, to have positive kinetic energy of the physical scalars, one has to
impose positivity of . For this one needs the non-triviality condition that the matrix
0, X" has to be of rank n.

Remaining problems: fixing SU(2) and a field equation.

I have neglected the fact that there is still the local SU(2). I could do so because the
scalars of the vector multiplets are invariant under SU(2). But for the full super-Poincaré
gravity, I have to take that into account. A second problem is the field equation of the
field D that sits in the Weyl multiplet. If I would have written the full action that I have
constructed so far, it would contain a term

/ d*zeD N . (5.25)

where D is that field of the Weyl multiplet. Its field equation would thus imply N = 0, and
I cannot impose the gauge that I was proposing.

Both problems are solved by introducing another ‘compensating’ multiplet involving
scalars that do transform under SU(2). These can then be used to fix the SU(2). In the con-
text of what has been introduced here, the obvious candidate is a hypermultiplet. But other
possibilities exist as well. I will explain how this solves also the problem of the inconsistent
field equation after the hypermultiplet action has been introduced. For following further the
aspects of vector multiplet couplings only, you may just neglect the term , as will be
explained later.

The scheme that extends the scheme is thus:

Weyl multiplet: e,*, b,, @DZ, Vi Apy Tapy X', D
+
vector multiplet: z, Q. W, Y}
+
second compensating multiplet: A%, (¢, F¢
| gauge fixing K, D, U(1), S*, SU(2)
N = 2 super-Poincaré gravity e,* o, Wy, Viil, Ay, Tay, X' D, Yy, F. (5.26)
In this scheme appears thus just the one vector multiplet that leads only to the graviphoton

and includes no other propagating fields. For the second compensating multiplet, I wrote the
scheme with as second compensating multiplet a hypermultiplet, including auxiliary fields
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F2. (We will not further discuss auxiliary fields for the hypermultiplets in these lectures). In
the remaining set of fields of the N = 2 super-Poincaré theory, the first ones are the physical
graviton, the gravitinos and the graviphoton W,. All the others are auxiliary fields, and
the full set includes 40440 off-shell degrees of freedom. There are two alternative choices
known for the second compensating multiplet. These multiplets are the so-called 'nonlinear
multiplet’” and the ’linear multiplet’. In each case one gets a different set of auxiliary fields
for the N = 2 super-Poincaré theory, with the same number of field components.

One denotes by gauged N = 2 supergravity the situation where the gravitinos transform
under a local SU(2), and where this induces then also a cosmological constant (anti-de Sitter
supergravity). This is obtained in the present formalism if the scalar compensating multiplet
transforms under the U(1) gauge group that is gauged by the first compensating multiplet.
Also the full automorphism group SU(2) can be gauged by having the second compensating
multiplet transforming under an SU(2) group. In both situations, the gauge fixing on the
scalars of this multiplet then mixes the SU(2) factor of the superconformal group with the
group gauged by vector multiplets. The first compensating multiplet can even be part of a
non-compact SO(2,1) gauge group [60] leading to a massive vector multiplet.

5.2 Interpretation as Sasakian cone

The obtained metric is a cone [61, 51]. We see this as follows. We have split the n + 1
complex variables {X} in {Y, 2%}, and can then split Y in Y = |Y'|e!. The modulus appears
in N, which we can use as a real coordinate. To obtain a canonical parametrization of a
cone we define 72 = N. We thus have

e 1 is scale which is a gauge degree of freedom for translations
e 0 is the U(1) degree of freedom;
e the n complex variables z.

The metric (5.19) now takes the form

ds® = dr? + 12 [A+ dO + Li (0,K (2, 2) d2* — 05K (2, 2) d2%)]” — 120,0aK (2, 2) dz"dz"

(5.27)
where A is the one-form gauging the U(1) group, and K(z, Z) is a function of the holomorphic
prepotential F'(X). When U(1) is not gauged (A, = 0), the base of the cone (the manifold
with fixed N) is a Sasakian manifold with a U(1) invariancel?]. Here, in supergravity, we
gauge U(1), which implies that the auxiliary field A, can be redefined such that the whole
expression in square brackets is A, and it drops out by its field equation. With fixed r
(gauge fixing the superfluous dilatations), the remaining manifold is K&hler, with the Ké&hler
potential IC determined by F'(X). That gives the special K&hler metric. The Ké&hler manifold
is thus the submanifold of the (n + 1)-complex-dimensional manifold defined by a constant

22This has been remarked first in a similar situation with hypermultiplets in N = 2 in [51], and has been
looked at systematically in [61].
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value of r or N. This is a real condition, but the U(1) invariance implies that the other real
variable 6 has disappeared.
We will adopt the dilatational gauge-fixing condition

D-gauge: N =1, (5.28)
which thus can be written as
V]2 = e, (5.29)
One can conveniently chose the U(1) gauge
U(l)-gauge: Y =Y (5.30)
leading to
Yy =2, (5.31)

5.3 The resulting bosonic action and examples

I recapitulate now what we have found. First, I write a general formulation for the bosonic
sector of a theory with scalar fields 2, and vector fields labelled by an index I. If there are
no Chern-Simons terms (these do occur for non-Abelian theories if 0F # 0), one can write
a general expression

Ly = —eg.3D,z"D'z’ — V(z) (5.32)
Ly = jelm (Nyy(z) ELFY) = 1e(ImNpy) FL F*7 — L(Re Ny )e"™ P F)F

pv= po

9o is the (positive definite) metric of the target space, while ImN is a (negative definite)
matrix of the scalar fields, whose vacuum expectation value gives the gauge coupling con-
stants, while that of Re N gives the so-called theta angles. V is the potential.

The embedding of this hypersurface can be described in terms of n complex coordinates
2® by letting X' be proportional to some holomorphic sections Z!(z) of the projective space
CIP" [62, 63, 64]. The n-dimensional space parametrized by the z* (a = 1,...,n) is a Kéhler
space; the Kéhler metric g,5 = 0,05K(z, 2) follows from the Kéhler potential

K(z,2) = —1In |iZ"(2) F{(Z(2)) —iZ(2) F1(Z(2))| , where (5.33)
X =eM271(2) X =eM271(z)

The resulting geometry is known as special Kéhler geometry [65], [T, 66].
I have not yet commented on Kéhler transformations. Their origin sits in the split (5.12]).
At that point this splitting is not unique and correspondingly there are transformations

Y =yete®d 7 = gl e~ Ax(2), (5.34)
Under the gauge condition N = 1 they imply, by (5.14)) a transformation
K'(2,2) = K(2,2) + A (2) + Ak (2). (5.35)
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If we take a U(1) gauge Y =Y, then this leaves a combination of the U(1) and the Kihler
transformation ((5.34): o
2%\ = Ax(Z) — Ax(2) (5.36)

as decomposition law. The remaining Kahler transformation can e.g. be used to choose one
of the Z1, say Z°, equal to 1. In any case, one can choose the parametrization of the n
physical scalars z* (with & = 1,...,n) at random, as stressed in [62], 63, [64].
A convenient choice of inhomogeneous coordinates z® are the special coordinates, defined
by
a X 0 A @
=55 or Z°(z) =1, Z%(z) = 2. (5.37)
In the general form of the spin-1 action (5.32)), the matrix N is given by
NNy XVXE

N[J(Z, 5) = F[J +1 Noor XXM (538)

Exercise 5.1: Check the following useful relation:

1 NpXx’

Im N, X7 = L NXT
m Nz 9Ny XXM

(5.39)

The kinetic energy terms of the scalars are positive definite in a so-called "positivity domain’.
This is given by the conditions g,5 > 0 and e™® > 0. Then it follows that ImN7; < 0 [67].
Note that the fact that the positivity domain is non-empty, restricts the functions F' that
can be used.

There is one global aspect [68, [69] which is important, and as far as I know it is the only
instant where the fermion sector comes in. As we have seen, the fermions transform under the
superconformal U(1) factor, and hence, by (5.36]), under the (finite) Kéhler transformations:

Q; — e 1(A@-Ax@)q (5.40)

Then one argues in the same way as for the magnetic monopole (as nicely explained in [68]
69]): the fermion should remain well defined when going e.g. around a sphere. If fields
transform as ¢ — U, then the gauge field A,,, normalized so that it transforms as 9,+ A4, —
U~Y9,+A,)U, has a field strength F,, = d,A,—0,A,, of which the integral over an arbitrary
2-cycle should be

[F] = /F;w da" dz¥ = 2min ; nez. (5.41)
The properly normalized gauge field is then
Aa = —LllaaK ) A@ = Z—]iaaK, (542)
and the curvature,
Fa[; = —Fga = %gag, K= Lgagdza A dEB. (5.43)
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is proportional to the Kahler 2-form. We thus find
a=1iK]eZ. (5.44)

We find that the Kahler form should be of even integer cohomology. If there had been
no fermions present in the theory, the same argument applied just to the bosonic fields
would have allowed an arbitrary integer cohomology. In the mathematical literature Kahler
manifolds of which the Kahler form is of integer cohomology are called Hodge manifolds.
With a slight abuse of language we will call Hodge—Kdahler manifold a Kahler manifold with
Kahler form of even integer cohomology.

We give here some examples of functions F'(X) and their corresponding target spaces:

F=—-iXx" % (5.45)
F=(X"3/Xx° % (5.46)

F = —4y/X0(X1)3 % (5.47)
F =YX, X’ % (5.48)

F = dABCX;OXBXC ‘very special’ (5.49)

The first three functions give rise to the manifold SU(1,1)/ U(1). However, the first one is
not equivalent to the other two as the manifolds have a different value of the curvature [70].
The latter two are, however, equivalent by means of a symplectic transformation, as I will
show in section [6.2] In the fourth example 7 is a constant non-degenerate real symmetric
matrix. In order that the manifold has a non-empty positivity domain, the signature of this
matrix should be (— 4+ ---+). The last example, defined by a real symmetric tensor dspc,
with A, B,C = 1,...n, defines a class of special Kdhler manifolds, which are denoted as
‘very special’ Kéhler manifolds. The corresponding supergravity theories are those that can
be obtained from dimensional reduction of d = 5 supergravity—vector multiplet couplings.

Exercise 5.2: We go through the example ([5.48) in some detail. We get easily the
second derivative

Fry = iingy, Niy=mn1;. (5.50)

ny = <_01 (D . (5.51)

We thus write the formulae for n = 1, but they can be easily generalized for
arbitrary n by taking the lower-right entry to be a unit n x n matrix. From

(.33) we get

We will now specify to

e =2 = 70()2%3z2) — Z4(2)ZY(Z). (5.52)
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The right-hand side should be positive. A convenient parametrization is thus
7% =1, Z' = 2. Indeed, then 9.7 is of rank 1, while the 2 x 2 matrix (Z7,9!)
is of rank 2. The domain for z is then |z|* < 1.

This leads to B 1
azlC - - — g2z = azaélc = —>

1—2zz 1—2z2z
You may check that the indefinite signature of (5.51)) was necessary to have a

positive metric.

(5.53)

The kinetic terms of the two vectors are determined by the matrix ([5.38])

_1L./1 0 i 1 —z\ i T(1+2%) -z
MJ_?(O —1)+z2—1<—z z2>__1—22( -z 1(1+2%))
(5.54)

The imaginary part is negative definite as it should be for positive kinetic terms
of the vectors.

5.4 Hypermultiplet action

The construction of special Kéahler geometry that we have outlined here can be used as well
for the quaternionic spaces (and for the real ones). We have constructed earlier the action of
a hypermultiplet coupled to superconformal N = 2 Weyl multiplet (and possibly to vector
multiplets). We use r = ny + 1 hypermultiplets, and will decouple one quaternion (4 real
fields) from the others. One real field will be a scale degree of freedom@, three are SU(2)
degrees of freedom, and the remaining ones form ny quaternions. As in the metric of the
vector multiplets, there is a connection to Sasakian manifolds. The 4(hy + 1) dimensional
manifold is a cone. The cone has a radial parameter and the dilatations scale from one to
another value on the cone. Fixing that scale leads to a 3-Sasakian manifolds (of dimensions
dny + 3), if one puts the gauge fields of the SU(2) invariance to zero, rather than using
their field equations. Using their field equations, and eliminating the three gauge degrees of
freedom, leads to the quaternionic manifold of dimension 4r.

There is a result of Swann [7I] that implies that every quaternionic manifold can be
obtained in this way. The condition that a hyper-Kéhler manifold can be formulated in a
conformal way is equivalent to the condition that there is a cone. Therefore, those hyper-
Kéhler that satisfy this condition are one-to-one related with the hyper-Kéahler manifolds
that can be made quaternionic by an SU(2) gauging. The result of Swann has been made
explicit by the construction that we will now explain [72]. The procedure is the same whether
applied for d =4, d =5 or d = 6.

We will now use the notation X to denote the 4r = 4(nyg + 1) scalar fields in all the
hypermultiplets. The notation X will then be reserved for the 4ny scalars that remain after
the gauge fixing. First, we choose in the hyper-Kahler manifold one coordinate, denoted

23When vector multiplets and hypermultiplets are simultaneously coupled, there is one overall dilatational
gauge degree of freedom. An auxiliary field of the superconformal gauge multiplet gives a second relation,
such that as well the compensating field of the vector multiplet as that of the hypermultiplet are fixed.
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by w? in the direction of the dilatation vector (homothetic Killing vector) /%jg Further we
choose 3 coordinates according to the SU(2) vector field (4.45). Our new basis is therefore
of the form A
{¢*} = {u° w*, ¢*}. (5.55)
This choice is thus taken such that
ki (w,q) = {(d = 2)u®,0,0},  K¥(w,q) = {0,F*,0}. (5.56)
Note that we use the index « here for the choice of coordinates and the vector sign for the
3 directions of the SU(2) vectors. )
Similarly, the coordinates on the target space are now generically denoted by A, and
these can be split in 2 4+ 2ny. Mathematically, this can be done because the distinction of

w® and w® splits the structure group Gl(ny + 1,H) to SU(2) x Gl(ny,H). We can thus
write

(A} = {i, A}. (5.57)
Here, i is an SU(2)-index taking values 1 and 2. We thus have for the fermions
{¢*} = {¢", ¢y (5.58)

In our approach this splitting is done such that only the ¢* transform under S-supersymmetry.
The constraints of dilatation invariance and general properties of the quaternionic viel-
beins and metric imply that the metric takes the form [72]
48 = ggpdg¥dg”
(dw®)?
0 + w’ {hxy(q)dg* dg”
~gap(w, q)[dw® + A% (w, q)dg™ ] [dw® + A% (w, ¢)dg™]} (5.59)

were we used the notations

A?((U)?(D = z’? ;g - - 54 )i(A g gaﬂ(“’?q) = wogaﬁ' (560)
After the gauge fixing, the final metric on the 4ny-dimensional space is w’hxy. The metric

gap 1s invertible in the 3-dimensional space of the w®, and is used there to raise and lower «
indices.

Quaternionic geometry. The results of [72] imply that for all values of w°
gxy (w,q) = whxy(q) = Gxy + gapAS AY (5.61)

defines a quaternionic-Kahler metric. It has also been proven that any quaternionic-Kahler
metric can be obtained in this way.

Similarly to the metric, also all other geometrical quantities of the big space can be de-
composed in several parts, one of which defines the geometric quantities of the quaternionic-
Kahler space. An important example is that in the connection Wy 47, there is a part wx/,
which will play the role of SU(2) connection in the quaternionic-Ké&hler manifold. Such a
connection was absent in the hyper-Kéahler manifold, and is characteristic of quaternionic-
Kahler manifolds.
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5.5 The gauge fixing of the total action

We concentrate here on 4 dimensions. The principles are the same for d = 5 and for a large
part also for d = 6.

The total action is the sum of the local superconformal action of the vector multiplet
and the hypermultiplet. The former is , of which the most relevant terms have been
rewritten in (4.81)). The hypermultiplet action is (4.108). We assume that in both cases
the geometric ingredients, the special Kahler geometry for the vector multiplets, and the
quaternionic-Kéhler geometry for the hypermultiplets, has been chosen such that there is
in each sector one multiplet with negative kinetic energy and all the others have positive
kinetic energies. The vector and hypermultiplet with negative kinetic energy will now be
used for gauge fixing and for solving some equations of motion. Both actions contain also
the fields of the Weyl multiplet. Dependent fields in this Weyl multiplet have already been
solved for in the final actions that we presented. But there are also the auxiliary fields. This
is the starting point for the figure [I] which can guide us through the following steps.

Figure 1: Summary of the gauge-fixing procedure. The underlined terms of the upper box will
be eliminated. The method that is used is indicated in the middle box. There, EOM stands
for elimination by an equation of motion. Other fields are eliminated by gauge conditions.
This leads to the field content indicated in the lower boz.

/ Matter couplings to conformal supergravity \
ny Hypermult. - Weyl multiplet ny Vector mult.
arCA ez’wla’b_/“ ﬂ’ VJ“@’K’Q _Yh'jaw‘iwzaagli

+ T +
1 Hypermult. 1 Vector mult.
_'ll]r())y]ra?g Y_ijaM7Q7 W,ua&i

r,,,\,,, A 777777 ) EOM of ,
.D-gauge)\ | 5-gauge; aux.fields | D-EOM | / [Xx'-EOM

AN

,,,,,,, J\ Lo - =~

'SU(2)-gauge: 1K-gauge [ U(1)-gauge |

Superconformal symmetry breaking /
U U U U

Matter couplings to Poincaré supergravity

ny Hypermult. Poincaré multiplet ny Vector mult.
qX7CA 6,3,7%,”/# WJ’ZQ’QM

N C N

As mentioned in , the dilatation gauge field b, can be eliminated by a gauge choice
for the special conformal transformations K. As well the Weyl multiplet as the vector
multiplets contain moreover auxiliary fields (7, V,;/ and Y*) which should be eliminated
from the action by their respective field equations. The field equation of the auxiliary field
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D is combined with the dilatation gauge choice to eliminate the modulus of the scalars
of the compensating multiplets, |Y| and w®. One may choose the order in which these two
equations are used. In the figure, we indicated to eliminate w® by the dilatation gauge choice
and |Y'| by the D field equation for simplicity, but that can be interchanged at random. A
similar remark holds for the elimination of the fermionic components of the compensating
multiplets by the S-gauge and the use of the equation of motion of y*. The U(1) gauge
eliminates the phase of the scalar of the compensating vector multiplet. Here is the only
difference with 5 dimensions. In that case the superconformal algebra does not contain a
U(1), but the scalar of the vector multiplet is also real, such that this step is not necessary.
Similarly the quaternionic phases of the scalars of the compensating hypermultiplet are fixed
by gauge choices of the SU(2). The only remaining field of the compensating multiplets is
the vector field W,. This field becomes the graviphoton in the final super-Poincaré action.
The result is the coupling of ny hypermultiplets and ny vector multiplets to N =2, d =4
Poincaré supergravity.

Remark that the fixing of gauge symmetries leads to a change in the definitions of co-
variant derivatives. Indeed, the fields that we use in the Poincaré supergravity are chosen
such that they do not transform any more under the broken symmetries. Moreover, the pa-
rameters of the broken symmetries will be expressed in terms of the independent parameters
by the so-called decomposition laws. The new transformation laws of the fields are obtained
by replacing the parameters of the broken symmetries by means of these expressions.

We now give some details.

5.5.1 Equations of motion

The fields D and x appear in the action as Lagrange multipliers. Their field equations imply
the following conditions:

D: N+ 1k} =0,

X' B (=N = 2K aed + Ny X + 2ik g f¢C =0 (5.62)

2

The total action leads to the following equation of motion for the SU(2) gauge field V7
and the other auxiliary fields Y and T,:

. 1 i .
Ve = 5 gxp{0%T + gWH kT IR
1 _ . _ .
+2_]€2 [%(—N + 5k,2:))¢bi’yabc¢ﬂ -+ ;ILNIJQ{")/QQJ]
+%N[JXIQ;]7“%Z — %ikDX ;ﬁ(’%“bwg —h.c; traceless], (5.63)
N[JYZ-jJ» = —%IF]JKQ;]Qf - 4gPIij-
INGXIXITS = & (=N = 382) Gty + § (Sike S5 G — N X7 ) e

AN XTEL + SiFr Q7 a7 X ey + L vapd?”.
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5.5.2 Gauge choices and decomposition laws

We have already commented on the gauge choice for the special conformal transformations,
see (p.2)). For the dilatations, we have already mentioned in the simple example that
our aim is to have a standard kinetic term for gravity. Hence, we just collect the terms with
the scalar curvature and obtain (with units such that x* = 1)

D-gauge: %N — %k?} = % (5.64)
Combining this with the field equation for D, , we obtain
N =1, k2 = —4. (5.65)
Using the basis and we thus have at the quaternionic side
w’ = 1. (5.66)

The condition that fixes the dilation gauge is physically the requirement that the kinetic
terms of the scalars and the spin-2 field are not mixed. The total action does contain terms
of the form 9,4, multiplied with fermion fields of the vector and hypermultiplet. These
imply thus a mixing of the kinetic terms of spin 3/2 and 1/2. We choose in analogy to the
bosonic sector the S-gauge condition such that such a mixing does not occur. Hence, we put

to zero the coefficient of v**9,1%.
S-gauge: N X' — ikpxjiﬁCA =0. (5.67)

This coincides with the requirement that the D-gauge is invariant under ordinary supersym-
metry, which simplifies the decomposition laws. Combining this with the field equation of

the auxiliary field y; (5.62)) leads to:
N X'l =0, kpofi¢t =0 (5.68)

In the coordinates (5.55)) and (5.57) for the hypermultiplet, we have (see [53]):
k’XfZg = 2wogoof;% = 218”‘5‘{4\/ %U}O. (569)

Therefore, (5.68) says that ’
¢'=0. (5.70)

We already discussed the geometry of the vector multiplet and used the U(1) gauge (/5.30)).
The SU(2) allows us similarly to fix the phases of the compensating quaternion in the
hypermultiplet. We choose w® constant:

SU(2)-gauge: w® = wyg . (5.71)
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Decomposition rules. The above gauge choices imply that the parameters of the gauge-
fixed symmetries are functions of the remaining gauge symmetries. We mentioned this
already for the K parameter in (5.3). By the fact that the S gauge has been chosen to be
the supersymmetry transformation of the D gauge implies that the parameter of the latter
can just be put equal to zero.

Ap =0. (5.72)

There is a more complicated result for the parameter of the special supersymmetry, 7.
Varying the S gauge leads to

n;, = lelFIJKXKQJIEJQ{ — %6A7ab<B7ab€j€ijdAB — gXIP[ijEj — %NIJQjI’yaQJ’yan. (573)

(2

Varying the condition (5.71]) leads to an expression for the SU(2) parameter U,/:
Uij = QWXZ'j ((5GqX + 5QqX) + 2gOéIP[ij. (574)

This expression determines that any gauge symmetry has now a contribution from the SU(2)
R-symmetry. This is an important fact in quaternionic geometry.

The gauge fixing of U(1) and the corresponding decomposition law was already given in
(15.36)).

5.5.3 Action for Poincaré supergravity.
We give here some important terms of the final result:
S = 1eR—(950,K) 8,22 0"27 — L (Fpy+ Frj) e e F,'F,,”
+ (—CalP¢Pd?t g — SN YTDQ] — J0iay ™ Dyl
(= AN B PR ) + o (5.75)

Remark that the covariant derivatives are the previously introduced superconformal covari-
ant derivatives, where the auxiliary fields have to be replaced by the values that they got
from their field equations.

6 Special Kahler geometry.

6.1 Dualities in general.

A prerequisite to understand the following development, is a study of the symplectic trans-
formations. These are the duality symmetries of 4 dimensions, the generalizations of the
Maxwell dualities. They were first discussed in [73] [74] [75] [76]. Consider the kinetic terms
of the vector fields, £; in (5.32), for an arbitrary number (m) of vectors. Nj; are cou-
pling constants or functions of scalars. Remember that the complex conjugate of F* is F~.

Defining

y . 0L .
GYp = 2y = Ny P, (6.1)
nv
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the Bianchi identities and field equations can be written as

0" Im f:l,[ = 0  Bianchi identities
0,ImG"Y; = 0  Equations of motion. (6.2)

This set of equations is invariant under GL(2m, R):

Ft Ft A B\ (F*
()5 @)= D) @) 6
The G, are related to the F), as in (6.1). Now we limit the transformations to those that
preserve such a relation. Therefore, we should have

G* = (C+ DN)F* = (C+ DN)(A+ BN)'F*
— |N = (C+DN)(A+ BN)| . (6.4)

As éﬂw should be the derivative of a transformed action to describe the field equations, this
requirement imposes that the matrix A/ should be symmetric. For a general N this implies
(using rescalings of the field strengths)

ATC-CTA=0, B'D-D'B=0 , ATD-C"B=1. (6.5)

These equations express that

A B
S= (C D) € Sp(2m, R), (6.6)
as the explicit condition is
T 0 1
SAS =0 where Q= 1 0] (6.7)

Thus the remaining transformations are real symplectic ones in dimension 2m, where m is
the number of vector fields.
A 2m component column V' which transforms under the symplectic transformations as

+
F ) The invariant

V = 8V is called a symplectic vector. The prime example is thus V' = ( G
+

inner product of two symplectic vectors V and W is
(V,W)=vTaw . (6.8)

The symplectic transformations thus transform solutions of ((6.2)) into solutions. However,
they are not invariances of the action. Indeed, writing

£ = 1m (N5y F/ ) = 1 (FYG) | (6.9
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we obtain
Im FH G,y = Im (FYG,) + Im (2FF(C"B)G, + FH(CTA)F* + G (D"B)G,) . (6.10)

If C # 0,B = 0 the Lagrangian is invariant up to a four—divergence, as Im F*F*T =
—}@“”"UFW,FM and the matrices A and C' are real. For B # 0 the Lagrangian is not
invariant.

If sources are added to the equations , the transformations can be extended to the

I
dyonic solutions of the field equations by letting the magnetic and electric charges (gm>
el

transform as a symplectic vector too. The Schwinger-Zwanziger quantization condition re-
stricts these charges to a lattice. Invariance of this lattice restricts the symplectic transfor-
mations to a discrete subgroup Sp(2m,Z).

Finally, the transformations with B # 0 will be non—perturbative. This can be seen from
the fact that they do not leave the purely electric charges invariant, or from the fact that
shows that these transformations invert N, which plays the role of the gauge coupling
constant.

The important properties for the matrix N is that it should be symmetric and Im A < 0
in order to have positive kinetic terms. These properties are preserved under symplectic
transformations defined by (6.4).

The simplest case is with one Abelian vector. Take N’ = S, a complex field. The action
is

L= 1(ImS)F,, F*" — +(ReS)e"* F,,F,, . (6.11)
The set of Bianchi identities and field equations is invariant under symplectic transforma-
tions, transforming the field S as

~ C+DS

If the rest of the action, in particular the kinetic term for S, is also invariant under this
transformation, then this is a symmetry. These transformations form an Sp(2; R) = S¢(2,R)
symmetry. The S¢(2,7Z) subgroup is generated by

R

S—541 §—-1 (6.13)
S
Note that Im S is invariant in the first transformation, while the second one replaces Im S by
its inverse. Im S is the coupling constant. Therefore, the second transformation, cannot be
a perturbative symmetry. It relates the strong and weak coupling description of the theory.
For another example, namely S and 7" dualities in this framework, see [77].
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6.2 Symplectic transformations in N = 2

In N = 2 the tensor N is determined by the function F' as explained in section [5.3] The
definition of A" can be written in a clarifying way as follows

OsFy = Npjos X7, Fr=NpX7. (6.14)

One regards (05F7, Fr) as an n + 1 by n + 1 matrix to see how this defines the matrix A
From this definition it is easy to see that N transforms in the appropriate way if we define

X7 On X!

e (5). (2 619
(and their complex conjugates) as symplectic vectors. They thus transform as in . With
this identification in mind, we can reconsider the kinetic terms of the scalars. Then it is
clear that the Kahler potential , and the constraint are symplectic invariants.
This will lead to a new formulation of special geometry in section 6.3}

The equation
X = Al X7 + BYF;(X) (6.16)

expresses the dependence of the new coordinates X on the old coordinates X. If this trans-
formation is invertible , the F; are again the derivatives of an new function F(X) of the
new coordinates, o
%) = 22X (6.17)
oXT
The integrability condition which implies this statement is equivalent to the condition that S
is a symplectic matrix. In the supergravity case, one can obtain F due to the homogeneity:

ctA C'B v
DTA DTB ’

L 1
F(X(X)) = 5vT < (6.18)
Hence we obtain a new formulation of the theory, and thus of the target-space manifold, in
terms of the function F.

We have to distinguish two situations:

1. The function F(X) is different from F(X). In that case the two functions describe
equivalent classical field theories. We have a pseudo symmetry. These transforma-
tions are called symplectic reparametrizations [78]. Hence we may find a variety of
descriptions of the same theory in terms of different functions F'.

2. If a symplectic transformation leads to the same function F', then we are dealing with
a proper symmetry. This invariance reflects itself in an isometry of the target-space
manifold.

24The full symplectic matrix is always invertible, but this part may not be. In rigid supersymmetry, the
invertibility of this transformation is necessary for the invertibility of N (due to the positive definiteness of
the full metric), but in supergravity we may have that the X! do not form an independent set, and then F
cannot be defined. See below.
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Henceforth these symmetries are called ‘duality symmetries’, as they are generically accom-
panied by duality transformations on the field equations and the Bianchi identities. The
question remains whether the duality symmetries comprise all the isometries of the target
space, i.e. whether

Iso(scalar manifold) C Sp(2(n + 1),R). (6.19)

We investigated this question in [79] for the very special Kdhler manifolds, and found that in

that case one does obtain the complete set of isometries from the symplectic transformations.

For generic special Kahler manifolds no isometries have been found that are not induced by

symplectic transformations, but on the other hand there is no proof that these do not exist.
E.g. the symplectic transformations with

s = (él, ]01> (6.20)

do not change the X4 and give F = F + %C’ 4BXAXP. So these give proper symmetries for
any symmetric matrix Cy5. The symmetry of C'is required for S to be symplectic. From the
explicit construction it is clear that such addition of real quadratic terms to the prepotential
do not change the action. Therefore, we should also modify the distinction between pseudo
symmetries and proper symmetries that we mentioned earlier. When the prepotential only
changes in this way, then the corresponding symmetry is still a proper symmetry.

That the full supersymmetric theory allows such symplectic transformations can be seen
also in another way. I mentioned before that the vector multiplets are chiral multiplets,
with w = 1 that satisfy constraints . One of these constraints is the Bianchi identity
for the vector. The functions F7(X) transform also in a chiral way under supersymmetry,
and thus define also chiral multiplets, which have Weyl weight w = 1. Now it turns out
that the same conditions on these multiplets are in fact the field equations. One of these
is the field equations of the vectors. Thus the symplectic vectors V' are the lowest
components of a symplectic vector of chiral multiplets. If these symplectic vectors satisfy the
constraints, then this implies as well that we have vector multiplets, as the field equations.
This is thus a supersymmetric generalization of the symplectic set-up of section [6.1] For
the supergravity case this has been worked out in [80]. In this way, even the equations for
models in a parametrization without prepotential can be obtained. Such situations will be
explained shortly.

I will finish this section with an example of a manifold with isometries. Consider (|5.46|).
If we apply the symplectic transformation

1 0 0 0
(A BY |0 0 0 1/3
3_(0 D)_ 00 1 0 (6:21)
0 -3 0 0

one arrives, using (6.18]), at (5.47). So this is a symplectic reparametrization, and shows the
equivalence of the two forms of I’ as announced earlier.
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On the other hand consider

1+3¢ p 0 0
A 1+e 0 2u/9
0 0 1—-3 -—X
0 —6\  —p 1—e

S = (6.22)

for infinitesimal €, u, \. Then F is invariant. On the scalar field z = X'/ X, the transfor-
mations act as
8z =\ — 2z — uz?/3 . (6.23)

They form an SU(1, 1) isometry group of the scalar manifold. The domain were the metric
is positive definite is Im z > 0. This shows the identification of the manifold as the coset

space in (5.46), (5.47).

6.3 Characteristics of a special geometry.

Special Kéhler geometry [I] is defined by the couplings of the scalars in the locally super-
symmetric theory, i.e. in the coupled Einstein-Maxwell theory. For other applications one
is interested in a definition of special geometry independent of supersymmetry. A first step
in that direction has been taken by Strominger [66]. He had in mind the moduli spaces of
Calabi—Yau spaces. His definition is already based on the symplectic structure, which we
also have emphasized. However, being already in the context of Calabi-Yau moduli spaces,
his definition of special Kahler geometry omitted some ingredients that are automatically
present in any Calabi—Yau moduli space, but have to be included as necessary ingredients in
a generic definition. Another important step was obtained in [81]. Before, special geometry
was connected to the existence of a holomorphic prepotential function F'(z). The special
Kahler manifolds were recognized as those for which the Kahler potential can be determined
by this prepotential, in a way to be described below. However, in [81] it was found that one
can have N = 2 supergravity models coupled to Maxwell multiplets such that there is no
such prepotential. These models were constructed by applying a symplectic transformation
to a model with prepotential. This fact raised new questions: are all the models without
prepotential symplectic dual to models with a prepotential? Can one still define special
Kahler geometry starting from the models with a prepotential? Is there a more convenient
definition which does not involve this prepotential? These questions have been answered
in [82], and are reviewed here.

6.3.1 Symplectic formulation

This is thus a reformulation of the geometry that we have seen in section using the
symplectic formalism. The dilatational gauge fixing (the fixing of r above), is done by the
condition . This condition is chosen in order to decouple kinetic terms of the graviton
from those of the scalars. Using again symplectic vectors

V= (;{j) | (6.24)
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this can be written as the condition on the symplectic inner product:
<V,V>=X'"F, - X' =i. (6.25)
To solve this condition, we define
V= e’c(z’z)/%(z) , (6.26)
where v(z) is a holomorphic symplectic vector,
I
o(z) = ( 8%2 }?Z)) . (6.27)

The upper components here are arbitrary functions (up to conditions for non-degeneracy),
reflecting the freedom of choice of coordinates z®. The Kahler potential is

e M=) — _i(y, 7). (6.28)

The kinetic matrix for the vectors is given by
Niy= (DaFi(X) Fy) (DaX? X)), (6.29)

where the matrices are (n + 1) x (n + 1) and
DaFi(X) = 0aF(X) + 2(0:K)Fi(X),  DaX’ =0, X7 + 1(0:K)X". (6.30)

Before continuing with general statements, it is time for an example. Consider the

prepotential
F=—-iXx°x" (6.31)

This is a model with n = 1. There is thus just one coordinate z. One has to choose a
parametrization to be used in the upper part of (6.27)). Let us take a simple choice: Z° =1
and Z! = z. The full symplectic vector is then (as e.g. Fy(Z) = —iZ(2))

Z0 1
Z1 z

v = Jo N il TR I (6.32)
Fl —1

The Kéhler potential is then directly obtained from ([6.28)), determining the metric:
e M =202+2);  g=0.0.K= (242" (6.33)

The kinetic matrix for the vectors is diagonal. From ([6.29)) follows

N = (_Oiz qi) . (6.34)
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Therefore the action contains
e 'Li=—1Re [z (FJJO)2 + 27t (F;,l)Q] . (6.35)

The domain of positivity for both metrics is Re z > 0.
Before continuing, let us extend the Kéhler-covariant derivatives introduced in (6.30)) for
future use:

D,V = 9.V +1(0.K)V, DV =05V — 1(0:K)V =0,

DV = 0;V +1(0:K)V, DV =0,V —3(8.K)V =0,

Do = 0,0+ (0.K)v, Dsv = Oqv = 0,

Dav = 050+ (0:K)v, D,v = 9,0 =0, (6.36)

where the indicated vanishing of expressions is due to the definitions. We also use definitions
U, =D,V =Dy,  Us=DsV =e"*Dyo. (6.37)

They satisfy e.g. )
(Uns Us) = ~igas. (6.38)

Exercise 6.1: These covariant derivatives are covariant for the remaining Kahler
transformations after the decomposition law (5.36)). Check this statement.

6.3.2 Absence of a prepotential in examples

The tensor calculus lead to the formulation of special geometry in terms of a prepotential
F(X). In the above symplectic formulation appears then its derivatives F;(X) = 52 F(X).
The latter F turn out to be more fundamental than F'(X) itself. We will show now that one
can take alternative symplectic bases where F; are not derivatives of a scalar prepotential
F(X). We will show this first by an example, and then give some general properties before
exhibiting another class of examples that are relevant in string theory.

Let us come back to the example (6.31)), on which we perform a symplectic mapping:

1 00 O 1

~ 00 0 —1 i

v=3S8v= 001 olv= 1l (6.39)
010 0 z

After this mapping, z is not any more a good coordinate for (Z 0 Z 1), the upper two compo-
nents of the symplectic vector z. This means that the symplectic vector cannot be obtained
from a prepotential. We cannot obtain the symplectic vector from a form (6.27). No function
F(Z°, Z") exists.
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The Kéhler metric is still the same, (6.33]), and one can again compute the vector kinetic
matrix, either directly from (6.29), as the denominator is still invertible, or from (6.4)):

N = (C+DN)(A+ BN)™" = —iXx (X% "1 = —iz1. (6.40)
In this parametrization, the action is thus
1Ly =~} Re |z (Fi0)" + 2 (FL)°] (6.41)

This action is not the same as the one before, but is a ‘dual formulation’ of the same theory,
being obtained from by a duality transformation. The straightforward construction
in superspace or superconformal tensor calculus does not allow to construct actions without
a superpotential. However, in [80] it has been shown that the field equations of these models
can also be obtained from the superconformal tensor calculus. One just has to give up the
concept of a superconformal invariant action.

Going to a dual formulation, one obtains a formulation with different symmetries in
perturbation theory. The example that we used here appears in a reduction to N = 2 of two
versions of N = 4 supergravity, known respectively as the ‘SO(4) formulation’ [83], [84] [85]
and the ‘SU(4) formulation’ of pure N = 4 supergravity [86].

Finally let us note that we still could apply because the matrix

(X DXT) (6.42)

is always invertible if the metric g, = 0,05 K (2, 2) is positive definite. Therefore, the inverse
exists, and N7 can be constructed. However, the matrix

(X D,X") (6.43)

is not invertible in the formulation (6.39). If that matrix is invertible, then a prepotential
exists [82].
It turns out that the following 3 conditions are equivalent:

1. (6.43) invertible;
2. special coordinates are possible;

3. a prepotential F'(X) exists.

An important example of the phenomenon of the absence of a prepotential is the descrip-

tion of the manifold
SU(1,1) SO(r,2)

U(1) SO(r) ® SO(2)
This is the only special Kdhler manifold that is a product of two factors [87]. Therefore it
is also determined that in the classical limit of the compactified heterotic string, where the

(6.44)
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dilaton does not mix with the scalars of the other vector multiplets, the target space should
have that form. The first formulation of these spaces used a function F of the form [67]

 dapeXAXBXC

F =0

(6.45)

In fact, such a form of F' is what one expects for all couplings which can be obtained from
d = 5 supergravity [88]. Such manifolds are called ‘very special Kéhler manifolds’. In such
a formulation for the SO(r,2) part of the duality group sits not completely in the
perturbative part of the duality group, i.e. one needs B # 0 in the duality group to get the
full SO(2,7). However, from the superstring compactification one expects SO(2,r;Z) as a
perturbative (T-duality) group.

By making a symplectic transformation this can indeed be obtained [81]. After that
symplectic transformation one has a symplectic vector (X7, F;) satisfying

X'y X7 =0; Fr=Sn; X7, (6.46)

where 7, is a metric for SO(2, ). The first constraint comes on top of the constraint ([5.22]),
and thus implies that the variables z cannot be chosen between the X7 only. Indeed, S
occurs only in F7.

6.3.3 Definitions

After this extension of the formulation, the reader may ask the question what is then really
special Kéhler geometry. This was the question put in [82], and lead to some definitions.
We will give here first a definitions using the prepotential, and then a second one using only
the symplectic vectors. We will discuss then the equivalence. We will afterwards discuss a
more mathematically inspired definition [89)].
Definition 1 of (local) special Kdhler geometry.

A special Kahler manifold is an n-dimensional Hodge-Kéahler manifold with on any chart
n+1 holomorphic functions Z/(z) and a holomorphic function F(Z), homogeneous of second
degree, such that, with (6.27)), the Kahler potential is given by

e ME2) = _i(v,7), (6.47)

and on overlap of charts, the v(z) are connected by symplectic transformations Sp(2(n+1), R)
and /or Kéhler transformations.
v(z) — /P Su(2). (6.48)

The transition functions should satisfy the cocycle condition on overlap of regions of three
charts.

In the examples of section this definition turns out not to be applicable in an
arbitrary symplectic frame. Therefore we will not give a second definition, but we will then
comment how they are anyway equivalent.

Definition 2 of (local) special Kdhler geometry.
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A special Kahler manifold is an n-dimensional Hodge—Kahler manifold, that is the base
manifold of a Sp(2(n + 1)) x U(1) bundle. There should exist a holomorphic section v(z)
such that the Kéhler potential can be written as (6.47) and it should satisfy the condition

(Dov,Dgv) =0. (6.49)

Note that the latter condition guarantees the symmetry of N;;. This condition did not
appear in [66], where the author had in mind Calabi—-Yau manifolds. As we will see below,
in those applications, this condition is automatically fulfilled. For n > 1 the condition can
be replaced by the equivalent condition

(Dyv,v) =0. (6.50)

For n = 1, the condition (6.49)) is empty, while (6.50) is not. In [80] it has been shown that
models with n = 1 not satisfying can be formulated.
Equivalence of the two definitions.

It is thus legitimate to ask about the equivalence of the two definitions. Indeed, we saw
that in some cases definition 2 is satisfied, but one cannot obtain a prepotential F'. However,
that example, as others in [81], was obtained from performing a symplectic transformation
from a formulation where the prepotential does exist. In [82] it was shown that this is true
in general. If definition 2 is applicable, then there exists a symplectic transformation to
a basis such that F(Z) exists. However, in the way physical problems are handled, the
existence of formulations without prepotentials can play an important role. For example,
these formulations were used to prove that one can break N = 2 supersymmetry partially
to N =1 [90] and not necessarily to N = 0, as it was thought before. This is an extremely
important property for phenomenological applications.

On page [91] we gave equivalent conditions for the symplectic basis such that there exists
a prepotential. The last of these statements can now be shown how this follows from the
second definition. One first notices that (X7/X?) is independent of z, such that from the
functions Fj(z, z), one can define holomorphic functions

Fi(X) = XO% (z ();(—?)) : (6.51)

The constraints (6.49)) then imply

I
(aXXI> uFy (X7 9.X7) =0, (6.52)

from which it follows that in any patch F; = 525 F(X) for some F(X).

6.3.4 Symplectic equations and the curvature tensor

Let us first summarize the symplectic inner products that we found. They can be simply
written in terms of the 2(n + 1) x 2(n + 1) matrix

V=(U, V U* V), (6.53)
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where U = gO‘BUB, as
VIQy =iQ. (6.54)

Thus, the matrix V) is also invertible. Covariant derivatives on these equations lead to new
ones, like

<V7 'DQU5> = <V7DaUﬁ> <U’Y > =0,
= 0.

<DaUﬁ, U7> + <Uﬁ,DaU > (655)

Note that D,Us contains also Levi-Civita connection. Due to these equations and the
invertibility of (6.53), D,Us must be proportional to a U?, and, as from its definition it
is already symmetric in (a3), we can define a third rank symmetric tensor

DO{Uﬂ = Coéﬁ’YU'yv Oaﬂ’y = _i<DaUﬁ> Ufy> (656)

Exercise 6.2: Check that if there is a prepotential, then one can write
Copy = iF1 kDo X "Dy X' D, X", (6.57)

where the covariant derivatives may be replaced by ordinary derivatives due to
(E70).

The curvature of the manifold can then be obtained from the commutator of covariant deriv-
atives. As mentioned already, the connections contain Levi-Civita and Kéhler connections,
so the commutator will lead to a sum of the curvature of the Kéhler manifold as function of
the Levi-Civita connection of g,5 and the curvature of the Kahler connection. The latter is
the original U(1) from the superconformal algebra when it is pulled back to the spacetime.
It acts as 0V = —iA4V, and as one can see in ([6.36]), its gauge field has as (holomor-
phic, antiholomorphic) components (—%i@alC, %ia&K ). Its curvature is therefore REE = 1043
Therefore, the commutator of covariant derivatives should be of the form

[Do,D5| V = iREBV = —0a3V’ hence — DU, = —g,5V- (6.58)
On U, we get (see e.g. (2.60) and (A.5) for conventions)
(Do, D3| U, = iRE;U, — R, 5Us. (6.59)

To make the calculation of the left-hand side, one lemma that we still need is that Cygs,
is covariantly holomorphic:

iD5Cop, = (DsDaUs, U,) + (D,Us, DsU.,) = 0. (6.60)

Both terms vanish separately. For the first term, use (6.59) and (6.58) and e.g. (Us,, Ug) = 0.
The second term is by these relations immediately zero.
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Now everything is ready for a short proof. With (6.56)) and this covariant holomorphicity
of C' we get

,ZjBDaUv = OowegE€ _EBSQ&SUCS' (661)
On the other hand B
D,D3U, = g,5Ua- (6.62)
Subtracting the two gives
- R67a5U5 - gaﬁégU(s = gyéaiUé - Cfoz'yegeE _EBSQS(SU(S' (663)

We can drop the U;, e.g. by taking a symplectic product of this relation with U?. This
establishes the form of the curvature tensor [67]

R’ 50y = — 90705 — 9705 + Capeg™“Crgsg®. (6.64)

Exercise 6.3: Check that this can also be written as
R%G = —65%0,° — 8,05° + Wy, W | (6.65)
where
VAR Y AR VA

Having all this machinery, we want to derive a few more relations that are often used in

special Kahler geometry.
Define the 2(n + 1) x (n + 1) matrix U as the left part of V, (6.53)),

_ DQXI XI 1
U= (U, V)= (DQFI FI) - @,) , (6.67)

1

where the last equation defines (n+1) x (n+ 1) matrices. The matrix z' is invertible. Then

the definition of N in (6.29) is now written as
N = fi(z);". (6.68)

This leads to
1
U= (/\/) x. (6.69)

Check that the dimensions fit for this matrix equation to make sense. Now we introduce the
(n+1) x (n+ 1) matrix

G = (ggﬁ (1)) = iurou, (6.70)
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with Q the symplectic metric as in (6.7). This equation holds due to the gauge fixing and
definitions of the metric in special geometry. Combining the previous equations leads to
G = —22T(Im Nz, or in full

i D) =iy ) =2 (%) man sk xem

The following consequence is often used:
— MmN =D, XTgPDs X7 + X X7, (6.72)

Another immediate consequence of these equations is

UCTUT = UzgP Ul + VT = —% (/i/) ImAN)™' (1 N) = —%M + %iQ, (6.73)

in terms of the matrix M introduced in [91]:

1 —1
M= ( Im N ImN'ReN )

ReA TmA ' ImA + Re AN TmA—! Re A’ (6.74)

6.3.5 A mathematically inspired definition

We now present the definition that has been given by Freed [89]. We start by defining ‘rigid
special Kahler geometry’, that is the geometry of the scalars in rigid vector multiplets. In the
mathematics literature this is called ‘affine special Kéhler geometry’. Then special Kéahler
geometry for supergravity is called ‘projective special Kahler geometry’, because it is defined
from the former as a projectivization, which is in fact the gauge fixing of dilatations and the
U(1) from the superconformal group.

Definition of rigid special Kahler geometry.

The definition can be shortly formulated as

A rigid special Kdhler manifold is a Kahler manifold with Kdhler form ® and
complex structure J such that there is a real, flat, torsion free, symplectic con-
nection V that preserves J seen as a 1-form, that is

V ((d¢")J7) =0, i,j=1,...,2n, (6.75)
where ¢' denote the (real) coordinates of the manifold.

Now we analyse this definition to see the relation with what has been presented before. First,
it is mentioned that we start from a Kéahler manifold. This means that the manifold as real
manifold has even dimension. There is a hermitian metric with Levi-Civita connection D;
such that DiJj’“ = 0. We can take then complex coordinates z%, z%, with a, & = 1,...,n,
such that the metric has only non-zero coefficients g,53 = gz,, and in these coordinates the
complex structure has the form

JS =i, U =-iss’, g =U=o. (6.76)
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The Kéahler 2-form is then defined as
O = L7k det Ade = igazdz® A dZ. (6.77)

This defines a symplectic structure on the Kahler manifold.

Then the definition involves another connection V. It is mentioned that it is flat, i.e. its
curvature tensor vanishes. If the connection components of this connection are denoted as
A;;*, the conditions are

torsionless : A" = A;",

symplectic : 0;Jj, + 2Ai[j£<]]€}ﬁ =0,
flat @ A" + Ami A =0,
6.75) : oty + Ag )t =0. (6.78)
The statement that it is a symplectic connection means that V& = 0. These statements

imply that there is a ‘flat frame’ such that the Kéhler 2-form takes the form (the — sign is
for convenience, to agree with normalizations already chosen)

¢ = —dz! Adfy, I=1,...,n, (6.79)

where we have denote the real coordinates in this frame as 2’ and f;. As the connection is
also torsionless, it means that

Vdg' = Al d¢?! Ade* =0, (6.80)

when we denote the connection coefficients as A%,. Combining this with (6.75) gives that
the projection to holomorphic quantities is closed under V:

wg‘m) =0, wg’m) = 1[d¢’ + (d¢’)J;] . (6.81)

As V is flat, this means that Wfl 0) I8 also V-exact. In the flat frame V connection reduces
to an ordinary differential. Therefore we can write (splitting an upper index ¢ in an upper [

and a lower I)
7T(]1,0) =dx’, 01 = dFr, (6.82)

where in the complex frame, X! and F; are holomorphic, as one can easily verify taking
an antiholomorphic derivative and using (6.76)). Obviously, one can repeat the same for the
projections to antiholomorphic quantities, and this leads to

de’ = dX'(2) +dX!(2),  df; = dF(z) +dF(2). (6.83)
We now compare (6.77)) and (6.79) using these expressions, leading to
— & = —ig,5d2* AdZ® = dXT AdF; + dXT AdF + dXT A dF; +dXTAdFr. (6.84)

The first term in the last expression is quadratic in holomorphic variables, and should thus

vanish by itself:
dXT(2) NdF;(2) = 0. (6.85)
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This is similar to the statement (6.49)) that we saw before in a definition of special geometry.
The last term is similar for the antiholomorphic parts. The metric is thus obtained as

Jop = 10,05 (X" Fr — FrX") . (6.86)

It can be shown that if this metric is positive definite, 9, X’ should be invertible [82]. There-
fore, in this case X7(z) can be inverted, and hence also F;(z) can be written as Fy(X(2)).
Therefore we have then

OF1(X)
0X"’
and ([6.85]) becomes the integrability condition that

dF(z) = ———2dX7(2), (6.87)

DF(X)

FilX) =1

(6.88)
for some scalar F'(X). This is the prepotential function from which we started the derivation
of the action of vector multiplets in section [£.3.1] We then obtain that in rigid special

geometry if aXa is invertible, the metric is

oX!0X! 92F(X)

8za a B ) IJ — aXIé?XJ’ (689)

9o =1 (F1y — Frj) ——

in agreement with (4.79)).
When one turns from the V-flat basis to the basis z%, 2%, the non-vanishing connection

coefficients of V are .

and their complex conjugates, Where Flﬁ are the Levi-Civita connections for the Kahler
metric

s = 970985, (6.91)

and Cpp,(z) are defined by . One can prove that they are holomorphic, completely
symmetric and that

Di;Cypy = 8[5Ca]g7 — Fg[é(]a}w — ny[(gcamg =0. (6.92)
The curvature tensor is then similar to ((6.64))
R o5 (T) = Capeg“Copsg” (6.93)

in order that A in leads to a vanishing curvature. In case that the symplectic basis
allows a prepotential, we have

Cogr = 1F1 0., X10;X70, X5 . 6.94
By €] Y

Conversely, one can show that if a Kahler manifold has a curvature tensor of the form
(6.93) where the coefficients C, 3, are holomorphic, symmetric and satisfy (6.92)), then one
By
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can construct the connection V with the properties as in the definition that we give above.
Hence, in that case the manifold is a rigid special Kahler manifold.
Definition of (projective) special Kahler geometry.

The extra ingredient with respect to rigid special Kahler geometry is the closed homo-
thetic Killing vector, i.e. a vector satisfying . In presence of a complex structure that is
preserved by the connection, this implies the presence of an isometry, which is k%in. These
two operations are related to the dilatations and U(1) transformations in the way that we
developed special geometry from superconformal methods.

The first part, defining a projective Kahler manifold, is independent of whether we are
discussing special geometry. Hence, this would apply also for N = 1.

We demand that the existence of a holomorphic closed homothetic Killing vector on a
Kihler manifold M. This means that there is a vector with components H'(X) and their
complex conjugates, where X7 denote the holomorphic coordinates, with D;H”? = §7. The
action of H generates equivalence classes. The projective Kahler manifold is the manifold
of equivalence classes M = M /C* if C* denotes the action by the operation generated by
H. This is a Kahler manifold too. To prove this, one first chooses homogeneous coordinates
such that HY = X!. One can compare this now with start of section , where this Kéahler
potential was denoted as —N. The condition that this vector is a closed homothetic Killing
vector amounts to the second equation in . where N;7 is the Kahler metric in M. After
a suitable Kahler transformation, this implies that the Kahler potential K = —N from which
N, 7 is derived, is homogeneous of first degree both in X and X.

We define a metric from K = +log+K, where + is the sign of K. In comparison to
section we have now put k = 1 and a = 1, and there we assumed that K = —N is
negative.

- - 1 - 1 .
g1 = 010;K = 8;0;K = :|:§a[ajK F EGIKa;K. (6.95)

This metric has zero modes X’. Orthogonal to it, it is non-degenerate if § is non-degenerate
and it has the signature of § orthogonal to X?. Note that the remaining signature of g is
the sign of K.

We can then define variables Y and 2® that form together an alternative basis for the
X' as in . The metric on the manifold M is taken to be

K
Gop = 0a05K(2, 2), K(z,z) = +log iﬁ , + = sign K. (6.96)

The Kéhler class of this manifold is then equal to the Chern class of the line bundle build
from this manifold by the action of H (i.e. locally M x C*). The Chern class of a line bundle
is integer, and therefore the Kahler form is integer. Such manifolds are called Kahler-Hodge
manifolds in the literature. What we have proven here is that a projective Kéhler manifold
is a Kéhler-Hodge manifold. See [59] for more detailed explanations.

What we have explained here is applicable to any Kéahler manifold with closed homothetic
Killing vector. When one starts with a rigid special Kahler manifold, the resulting projective
Kahler manifold is the special Kahler manifold that we obtain as target manifold in N = 2
supergravity in d = 4 coupled to vector multiplets.
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6.4 Electric and magnetic charges and the attractor phenomenon

The attractor mechanism in special geometry [92, 03] is the fact that black hole type solutions
are such that the scalars take at the horizon of charged black holes fixed values that are
determined by these charges irrespective of the initial condition, i.e. the values of the scalars
at infinite distance from the black hole. We restrict here to 4 dimensional theories*]

6.4.1 The spacetime ansatz and an effective action
A static spacetime metrid®| has the general form

ds? = —e?Vdtdt + e Y, dz™dz", ie. goo=—eY,  Gmmn=¢"YYm,

This leads to
SEinstein = /d4l‘%\/§R(9) = /d4$’ﬁ (%R(’Y) - amUamU + DmamU) . (698)

The last term can be omitted as it is a total space derivative. Indeed, here ~,,, is used to
raise and lower indices, and to define the covariant derivative D,,.

Note, however, that the field equation obtained from (|6.98) and other matter terms is
not sufficient to satisfy all Einstein equations. Let us consider this in detail. The Einstein
tensor is

_ 55 instein
G = 2(/9) §g— = Ry — L9 R (6.99)

For the static metric, one obtains

Goo = €Y (3R(y)+2D,0"U — 8"Ud,U),
Grn = (Ymn¥"™ —20,,05) (—3Rrs(7) + 0,U0,U) . (6.100)

We consider now only the bosonic sector. The Einstein equations are
G;u/ = T;u/ ) (6101)
where T}, is the energy-momentum tensor. We split it in the scalar part and the spin 1 part:

T = TO+TY

[n 2

B §55(0) B 55
TS = ~2(v9)" ) 1

- TW = —2 .
59“” ? uv (\/g) 5gu,j

(6.102)

25The attractor phenomenon in 5 (and 6) dimensional N = 2 theories has been considered in [94} 95|, 96]

26°Static’ means that it admits a global, nowhere zero, timelike hypersurface orthogonal Killing vector
field. A generalization are the ’stationary’ spacetimes, which admit a global, nowhere zero timelike Killing
vector field. In that case the components gg,, could be nonzero. For simplicity we look here to the static
spacetimes.
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Schematically, we have
SO = _ / d*z\/g9""0,20,% . (6.103)

Of course there are many scalars in the Kahler manifold, but generalizing to z* with a Kahler
metric g, is obvious in this section, and we will thus omit it for simplicity of the formulae.
The scalar energy-momentum tensor is

Tlgg) = — 00977 0,20,Z + 20,20,% . (6.104)

For our metric ansatz, this gives

T — Wymng 0.z, T = (=Y + 207,,85)) 0,20,% . (6.105)
In the spin-1 action,
S = / d'z [L/g(Im N ) FL ™ — L(Re Ny ) FLFY] (6.106)

the metric appears only in the term with Im A. This leads to

T = —Im Ny (=39 Fpy 77 + Fl L") . (6.107)

v

If we now use the spacetime metric (6.97)), the nonzero terms are

T(%) = —ImN;y, (%ewFOImenFo{z + };ewFr{meanqu{z)
L0 = —ImNoy (e Fg " B = 1™y F 2
—e W Fy Fyy + U Fr 0E) (6.108)

We can use the magnetic vectors

Fr{q, = %7mn(ﬁ>_1€nqulfqa (6109)

which has the useful consequences

Fr{m = ﬁgmnp'quFq]’
FL "y Ey = 2FF FL AP = e B F] — FLF.(6.110)

Using this, we can again write the energy-momentum tensor in a similar form as for the
gravity field and for the scalars: We find
TO%) — e6U7mann 7 T(l) — 62U (anvm . 2(5;1(52) ‘/rs ’ (6111)

mn

where
Vion = —2Im Ny (e U FS Fyl + FLFY) . (6.112)

mn
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The Einstein equations thus reduce to the following two equations

—1Run(7) 4 00U 0,U + 200y 2 — €2V, = 0, (6.113)
D, 0™U — V~y™V, . =0. (6.114)

We will propose the following effective action
Sop = /d?’xﬁ [—8mU A"OU — Oz ™0, 2 — eQUvm”an] ) (6.115)

The field equation of this action for U is if we keep V,,,, fixed during the variation.
Of course, as U does not appear in the scalar part of the action, the latter is not determined
by this requirement. We will prove that the field equations for the scalars can also be derived
from this action for a specific parametrization of V,,,. This will be clarified in section [6.4.2]
Only then it will be clear how to use this effective action.

The action has to be supplemented with the extra constraint , which is
not derivable from the effective action.

6.4.2 Maxwell equations and the black hole potential

(6.112]) is expressed in components of the field strengths F) lfy. However, we can write it in
terms of the symplectic vectors of field strengths and field equations. To do so, we use the

real form of (6.1]). Using (A.12)), this is
G = Re N1y Fl, + T Ny g 9o (V) 'V P FL (6.116)

If we denote the 3-dimensional duals as a generalization of (6.109)):

Fl = YA 'EEL, G = 2 (VA G, (6.117)
we obtain from (6.116)) and %4 = —&"™P? (as we use o103 = 1, see (A.06))
Fdrm _ 2U F’;){L
(Gmm> =M ) (6.118)

where M was given in (6.74]) and 2 is the symplectic metric . These matrices contain
indices I and J at appropriate positions automatically for (6.118]) to make sense. This leads
to

Vi = 2 (FL ) ama (B (6.119)
mn =g Fm G Gr) |
Explicitly we have
7 _pr-1 -1
QMQ:( [I_]fé R _Rﬁ_l), R=ReN, I—=ImN\. (6.120)

U does not appear in this expression for V,,. This implies that if we consider V,,, as a
function of FL, Gr,, and the scalars implicitly present in (6.120) and insert it as such in the
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effective action then it is still valid that this action generates the right field equation
for U. We now check that in this way it also generates the same scalar field equations as
those obtained from the original action S(® and S, where the vector fields Wlf where the
other independent variables. Hence these field equations that should be reproduced are

0 = 0u\/99"" 0,7 + $1/90-(Im N )l F*7 — L0, (Re Ny j)e" " Fl F . (6.121)

uv po

Specifying the metric (6.97) and the expressions for the field strengths in terms of F! and
G, this becomes

1 J
o_@w@wwg+§¢%wwm@;C%AQ@MQQ§>, (6.122)
nJ

where the indices I and J appear again in appropriate positions on the submatrices of
Q0. M. The latter is indeed the field equation obtained from the effective action

J
Seff(U7Z) = /dgﬂj\/’_}/’}/mn {—@nU O,U — Oz 0,7 — %QZU (F’r{m Glm) QMO (GFn >:| )
Jn

(6.123)
The (U, z) in the left-hand side indicates that it should be considered as an effective action
for varying with respect to these variables, while y™", F! and G, should be considered
as background. We saw already that the field equations of the original action for ™" lead
to the constraint . We will now check what the field equations of the vector sector
impose.
The field equations from (6.106|) with independent vectors Wlf are equivalent to the field
equations and Bianchi identities

I
g, ( gpg ) —0. (6.124)

Ipo

Using our preferred variables, this gives

O/ 7Y™ ) 0 e MQ B Z 0 (6.125)
m\V VY Gln — Y, [m G]n} = U. .
One way of solving these equations is to put

Fy{@:amHla GIm:amHla

O/ AV O H = 0y /7y 0 Hy = 0. (6.126)
We remain then with Bianchi identities of the form
2 H'
(Ome* M) Q0 ( Hz) =0, (6.127)

which can be solved by assuming that all functions (U, the scalars and the harmonic H! and
Hj) depend only on one coordinate such that the 0,, and 0, for m # n in the above equation
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cannot both be nonvanishing. We denote this one coordinate as 7. Thus U(7), 2(7), H' ()
and H; (7).
A convenient metric is e.g. [97]
4 2

c
’andxmdxn - 7(17—2 + 3
sinh” er sinh” er

(d6? + sin® 6d¢?) . (6.128)

Details on this parametrization are given in an appendix of [98]. This parametrization has
the property /yy"" = sin 6, which will be useful.
Harmonic means now just H” = 0, where a prime is now a derivative w.r.t. 7. So we can

take i y ’
p

H = —Tr+h,  h= . T= . 6.129

(HI) T (hf) <QI) ( )

We have here introduced the magnetic and electric charges in the symplectic vector I'. We
come back to their definition in section [6.4.3]
In this parametrization, the action gets the form (up to a constant)

Segg = U? + 2V Vgy — 27, (6.130)
where the ’black hole potential is

Ve = Ver = 317QMAQT. (6.131)

The Einstein equations lead to 2 independent equations:
A—U? 27 4+ Vg =0. —U" 4+ Vg =0. (6.132)

The second one is the one that can be obtained from the effective action. The first one is an
extra constraint.
6.4.3 Field strengths and charges

We consider field configurations with electric and/or magnetic charges in 4 dimensions. This
means that there are 2-cycles S? surrounding the sources such that

/2 ijdx“ Adz” = 8mp, ) Gruda” A dz” = 8mq;. (6.133)
s S

Exercise 6.4: Check that the solution that we gave above, leads indeed to the iden-
tification of the charges here and in (|6.129))

There is also the field strength that occurs in the gravitino transformation, see e.g. (3.70)),
which is the value of the auxiliary field 7}, of the Weyl multiplet. When we restrict now to
the bosonic part in its value, determined in (5.63)), we obtain

T, = 2T,F,;V17 (6.134)
NIJXJ . J . — J oI . -
Ty = 2ImN X =i (F -N,X'),  X'Ti=N=1,

XLNpy XM
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where use has been made of .

The integral of this quantity gives (we assume here and below that the Fy(z) and X7(z)
are sufficiently constant in the integration region such that they can be taken in and out of
the integral) [99]

i 1
Z=—|[| T-da" Ndz¥ = — X'G- — FyF-h) da® A da? 6.135
o7 [ Tetet nde = [ (XG — RE) e (6:135)
1
= - (XIG[#V—F[FIV)dI‘u/\dI‘V:XIqI—F]pI.
87T S2 ®

Note that the combination with the selfdual field strengths vanishes due to F; = N7 X7,
The object Z is called the central charge, because its value appears in the commutator of

two supersymmetries, as can be seen from ([3.73)), (3.74)).

However, when we take the covariant derivatives of the final expression, then we have to
use Do F;r = N7;D, X", and therefore only the selfdual parts remain. This gives thus

D.Z = D,X'q; — D.Fp’ (6.136)
1
= & /. (DaX'GY,, — Do FrF,) dat A da”
2i

= — [ D X"Im N EHda" A da”.
87'(' S2 s

The latter quantities are the objects that appear also in the transformation laws of the
physical gauginos. Indeed, the fermions of the conformal multiplets transform according to
(4.10)) in quantities F,, whose bosonic part is now

Fl=(0,-X'T))F,/ . (6.137)

The physical fermions are the ones that satisfy the S-gauge condition ((5.68)), which means
that they vanish under projection with 7;. We find indeed Tffu_,f = 0.
In a symplectic notation, we can define the vector

r = (pl) , (6.138)

qr

Then we have Z = (V,T) = VTQT and D,Z = (U,,T). This leads immediately to a simple
expression for the ‘black hole potential’ [100, 97]

Van = ZZ + DoZg*"D5Z = :TTQMAT, (6.139)

which can be derived easily from (6.73)), but was already found in [91]. Similarly one derives
using the same identity

VZ +U3¢°DaZ = -5 (MQ +il)T. (6.140)
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6.4.4 Attractors

The attractor solution [92] 93] [I00] is the solution near the horizon. This is thus the large
7 behaviour of what we mentioned above. In that case supersymmetry is preserved, which
is expressed as D,Z = 0. This extremizes the black hole potential. So it is consistent with
constant z* as solution of the field equation for the scalars. In this case simplifies.
Taking the imaginary part, gives

—2Im(VZ) =T. (6.141)
These are the attractor equations. The BH potential reduces to

VBH,BPS = |Z]2. (6.142)
Then we determine U by the constraint

U? = eQUVBHBps, ie. U=+eV (6.143)

The Vpu pps being constant, this automatically implies the other field equation

U = Y Vi pps. (6.144)
To finish the solution, we may write

eV = F|Z|r + constant. (6.145)

6.5 Gauge transformations as isometries

[ now consider in more detail the gauge group gauged by the vectors of the vector multiplets
in 4 dimensions. As the scalars are by supersymmetry connected to the gauge vectors, the
gauge transformations of the X' are fixed to be in the adjoint representation. I will indicate
the parameters by a/. In the context of the tensor calculus we thus have

Sa X! = ga? X5 fi ;. (6.146)

We will now first consider general isometries of the metric, possibly not gauged. We will
indicate these by an index A. Such isometries act on the scalars defining the ‘Killing vector’
kR:

6a2® = —gak(2). (6.147)

We assume here already that the Killing vectors are holomorphic such that the complex
structure is preserved. is not necessary . Also the compensator field can transform. To
respect the dilatational structure, the form should be

oY = —gaYry(2), (6.148)

for some holomorphic function r,(z). Notice that this transformation does not leave the
gauge choice (.30) invariant, as we have d,,Y = —iA4Y. Hence, such a gauge choice
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is only invariant under a linear combination of these G-transformations and of the original
conformal U(1). In other words, there is a ‘decomposition law’ that says that for the resulting
transformations after imposing this gauge choice are those with

Ay = Liga® [ra(2) — Ta(2)] . (6.149)

The Kéhler potential is in a U(1)-invariant way defined as in (5.29)), and thus we obtain
6cK(z,2) = —ga® [k3(2)0.K (2, 2) + kS(2)0aK (2, 2)] = —ga® [ra(2) +7a(2)] . (6.150)

We see here that the possibility of (6.148) corresponds to the fact that the isometries do
not necessarily leave the Kéahler potential invariant. It is sufficient that the Kahler potential

transforms with a Kéhler transformation ([5.35)) depending on a holomorphic function.
This equation can be expressed as the reality condition of a function

P) = ikY(2)0.K(z, 2) —ira(z)
= —ik}(2)0aK(z, 2) +ira(2)
= %i (kS (2)0.K (2, 2) — kS (2)0aK (2, 2) — ra(2) + 7A(2)] . (6.151)
This is the so-called‘moment map’ function P} (the upper index 0 is useless here, but is
introduced in the context of other triple moment maps that appear for quaternionic-Kéahler

manifolds).
The Killing vectors can be obtained from the moment map, as one can easily check:

0Py (2, 2) = —ik3(2, 2) gua(2, 2), 0s Py (2, 2) = 1k$(2, 2)gan(z, 2). (6.152)
In the context of the symplectic sections, which we introduced in , one can check that
g kSDow(2) = g kS [0av(2) + v(2)0,K]
= —dqu(z) + ga® (ra —iP)) v(2). (6.153)
One can then use and its derivative
(Dyv,v) = 0. (6.154)

to obtain
ge Mo [PY +ira] = (dgv, D). (6.155)

Subtracting the complex conjugate shows that

Sa(v, ) = ige Xl [rp + 74 (6.156)
Thus the r5 part does not preserve symplectic products and does not belong to a symplectic
transformation. The invariance group of the special Kéahler manifolds contains the symplectic
transformations and Kahler transformations. We should in general thus have

Sav = ga® [TAv + rav], (6.157)
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The matrix T should be an infinitesimal symplectic transformation while r, is a holomorphic
scalar function, for which we have taken already the normalization that is clear from the
previous equations. We thus obtain

P) = MTyw, ). (6.158)
In terms of the V(z, z) (using the U(1) gauge fixing such that (5.31)) is satisfied) we have

6cVer = ga [—k§Do + iry — iy — 1P|V
= ga [TV + L(ry —7a)V],
Py = (LW, V). (6.159)

The subscript gf indicates that this is after gauge fixing. We know the effect of this gauge
fixing: it is the compensating U(1) transformation . Thus, the r-dependent part can
be seen as the result of this compensating transformation. The transformation without the
U(1) part is thus

6cV = —ga [k{D, +1iPY] V = ga* Ty V. (6.160)

Exercise 6.5: Check the following relation that appears in the potential:
K Gaghs = kS (Ua, Us)kS = (T\V, TsV) + PYPY. (6.161)

When there are different transformations denoted by the index A, they satisfy an algebra.
Thus, the commutator of two transformations ((6.147)) should give another one, or

kn0sks; — kLOpky = — fas" K (6.162)
Imposing the same relation for (6.148)) leads to the condition
k{Oars — k$0ara = — fas' . (6.163)

Using (6.150f), we obtain i
2k\ kS i + 1fax’ P = 0. (6.164)

This condition is often called the ‘equivariance’ condition.

Up till here, this holds for any isometry indicated by A. Now we specify to the gauged
isometries, a subgroup of the full set of isometries. The index A is then fixed to the range I as
we need vectors to gauge them. For the reasons mentioned in the beginning of this section,
the transformation of X7 is fixed as in (6.146). The transformations on the symplectic
sections should be embedded in the symplectic group or in the Kéahler transformations. As
it was mentioned after (6.159)), the r-dependent parts in dgV can be seen as originating
from the compensating U(1) transformations. Hence, the transformation should
be identified with the symplectic part . The symplectic transformations should be
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infinitesimal transformations of the form of (6.5)), with moreover B = 0 to be symmetries of
the action. This means that A’; = 67 — a® fx ;' and then (6.5) determine that

—fxst 0 X7
TV = , 6.165
K ( Crrs frr’ Fy ( )
where Ck 1y is symmetric in the last two indices. In order that these matrices satisfy the
algebra, we have to require that

fKLMCM,IJ = 2fJ[KMCL],IM + 2fI[KMCL],JM- (6.166)
Note that the transformation of X! F} is
Sa(XTF) = o Cre 1y XX (6.167)

If the X7 are independent X' F; = F(X), and the latter thus transforms in a real quadratic
function, which does not contribute to the action.
The gauge transformation of X! and F; can also be obtained from (6.160)):
seX' = —ga’ (K§D, +iP)) X'
SaFy = —go’ (K§D, +iPY) Fy. (6.168)
It is clear from (6.165)) that d¢X’ vanishes if we replace the parameter of by X!. Therefore

we find
X7kD X! +iPYX7 X! = 0. (6.169)

The same operation on the expression for dgF; from (6.165) and from (6.168]) gives two
expressions that have to be identified:

XE5COk X+ X5 fir" Fy + X kDo Fr +1PY X Fy = 0. (6.170)

Multiplying this with X/ and using (6.169)) gives
X' X705k X® = = X' X7kSDoFr + X kS DX = X7k5(V,D,V) = 0. (6.171)

This leads to the equation found in the context of a prepotential in [56] that the completely
symmetric part of Cr sx should vanish if the X7 are independent:

CirnX' X7 XK =0. (6.172)

6.6 Realizations in Calabi—Yau moduli spaces.

The realizations of special Kahler geometry that are mostly studied in physics these days
are those of Calabi—Yau 3-folds.

To obtain local special Kahler manifolds, one considers the moduli space of Calabi—Yau
3-folds (see the lectures of P. Candelas XXX in this school). In this case the Hodge diamond
of the manifold is
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W =1
0 0
0 M =m 0
WO=1  h=n N
0 h?? =m 0
o

These manifolds have h?!' = n complex structure moduli, which play the role of the variables
2 of the previous section. There are 2(n + 1) 3-cycles c,, with intersection matrix Qxy =
cy Ncy. The canonical form is obtained with so-called A and B cycles, and then () takes
the form of €2 in . Symplectic vectors are identified again as vectors of integrals over
the 2(n + 1) 3-cycles:
v = / QBY - D= / Q&Y (6.173)
CA CA
QG0 is the unique (3,0) form that characterizes the Calabi-Yau manifold. Q2 is a basis
of the (2, 1) forms, determined by the choice of basis for z®. That these moduli spaces give
rise to special Kéhler geometry became clear in [101], 102, [T03], 104], 105 [78]. Details on the
relation between the geometric quantities and the fundamentals of special Kéahler geometry
have been discussed in [106], 82].
The defining equations of special Kahler geometry are automatically satisfied. E.g. one
can easily see how the crucial equation ([6.49)) is realized:

2,1 2,1
(Dav, D5U> = /CA an)) ) QAE ' /Cz Qgﬁ))
= Q2D A QY =0 (6.174)
/CY (@) )

The symplectic transformations correspond now to changes of the basis of the cycles used to
construct the symplectic vectors. The statement that a formulation with a prepotential can
always be obtained in special Kéahler geometry by using a symplectic transformation, can
now be translated to the statement that the geometry can be obtained from a prepotential for
some choice of cycles. It is not yet clear whether the moduli spaces of Calabi—Yau manifolds
have any parametrization without the existence of a prepotential. So far, this has never been
seen, and it could be that in this subclass of special Kéhler manifolds this phenomenon does
not occur.

7 Action and main transformation laws from general
considerations

The superconformal method gives a constructive way to obtain the full supergravity theories
and understand their structure. Many aspects of the final result can be obtained also by
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some simple considerations on the supersymmetry algebra and invariance of the action. We
consider here the case of d = 4.
The gravitino is normalized by that its supersymmetry transformation starts as a gauge

field 61, = Ope + .. ..
The leading (kinetic) terms of the action are

e71Lkin = %R - &LVMVPDVwm. (71)

7.1 Vector multiplet and algebra

We use '
02% = %EZ)\?, NS = P2 (7.2)
Thus the supersymmetry algebra has leading term
[(51, 52] = %Eéaﬁu + h.c.. (73)

The leading terms in the action are taken to be
Ekin,special = _gagaﬂzaauzﬁ - %gagj‘zaa)\ﬂl (74)

This is invariant for constant g and constant e, proving the normalization of the fermion
kinetic term. Keeping € spacetime dependent shows that there is a gravitino Noether term

»CNoether,gaugino = %QQBS\?V”(@?@)@/)L + h.c.. (75)

Vectors. We introduce vectors with kinetic terms

Ly = 3 Im (N, (2) B FHT) = 2(Im N7y ) FLF*7 — $(Re Ny F) F (7.6)

pv= pot

We now add a central charge to the algebra
[5@(61), 6@(62)] =...+ 5@ (8“621'61]')( -+ hC) s (77)

where d¢ is the gauge transformation, which is so far only relevant on the vector.
We first consider the A terms in 5W/f such that this algebra is obtained, and the 1, X
terms follow also from the general rule of transformations of gauge fields:

5Q(€)Wl{ = %(DaXl)é“ijgi’yN)\? + %(D@XI)Eijgi’)/u)\dj + Eijgid]quI + €ijéiwi)2[. (78)

The transformation of X in ([7.2)) shows that the first term also leads to the commutator in
)

Take e.g. only an imaginary N7;, we can check the terms with constant scalars and
OMNF,,, terms. The kinetic terms of the vectors lead to

0L = %ImNIJF,fy(DaX])ﬁijEi’Yyﬁu)\&j + h.c.. (7.9)
To cancel this term we need a transformation of the gaugino (to be used in the kinetic term

of the gaugino) )
5)\? — Wzaei — %gaﬁ'DBXI ImN[JF;:J”Y#V€ij€j. (710)

v
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7.2 Gravitino and gauge fields

Calculating the variation of the action proportional to F,, and R, (Q) will lead to the
transformation of the gravitino proportional to gauge fields. We use

0F), = &R, X" (7.11)

We consider all scalar fields constant, and as such drop terms like 77 F,,R,,(Q). the most
difficult part is that
Wy Fy = —8F,

vp’

(7.12)

where it has been used that F~ is anti-selfdual to combine two terms in the calculation.
This leads to the result

So(e)Yl, = Dy(w)e' + 1y - Fey,6;(ImN) 1, X7 (7.13)

M

7.3 Hypermultiplet
The same algebra ((7.3)) is obtained from the (leading part of the) transformations

So(e)g® = —ifhe¢t +ifela,
So(e)¢? = Lifidde¥e,
S(e)¢a = —3ifxiadq™e’. (7.14)

The kinetic terms of the scalars and spinors in hypermultiplets should be related as in
Liyper = —39xyDuq*D'q" — 20 DPCa+ . .. (7.15)

This gives a cancellation in leading order (constant metric and vielbein). For local super-
symmetry it shows that there is a Noether term

'CNoethenhyper = _léAvu(aqX)dJLszA + h.c.. (716)

7.4 Algebra and gravitino transformation

We calculate the algebra of gauge transformations on the hyperscalars. We obtain (using
only the left supersymmetry chirality)

[0 6qla™ = 1gVy fAe ¢k —igflVvhkr et —iffiedac?, (7.17)

The derivatives are at first ordinary derivatives, but the Levi-Civita connection cancels
between the two covariant derivatives. For the gauge transformation of the hyperini, use
[49, (2.94)]. Note that this mentions 6. The difference with ¢ cancels with the Sp(ng)
connection in the derivative of the vielbein. For Vyk7 one uses [49, (B.81)], and

faLy* B¢ =[50, fiadty ™ = =i(0")d [}y (7.18)
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The L term then cancels with the transformation of the hyperino. We remain with
0c, dqla™ = —ify [—vig(o®)d P} — k] wy] ech (7.19)
This gives the algebra of supersymmetry and gauge transformations:
[6c(a’),8g(e)] = 0g (¢" = —€ (vg(o®);'Pf + kj wy,')) - (7.20)
This proves the normalization of the term in the gravitino transformation

Sqiy, = —ivg(a®);' PFW i€ . (7.21)

7.5 Gauging and potential

We can add fermionic mass terms of the general form
-1p = —gSTh, by, 4 Lgg. NNyt + 2g N e, Cartb? + h (7.22)
€ ferm.mass g wi™Y vj 299034V Y i 9 A G

One can then check that variations of the actions with one derivative and linear in fermions
cancel if there are transformations of the fermions like

5@02 = ...— g%Sijej,
NS = ..+ ng;-ej,
5CA = ...+ g./\/'iAé‘,-jej. (723)

As the determinant of the vierbein transforms as
de = %eé@”@/zm + h.c., (7.24)
we determine the potential from the variations of the terms in ([7.22)) as

g7V = =659, + 5.5 NGNT + 2NN 4. (7.25)

7.6 Determining the shifts

To calculate the terms in N related to the moment maps, we consider for now k' = 0 and
calculate the terms in the variation of the action with A and one spacetime derivative. The
relevant parts of the action are

L=V, gxyV"q" — 1,500V N 4 aCak fID XNV ey, (7.26)

where z is to be determined, and we write the terms relevant for €’ variations. The variation
of the first term is the variation of the gauge field W, in the covariant derivative. This gives

0L = —10,0 kxrDaX i@y, AV + Lg,5 (0,N5) @y A7

1T . . _. _
+T (Jxvi' + gxvoi') € (g )N\ eiik; Da X' (7.27)
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A 0,e term has been neglected to get to the second term, but that is provided by the second

term of ([7.22]).

This gives x = —2i and
9agOy N = =D X'k} Jxvij = —2D5 X" 0y Py (7.28)
(Note that we have here only leading terms, thus 0 = V). We thus obtain
N& = —2¢°°D; X" Pp;. (7.29)
Similarly we can calculate the terms with (0q. The terms that contribute are
— 204 P + 29N e Cay b, + gMAP Culs + 10" (D™ )i (7.30)

where M4 still has to be determined. We find the equation

— QanNiAé‘ij — igMABfXjB + 2igf§(ASij. (731)
Assume now ' . B
N = X X (7.32)

then using again [49, (B.81)], and similar equations as ((7.18)), we obtain
MAB = opdBXT G = P X7 (7.33)

As a further check we now consider the €0 terms in the variation of the action. The
terms in the action that contribute are

L = - 7;7MVPDI/wpi - gSisz,’n’“‘”wZ + QQNiAEijC:A’Y“wi - if“‘v“(@q’{)%fm
—39xyDug  D'q". (7.34)

The last term is relevant for the covariantization and transformation of vectors [last term in
(7.8)] We obtain for the variations

oL = QQ&LVMVGjﬁusij + igNiAeiijkA [gk(@qxhuwi - Ejﬁ“(@qx)@bﬁ]
—(@qx)kfxéijgiiﬁﬂ)zl- (7.35)
With (7.32)) we have ‘ )
Qig./\/’ZAEiijkA = [QVXP]kj + k‘[XEkj] XI. (736)

The last term arranges the cancellation with the second line in (7.35). This is consistent

with (7.33).
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Table 5: Multiplets and fields of the super-Poincaré theories

spin | pure SG  vector mult. hypermult. | field | indices

g ; Zf 5:11 20,...,4

2 1 5

1 1 n Aﬁ I=0,...,n

: 2n 2r MNoCA | A=1,...,2r

0 n 4y O g lx=1,....n; X =1,...,4r

8 Quaternionic and very special geometry.

This section will first deal with matter couplings in 5 dimensions. Then we will relate the
theories in 4 and 5 dimensions with some maps.

We consider general couplings with n vector multiplets and r scalar multiplets. Table
gives their content, the names that we use for the fields, and the corresponding range of
indices. In the superconformal method, these are obtained in a different way. One starts
with the Weyl multiplet, and adds vector multiplets and hypermultiplets in representations of
the superconformal algebra. As well for the vector multiplets as for the hypermultiplets, one
starts by adding one more multiplet than appears in the final super-Poincaré theory. These
‘compensating multiplets’ contain the degrees of freedom that will be gauge-fixed. This is
schematically represented in table[6] It is indicated how the superfluous symmetries are fixed,

Table 6: Multiplets and fields in the superconformal construction

spin | Weyl vector hyper | gauge fix auxiliary
2 ez
2 | Y
Vi, T auxiliary
1 n+1
3 X' 2n+1) 2(r+1)|2: S X' with 2 others
0 D n+1 4(r+1) | 1: dilatations, 3: SU(2) D and 1 other

and how some of the fields of the Weyl multiplet serve as Lagrange multipliers eliminating
degrees of freedom of the spin 1/2 and scalar fields. The field V,,;/ will be eliminated by its
field equation, and will play the role of SU(2) curvature of the quaternionic manifold defined
by the hyperscalars. The field T, will become a function of the field strengths of the vectors
in the vector multiplet (dressed by the scalars), and plays the role of gauge field that enters
in the gravitino transformation (related to the central charge).

8.1 Very special real and quaternionic-Kéahler manifolds

The manifolds of supergravity-matter couplings in d = 5 are similar to those that are
known from N = 2 in 4 dimensions. Table [5| would be nearly identical for 4 dimensions,
except that each vector multiplet then contains two scalars. The supersymmetry defines a
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complex structure, and the manifold is Kéhlerian. In N = 1 supergravity, general Kahler
manifolds are possible. In N = 2 they are restricted to a category that is called ‘special
Kéhler manifolds’ [T]. The quartets of scalars in hypermultiplets are connected by 3 complex
structures and the manifold is quaternionic-Kéhler [I07]. Another recent review containing
the fundamental facts of these manifolds is given in [I0§].

8.1.1 Very special real manifolds

We first consider the vector multiplets [88]. In 5 dimensions, these have real scalars (one of
the scalars of 4 dimensions sits in the bd-vector). We define 'very special real manifolds’ [79)]
as those that appear in these couplings of vector multiplets to 5-dimensional supergravity.
It is clear from the above, that they can be described in superconformal tensor calculus by
starting with n + 1 scalars, which we denote h’, as in table |§] Then we impose a dilatational
gauge choice. This defines an n-dimensional hypersurface in the (n + 1)-dimensional space.

The locally supersymmetric action of the vector multiplets in 5 dimensions contains
always a Chern-Simons term of the form C;;xA’dA’dAX. In order for this to be gauge-
invariant, the C;;x have to be constant. This tensor is completely symmetric in its indices,
and supersymmetry implies that the full action is determined by these constants (up to the
choice of coordinates on the manifold). Thus the set of numbers C;yx are all one needs to
specify a very special real manifold [88]. For an arbitrary set, one still has to verify whether
they allow a non-empty domain with positive-definite metric on the scalar manifold.

The dilatational gauge choice that is most appropriate is the condition

Craxh'(9)h7 (¢)h"™ (¢) = 1. (8.1)

¢” are coordinates on this manifold such that the embedding h(¢) satisfies the condition.
The metric on the scalar manifold is then

gxy = —3(8xh1)(8th)CUKhK . (82)

8.1.2 Quaternionic-Kihler manifolds

Let us now look at the other side. The hypermultiplets were introduced in section [£.2.3]
The scalar fields define a 4r-dimensional manifold with coordinates ¢, and the tangent
space contains vectors are labelled with indices (iA). We showed how the supersymmetry
algebra leads to a hypercomplex structure. In order that we can construct an action, we
need an invariant metric, and this promotes the manifold to a hyper-Kahler manifold. The
requirement of conformal symmetry further restricts the manifold. The gauge fixing then
leads to a projection on a submanifold, which turns out to be quaternionic-Kahler.

Quaternionic-Kéhler manifolds entered physics in [107], and [109] contains a lot of inter-
esting properties. There were two workshops on quaternionic geometry where mathematics
and physics results were brought together [110, [I11]. Other recent papers that review the
properties of quaternionic manifolds are [108], 112} 49].
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Quaternionic manifolds Quaternionic manifolds have a torsionless connection I'%, =
I'Z . On the tangent space there is a connection

QXjBiA = ]}% (axf;/A — F)Z(Y ZZA> = —joi(SBA — wXBA(Sji, (83)
where wx;® is traceless. If this Qx ;5™ for each X, would be a general 4r x 4r matrix,
then we would say that the holonomy is not restricted (or sits in Gf(4r)). The splitting
as in the right-hand side of this equation implies that the holonomy group is restricted to
SU(2) x Ge(r,H). We can use to write a statement of covariant constancy of the
vielbein:

Ox i = Ty 15+ Flwoxs’ + fPoxs™ =0, (8.4)

with composite gauge fields for SU(2) and G¢(r,H). These conditions promote the almost
quaternionic structure to a quaternionic structure, and the manifolds is ‘quaternionic’. If
the SU(2) connection is zero, they are called ‘hypercomplex’, which is the case before the
gauge fixing (or in rigid supersymmetry).

The integrability condition of (8.4]), (multiplied by a vielbein) is

R yxy = fz'ZAf%RXin + AR RxyY = —Iw?* Rxy® + fAFERxvE™, (8.5)

where respectively the metric curvature Ry xy = 26[XFXZ,}W + 2F5[XF ¥]W, the SU(2) cur-
vature Rxy® = 20/ xwy]* + 2w[XﬁwY]76am, and the G{(r, Q) curvature Ry xp” appear.

Quaternionic-K&hler manifolds. Quaternionic-Kéhler manifolds (which include ‘hyper-
Kéhler manifolds’ in the case that the SU(2) curvature vanishes) by definition have a metric.

For r > 1 one can prove that these manifolds are Einstein, and that the SU(2) curvatures
are proportional to the complex structures:

1 1
Rxy = — R RYL, = Ly Jg =—R. 8.6
XY 4rgXY ) Xy — 3VJxyv > v Ar(r +2) (8.6)

(with Rxy = RZxzy). For r = 1 this is part of the definition of quaternionic-Kéhler
manifolds. Hyper-Kéhler manifolds are those where the SU(2) curvature is zero, and these
are thus also Ricci-flat.

Supergravity In supergravity we find all these constraints from requiring a supersymmet-
ric action. Moreover, we need for the invariance of the action that the last equation of
is satisfied with ¥ = —1. This implies that the scalar curvature is R = —4r(r + 2). This
excludes e.g. the compact symmetric spaces.

8.1.3 The family of special manifolds

We now place these manifolds in the context of the manifolds that are obtained for super-
symmetries with 8 real supercharges. Note that a higher number of supercharges would
restrict the possibilities for the scalar manifolds to a discrete number of symmetric spaces.
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We first consider vector multiplets in 5 or 4 dimensions with N = 2. Vector multiplets in
6 dimensions do not contain scalars. When reducing to 3 dimensions, the vectors become
dual to scalars (we can perform duality transformations as we are just considering kinetic
terms here, and we can thus restrict to Abelian vectors). Therefore the multiplet in 3 dimen-
sions is dual to a multiplet with only scalars: the hypermultiplet. For hypermultiplets, the
spacetime dimension is not really relevant as there are no vectors, and thus the results for
hypermultiplets are the same for any dimension. In the picture it is convenient to consider
them in 3 dimensions because of the dimensional reduction that we just described. With
real scalars in the vector multiplets in 5 dimensions, these geometries are real geometries,
those in 4 dimensions are Kahlerian, and the hypermultiplets lead to 3 complex structures.
Furthermore, we can distinguish between theories that appear in rigid supersymmetry, and
those in supergravity. This leads to the overview in the upper part of table[7] The geometries

Table 7: Geometries from supersymmetric theories with 8 real supercharges, and the connec-
tions provided by the r-map and the c-map.

D = 5 vector multiplets D = 4 vector multiplets hypermultiplets
rigid affine affine
(affine) very special real special Kahler hyperkéhler
local (projective) (projective)
(projective) very special real special Kahler quaternionic-Kéhler

very special real
) 0,

that are related to rigid supersymmetry have been called ‘affine’ in the mathematics litera-
ture [89, [113], while those for supergravity are called ‘projective’ (and these are the default,
in the sense that e.g. special Kéahler refers to the geometry that is found in supergravity).
The analogous manifolds with 3 complex structures got already a name in the literature:
the ones that occur in rigid supersymmetry are the hyperkéhler manifolds, while those in
supergravity are the quaternionic-Kahler manifoldﬂ

very special
quaternionic

2"Mathematicians include hyperkihler as a special case of what they call ‘quaternionic-K#hler’, while
physicists reserve the name quaternionic to the manifolds that have non-vanishing SU(2) curvature, which
excludes the hyperkéhler ones. Furthermore, we will restrict ourselves to the quaternionic-K&hler manifolds
of negative scalar curvature, as those are the only ones that appear in supergravity. For manifolds with
continuous isometries, this implies that they are non-compact.
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The name ‘projective’ versus ‘affine’ can be understood from the construction of the
manifolds in supergravity using superconformal tensor calculus. We saw already (see table @
how the real very special manifolds are obtained starting from (n 4 1) vector multiplets.
Before any gauge fixing, these are just real manifolds with a dilatational invariance. This
manifold has therefore a cone structure, with C;yxh’h’h% as the radial coordinate. The
physical scalars of the supergravity theory are thus defined modulo this dilatational scaling,
and the manifolds that occur in supergravity can be seen as a projective space of dimension n.

Similarly, to construct special Kahler geometry, one starts in 4 dimensions with the
couplings as they occur in rigid supersymmetry, demanding the presence of a superconformal
symmetry. Again, the manifold has a cone structure, and the dilatational gauge condition
selects a submanifold at fixed radius. In this case, the superconformal group contains a U(1)
invariance and the manifold at fixed radius is a ‘Sasakian manifold’ of dimension 2n + 1, if
this U(1) is not gauged. In conformal supergravity the U(1) is local and eliminates one more
scalar. The gauge field of this U(1), which is an auxiliary field in the superconformal tensor
calculus (similar to V,;7 in table @, becomes by its field equation the U(1) connection on the
Kéhler manifold. The final manifold in super-Poincaré has then non-trivial U(1) curvature
(and will be a Hodge-Kéhler manifold).

The construction for quaternionic manifolds is similar, as has been demonstrated recently
in 4 dimensions in [IT4]. One starts then from hyperkéhler cones. The dilatational gauge
choice leads to a tri-Sasakian manifold of dimensions 47+ 3 for ungauged SU(2). The SU(2)
gauge fields of the Weyl multiplet get by their field equations the value V,;/ = 9,¢ wx’,
using the SU(2) connection that we had in the previous section. The SU(2) curvature is
thus non-zero as required by (8.6).

Dimensional reduction gives a mapping between these manifolds. These mappings have
been called the c-map (from special Kéhler to special quaternionic) 78], and the r-map (from
very special real to very special Kéhler) [I15]. They are represented in the lower part of
table [7] Dimensional reduction of a manifold in 5 dimensions gives a 4-dimensional theory.
But the 4-dimensional theories that can be obtained in this way, are only a subset of all
4-dimensional theories. The table shows the structure in the names given to various classes
of manifolds. Very special Kahler manifolds are a subset of all special Kahler manifolds.
The quaternionic manifolds that are in the image of the c-map are the special quaternionic
manifolds, and those in the image of the cor-map are the very special quaternionic manifolds.
It is remarkable that nearly all the homogeneous quaternionic manifolds are very special
quaternionic manifolds [T15] (The only non-special homogeneous quaternionic manifolds are
the quaternionic projective spaces).

8.2 Old on c-map

The ¢ map [78] gives a mapping from a special Kéhler to a quaternionic manifold. It is
induced by reducing an N = 2 supergravity action in d = 4 spacetime dimensions to an
action in d = 3 spacetime dimensions, by suppressing the dependence on one of the (spatial)
coordinates. The resulting d = 3 supergravity theory can be written in terms of d = 3 fields
and this rearranges the original fields such that the number of scalar fields increases from
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2n to 4(n + 1). This map is also obtained in string theory context by changing from a type
ITA to a type IIB string or vice-versa.

This leads to the notion of ‘special quaternionic manifolds’, which are those manifolds
appearing in the image of the ¢ map. They are a subclass of the quaternionic manifolds.
Similarly, very special real manifolds are the manifolds defined by coupling (real) scalars to
vector multiplets in 5 dimensions [88] (characterized by a symmetric tensor dapc). Very
special Kéhler manifolds [79] are induced as the image under the r map (dimensional reduc-
tion from 5 to 4 dimensions) and very special quaternionic manifolds as the image of the cor
map.

How the vector multiplets in d = 5 with n — 1 real scalars are related to d = 4 multiplets
with n complex scalars is schematically shown in table [§ and the relation with d = 3

Table 8: The r map induced by dimensional reduction from d =5 to d = 4 supergravity. The
number of fields of integer spins is indicated.

d=5spins | 2 1 0
numbers |1 n n-—1

d = 4 spins
211
111 n

0|1 n n-—-1

hypermultiplets with n + 1 quaternions is shown in table [9]

Table 9: The ¢ map as dimensional reduction from d = 4 to d = 3 supergravity. The number
of fields of various spins is indicated and names are assigned to the scalar fields in d = 3.

d=4spins | 2 1 0
numbers | 1 n+1 2n
d = 3 spins
21 1
0| 2 2n+1) 2n
¢, g AI, B[ ZA, 2A

8.3 Homogeneous and symmetric spaces.

Homogeneous and symmetric spaces are the most known manifolds. These are spaces of
the form G/H, where G are the isometries and H is its isotropy subgroup. The group G is
not necessarily a semi-simple group, and thus not all the homogeneous spaces have a clear
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name. The symmetric spaces are those for which the algebra splits as ¢ = h + k£ and all
commutators [k, k] C h. The homogeneous special manifolds are classified in [I15].

It turns out that homogeneous special manifolds are in one-to-one correspondence to
realizations of real Clifford algebras with signature (¢ + 1,1) for real, (¢ + 2,2) for Kéhler,
and (¢ + 3,3) for quaternionic manifolds. Thus, the spaces are identified by giving the
number ¢, which specifies the Clifford algebra, and by specifying its representation. If g is
not a multiple of 4, then there is only one irreducible representations, and we thus just have
to mention the multiplicity P of this representation. The spaces are denoted as L(q, P). If
g = 4m then there are two inequivalent representations, chiral and antichiral, and the spaces
are denoted as L(q, P, P) If we use n as the complex dimension of the special Kéhler space,

Table 10: Homogeneous manifolds. In this table, ¢, P, P and m denote positive integers or
zero, and q # 4m. SG denotes an empty space, which corresponds to supergravity models
without scalars. Furthermore, L(4m, P, P) = L(4m, P, P), while L(0,n) = L(n,0). The
horizontal lines separate spaces of different rank. The first non-empty space in each column
has rank 1. Going to the right or down a line increases the rank by 1. The manifolds
indicated by a x did not get a name. The number n is the complex dimension of the Kdahler
space, and is related to the other dimensions as in , where the n is also given for the
general cases in the last two rows.

n real Kahler quaternionic
USp(2P+2,2)
L(-3,P) P TP 12880
U(1,2)
U(P+1,1) SU(P+2,2)
L(=2,P) L+ P UP+)eUN) SU(P+2)®SU2)®U(1)
SU(1,1) G
SGs 1 SG U() SU(2)®QSU(2)
SO(P+1,1
L(-1,P) |2+ P |G * *
L(4m, P, P) * * *
L(q, P) X(Pq)  H(Pq) V(P,q)

the dimension of these manifolds is (P = 0 if ¢ # 4m)

_ dimg [very special real L(q, P,P)] =n —1
n=34+q+(P+P)Dy1, dimg[special Kéhler L(q, P, P)] = 2n (8.7)
dimg[quaternionic-Kéahler L(q, P, P)] = 4(n + 1).

where D, is the dimension of the irreducible representation of the Clifford algebra in ¢+ 1
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dimensions with positive signature, i.e.

Dyy1 =1 forg=—-1,0, Dyy1 =2 forg=1, Dyy1 =4 forg=2,

Dyi1 =8 for ¢ = 3,4, D,11 =16 for ¢ =5,6,7,8, D,s=16D,. (8.8)

The very special manifolds are defined by coefficients C;;x as we will see below. For the
homogeneous ones, we can write them as

Crorc W0 = 3 { Y (12)" = B (W) = 12 ()" + iy b 0} (8.9)
We decomposed the indices I = 1,...,n into [ = 1,2, pu,2, with o = 1,...,¢ + 1 and
i=1,...,(P+ P)DqH. Here, 7,,; is the (¢ + 1,0) Clifford algebra representation that we
mentioned. Note that these models have predecessors in 6 dimensions, with ¢+ 1 tensor mul-
tiplets and (P + P)DqH vector multiplets. The gamma matrices are then the corresponding
coupling constants between the vector and tensor multiplets.

Considering further the table we find in the quaternionic spaces the homogeneous
ones that were found in [I16], together with those that were discovered in [I15] (the ones
with a x except for the series L(0, P, P), which were already in [116], and denoted there as
W (P, P)).

Observe that the classification of homogeneous spaces exhibits that the quaternionic
projective spaces have no predecessor in special geometry, and that the complex projective
spaces have no predecessor in very special real manifolds. Similarly, only those with ¢ >
—1 can be obtained from 6 dimensions [with the scalars of tensor multiplets describing
SO(1,¢+1)/SO(q + 1)] and L(—1,0) corresponds to pure supergravity in 6 dimensions.

There are still symmetric spaces in the range ¢ > —1. These are shown in table [11} For

Table 11: Symmetric very special manifolds. Note that the very special real manifolds
L(—1, P) are symmetric, but not their images under the r map. The number n is the dimen-
sion as in table L.

n real Kahler quaternionic
2
SU(1,1) SO(3:4)
L(—1,0) 2 SO(1,1) [ ute } 06
SO(P+1,1)
HeL By 2e P WJFS%(P ) SU(1,1) SO(P+2,2) SO(P+4,4)
+1,1 1,1 +2,2 +4,4
L(0, P) 3+P 501, )® SO(P+1) 1) © 50(P+2)250() SO(P+H@S0W)
L(1,1) 6 S0(3,R) Sp(6) R
) SO(3) U(3) USp(6)®SU(2)
L(2 1) 9 S¢(3,C) SU(3,3) FEg
) SU(3) SUB)@SUB)@U(1) SU(6)@SU(2)
’ USg(fi) SU(%@U@) SO(12%?®SU(2)
L(8,1) 27 Fff E6®[7J(1) E7®T8U(2)

the symmetric special Kéhler spaces, this reproduces the classification obtained in [70]. A
study of the full set of isometries could be done systematically in these models. All this has
been summarised in [117].
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9 Final results

In this section, we will summarize the final action and transformation laws. We will restrict
here to the action for the bosons and transformation laws of the fermions, as these are the
main tools for applications. This section repeats all definitions as it is meant to be readable
by itself.

9.1 6 dimensions

9.2 5 dimensions

We consider the theory with

e Supergravity including the vielbein ej; and gravitino %UL The graviphoton is included
in the vector multiplets.

e Vector-tensor multiplets enumerated by I =0,...,ny + ny where ny is the number
of vector multiplets and ny is the number of tensor multiplets. The index is further
split as [ = (I, M), where I =0,...,ny and M =ny +1,...,ny +np. The vector or
tensor fields are grouped in

l, = (FL.BM) . FlL = 20,40 + gfsc ALAE. (9.1)
where Eﬁ are the fundamental tensor fields and A{l are the fundamental vector fields,
gauging an algebra with structure constants f;x! and gauge coupling constant g. The
fermions of these multiplets are denoted as A* and the real scalars as ¢* where z =
1,...,ny+np. The couplings of the vector and tensor multiplets are determined by the
constants Cjjz, an antisymmetric and invertible metric (25,5 and the transformation

matrices ¢;;* related by (we kept here r as the gravitational coupling constant, which
has been put equal to 1 in other places of this text)

3 P P M
Cuik =\ gatar) et Qwp =0, ;7" Crpyr =0,

(tM)jf( =0, (tj)jf( = (fIOJK (%I))A‘jj\,) . (9.2)

Note that this implies that at least one index of a non-zero Cjjz should correspond to
a vector multiplet. The above-mentioned scalars are a parametrization of the manifold

defined by ~ ~ ~
Cryih! ()h7 (9)h" (¢) = 1. (9.3)
e ny hypermultiplets with scalars ¢% and spinors (4, where X = 1,...,4ny and A =
1,...,2ny. Their interactions are determined by the vielbeins, fit, invertible as 4n x

4ny matrices.
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The bosonic action is

€ Lyos = zzR—jap7H. H" — 39,,D,¢"D'¢Y — SgxyDuqg " D'q" =V
1 ~ ~ ~
+ @6_1ENVPJTQMNB% <6,,B(JIVT + QQtIL]NA;T)Ft;]T + gt]pNA;T)BfT>
Fi\ 3T LAY [FAFSS + fro! ALAS (—39F )5 + 150 fus  Af A))
—se e Nt Mt N AL AL AS (—39F s + 597 fant AT AL) (9.4)

The metrics for the vectors and the vector-scalars are defined by

ajy = —Qijf(hf( + 3hfhj, hf = ijf(hjhf( = afjhj

~ o~ ~ 3 ~
Oy = hih;aﬁ, hl = —1/ 2—/€20xh1(¢). (9.5)

Many useful relations are given in appendix @ (where the gravitational coupling constant
x has been put equal to 1.). The domain of the variables should be limited to h!(¢) # 0
and the metrics ar; and g,, should be positive definite. Due to relation the latter two
conditions are equivalent.

The metric for the hyperscalars is

gxy = [ fi%eiiCas. (9.6)

Here Cyp is an antisymmetric constant (a generalization to covariantly constant is possible)
invertible metric, which governs also the reality properties of the vielbeins:

(1) = filejipna, ppa = Cped® 4, pag(ppc)’ = —64°. (9.7)

Here a positive definite (for positive kinetic energies) hermitian matrix d“p enters and the
last reality property is necessary for consistency. The normalization should be such that the
scalar curvature of the metric is

R = —dng(nyg + 2)K>. (9.8)

All other quantities in (9.4) are related to gauged symmetries. The gauge symmetry
transformations (with parameters a’) of the bosons are

5g(04)Al€ = J,a' — g(foJKIAff, 5g(a)§% = —ga"tJf(MHgy,
Sohl(¢) = —ga’t, zThE
1 /3 z.5 ; 7
Sa® = —ga'KZ, K}”E——\/;tleh‘]mhf(, h'* = g,
K
baq” = —ga'ky, (9.9)

where k3 should be isometries of the quaternionic-Kahler metric gxy, whose commutators
are determined by the structure constants f;%:

2kl Ovky + fr ki = 0. (9.10)
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These transformations determine immediately the covariant derivatives in this bosonic trun-
cation:

Du¢* = 0,0" + gALKT, Dua™ = 0,4 + gAL k. (9.11)

These transformations also determine the scalar potential V:
V=2 (413 P —2P". B, — oW, W — 2A@ANiA) . (9.12)

The quantities in this expression appear in the transformation laws of the fermions. They
are

ﬁ = 52h1ﬁ17 ﬁx = K,thp}, ./V-iA = \/Tgﬁ?hlk;( ;{Aa

6 3, Bt 3, Byt
= %'{thf = _ZtJTPthIh% - _ZtJfPthMhﬁ (9.13)

The remaining undefined quantity is the triplet moment map f’](q) on the quaternionic-
Kéhler manifold related to any gauge symmetry. This needs a few elements of quaternionic-
Kihler geometry. With the fundamental vielbein fi' and its inverse f; one constructs the
complex structures

Tx¥ = —ifidei . (9.14)
Furthermore, one defines SU(2) connections on the manifold Jx, by requiring the covariant
constancy of the complex structures:

0= @ijz = axjyz — nyijZ + FXWijW +2dx X ij =0, (915)

where the Levi-Civita connection of the metric gxy is used. The curvature of this SU(2)
connection is related to the complex structure by

Rxy = 20;x@y] + 20x X Gy = —ik%Txy. (9.16)
This allows us to define the moment maps P;(q) as solutions of
— %jxyk}/ =Dy P = 0xP; + 25y X Pr. (9.17)
The algebra of the symmetries implies the ‘equivariance condition’
262 Pr x Py + LTy kX kY — fr,5 P = 0. (9.18)
The solutions to these equations are unique if the quaternionic-Kéahler manifold is non-trivial:
Angr*Pr = Jx Y Dy k. (9.19)

However, for ny = 0 there are still two possible solutions for the moment maps, which are
called Fayet—Iliopoulos (FI) terms. First, in the case where the gauge group contains an
SU(2) factor, we can have

Py = &, (9.20)
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where £ is an arbitrary constant, and €; are constants that are nonzero only for I in the
range of the SU(2) factor and satisfy

6_} X éi] = f[JKgK, (921)

in order that (9.18]) is verified.

The second case is U(1) FI terms. In this case
P = é¢p, (9.22)

where € is an arbitrary vector in SU(2) space and &; are constants for the I corresponding
to U(1) factors in the gauge group.

The N = 2 supersymmetry rules of the fermionic fields, up to bilinears in the fermions,
are given by

5@% = D,(w)e + 41\’;6th[”” (Yuvp — 4Gu,) € + ﬁingi%ej,

XU = —iPgte + by HIhEe + LgP?jiel + LgWoe,
8¢ = %i’y“Dqu %Aei—%g./\/'mei. (9.23)

Here indices are lowered with the symplectic metrics €;; and C4p using the NW-SE conven-
tion as in (A.39)). The new quantities are
Dy(w)e = (Ou+ 3w a) € + Oua¥ wxj'e + gr* Al Prj'e
P/ = iP.&/, (9.24)
where the latter translation between doublet and triplet notation applies to all SU(2) vector
quantities.

To finish this section, let us discuss some aspects of the R-symmetry, which should
clarify how the gauge transformations act on the gravitini and how this is consistent with

the supersymmetry algebra. We can write ((9.24)) as
S = (0u + iwuab%b) € — iﬁu Flei+ .., (9.25)

where . .

V. = 0,0 &x — g Al Py (9.26)
corresponds to the value of the auxiliary field of the Weyl multiplet that is the gauge field
of the SU(2) in the superconformal algebra.

6SU(2))_),M = @LKSU(Q) + 2)_)/1 X KSU(Q) . (9.27)

Due to the gauge fixing of this SU(2), this invariance is in the final theory not an independent
symmetry, but is a linear combination of all the gauge symmetries, i.e.

KSU(?) =9 (-@ckf + ﬁzﬁ]) al. (9.28)
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The gauge symmetries are those that act on the independent fields (hyper-scalars ¢ and
gauge vectors Al) as in (9.9). To prove (9.27) from these elementary transformations [118]
you need the equations (9.16)), (9.17) and (9.18)).

The gravitino also transforms under the R-symmetry:
Ssu()Uu = ihsug) - 3¢ - (9.29)

This means thus that the gravitino transforms under the gauge symmetries as this expression

using (9:25).

It can then be checked that this is consistent with the commutation relation (which is
thus implicitly a commutator between gauge transformations and supersymmetry)

30(), Ssu)(Asu) | = do(iAsuq) - 37€). (9.30)

9.3 4 dimensions

We consider the theory with

e Supergravity including the vielbein ej; and gravitino @DL The graviphoton is included
in the vector multiplets.

e Vector multiplets enumerated by I = 0, ..., ny where ny is the number of vector mul-
tiplets and the fundamental vectors are A{L, and the field strengths F/fl, are defined with
the same normalization as in d = 5. We can thus have a gauge algebra with structure
constants f;x! and gauge coupling constant g. The fermions of these multiplets are
denoted as A% and the complex scalars as z® where o = 1,...,ny. The couplings of
the vector multiplets is determined by a holomorphic symplectic vector,

v(z) = (JZ«;((ED : (9.31)
such that
(Dov, Dgv) =2 (Do Z") (DgFr) =0,  Dav = 0av + (0.K)v, (9.32)
where the Kahler potential I is determined by
e M) = —i(v,0) = —1 (Z"F; - F127) . (9.33)
This Kahler potential gives the metric in the usual way:
9ap = 0a03K = 1" (Dov, Dj0). (9.34)

We require this metric{ﬁ to be positive definite in the physical domain of the scalars z.
The ‘usual case’ is when the (ny + 1) x (ny + 1) matrix

(z" D" (9.35)

28There are further cohomological restrictions concerning the global structure of the metric, i.e. it should
be Kahler manifolds of restricted type or ‘Hodge manifolds’, but these global restrictions are not discussed
here.
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is invertible. This can always be obtained by the symplectic transformations of section
6.2 (but one might sometimes prefer not to use such a symplectic basis). In this
‘usual case’ it can be shown that the condition implies that one can define a
holomorphic function F(Z), homogeneous of second order in Z, such that

0
Fi(z) = ﬁF(Z(z)) (9.36)
e ny hypermultiplets with scalars ¢% and spinors (4, where X = 1,...,4ny and A =
1,...,2ng. Their interactions are determined by the vielbeins, fi!, invertible as 4ny x
4n g matrices.
The bosonic action is
¢ Loos = R+ 1(ImNy)FLF*™ — L(ReNpy)e ‘e Fl F
—gaBDuzaD“Zﬁ — %ngD#qXD”qY -V
—%igC[’JKeiléqupoAiAl{ (8,,Af — %gfLMKAﬁAéM) . (937)
The metric for the vectors is
Niy=(F DaFr ) (2 DsZ’ )7, (9.38)

where (for a positive definite metric g,3), the last matrix is always invertible, and the
imaginary part of N7; is negative definite. If a prepotential F/(Z) exists, this definition
leads to

NinNyx 2N ZK

N[J(Z,E)IF]J‘FI N ZLM N[JEQIHlF[JI—iF[J—l—iF[J, (939)
LM

where F[J = 8]8JF.

The properties of the quaternionic-Kahler manifold and the metric gxy are the same as
for d = 5.

The potential is generated by the form of the gauge transformations. These transforma-
tions act first of all on the matter multiplets (vector multiplet and hypermultiplet). The
moment maps determines how also the gravitino transforms, but this is not relevant for this
summary. The transformations are very similar to . This gives

5g(a)A£ = 0,0 — gOéJfJKIA,If,
Sau(z) = ga! (T +rp)v
bz = —galk?, kY = —igo‘B@;PP, PP =eMu(2), Tio(2)),
bt = —galk¥. (9.40)

T acts on symplectic sections as follows

Z7\ _ (~fik? 0 zK
t <FJ> B (C'I,JK fIJK) (FK> ’ (9.41)
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where C7 s are real coefficients, symmetric in the last two indices, with Z/Z7ZXCt ;5 = 0.
The potential takes the following form [10]

V =g (gagkr?k? + 29xyk;(k§> KZ177 + 44* (U” — BeKZIZJ) P, - Py, (9.42)
where ) ) ,
U = g°P*D, 7' D527 = —1 (mN) 1 — &~ 7 77 (9.43)
It is the sum of three distinct contributions:

V = ¢+ Va+ V),

Vi = gaghth*2'27,

va = 29xyk3;(k§e’CZIZJ,

Vs = 4(UY -3¢°2"27) P - Py, (9.44)

Vi can be rewritten with the help of (6.161)), (6.165)) and (6.158]):
‘/1 = —ieQICZIZJf[JKZL (fLKMFM + CLJ(MZM) -+ h.c.
+62K |ZIZJ (CLJKZK + f]JKFK) ‘2 . (945)

The second line vanishes if there exist a prepotential (i.e. the Z! are independent). This
is so because this line is then proportional to a gauge transformation of F; with parameter
replaced by Z. We have noticed already that this operation gives zero on X, and the Fy in
this case depend on X.

By their definition, the contributions Vj , are positive definite and the only term that
might involve negative contributions is V3. This can be understood from the fact that V; and
the first term constitute the square of the supersymmetry transformation of the gauginos
(split in the SU(2) triplet and SU(2) singlet part), V5 is the square of the supersymmetry of
the hyperinos, and the last term of V3 is the square of the gravitino supersymmetry.

The supersymmetry transformations of the fermions to bosons are

0y = Du(w)e' — gnuS7¢ + 17+ Fe 0y, (Im N1, 272,

D,(w)e = (GM + %wﬂabvab) €+ %iAuei + @quwxjiej + g/§2A£P[]’iﬁj,
N = —%e’C/anBDBZI(ImN)IJF/;,Jv’Wsijej + P2%; + gNiojéej,
5¢h = %i )fgiﬁqxei + g./\/iAEijej,
S = _ PIij /2 ij
Ni = oK/2 [Eijk?zl _ 2P[ij,l§§ZIgaBi| : NiA = _if)i(Ak;(eIC/QZI (9.46)

(the A index for the hyperinos is to be identified with the & index in previous parts of these
lectures, see also [52]). The factor in the gravitino transformation can be rewritten in the
case that a prepotential exists as

ImN; 27 = —e "Ny 27 (ZX Ny 2") . (9.47)
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A,, are the components of the one-form gauge field of the Kéahler U(1):

Ay = =15 (0,K0,2% — 02KC0,2%) . (9.48)

XXX positivity domain

Exercise 9.1: As a simple example, consider the special Kahler manifold that we
have discussed in example [5.2] which has n = 1, i.e. 2 vectors. The algebra
should be Abelian to leave F invariant. We consider no hypermultiplet, i.e. in
the superconformal setup there is just a trivial one that is needed for compensa-
tion. Then the potential can only originate in the gauging of the compensating
hypermultiplet, which is equivalent to having constant moment maps P;. In the
equivariance condition , the second term is absent as there are no hyper-
scalars, and the third term as well as the algebra is Abelian. The first term thus
implies that P, and P, should point in the same direction in SU(2) space. Hence
we take

gP; =gie, é-é=1. (9.49)

To calculate the potential we thus need first U7 which can most easily be deter-
mined using D, Z!. This gives, using (5.53))

. )
D7 = 0.72' + 710K = (%) |
1—2z\1

UIJ — zZ KzfzJ 1 1 z
1—2z\ 2 1—2z \z z2Z

Vo= V= [ 22 —3) — 2g0g1 (2 + 2) + gi(1 — 322)] .(9.50)

NI

Before the gauging the model has an SU(1, 1) rigid symmetry. The properties of
the potential depend on the SU(1, 1)-invariant g2 — g7. There are thus 3 relevant
cases, whether this invariant is positive, negative or zero [1]. We find respectively
the following extrema

e Take g9 = g and g; = 0. There is an extremum at z = 0 with negative
V(z = 0), i.e. anti-de Sitter. g;U!’g; vanishes which is the contribution
from the supersymmetry of the gaugini. Therefore this vacuum preserves
supersymimetry.

e go = ¢1. In this case there is no extremum in the positivity domain |z| < 1.
e go = 0 and ¢; = ¢g. There is an extremum with positive V', i.e. de Sitter,

with nonvanishing g;U?7g;, i.e. broken supersymmetry.

Note that in the first case we can omit the scalars, and this is thus pure N = 2
supergravity with possible gauging (g # 0) leading to the anti-de Sitter N = 2
supergravity.
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10 Further developments

Higher derivatives, see e.g. [119].
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A Notation

I use the metric signature (— + ...+). If you prefer the opposite, insert a minus sign for
every upper index which you see, or for an explicit metric 7q, or g,,. The Gamma matrices
7. should then be multiplied by an i to have this change of signature.

I use indices as in table [[2] Note that it is not possible to have enough symbols to

Table 12: Use of indices

o 0,...,3 local spacetime

a 0,...,3 tangent spacetime

i 1,2 SU(2)

In sections [2] and Bl

a 1,...,4  spinor indices

A all the gauge transformations

I all gauge transformations excluding translations
From section 4l onwards.

I 0,...,n vector multiplets

X 1,...,4r scalars in hypermultiplets in 5 dim.

A 1,...,2r spinors (or USp(2r) vector) in hypermultiplets
r 1,23 triplet of SU(2)

a 1,...,n independent coordinates in special Kahler

indicate all indices and numbers with different symbols. Indices and numbers should be

distinguished. An index occurs never as a number. E.g. when r appears as a factor in a

formula, it is the number of hypermultiplets, and is independent of the index r.
(Anti)symmetrization is done with weight one:

A[ab] = % (Aab — Aba) and A(ab) = % (Aab + Aba) . (Al)

The antisymmetric tensors are often contracted with v matrices as in v - T = y%®T,,,.

A.1 Bosonic part

For the curvatures and connections, I use the conventions:

R, = 20pw,)"(e) + 2w, (e)w,c’(e)
Ry = Rpoabegeyb:28[prg}y+zrﬂ r

T[p O’]l/’
R, = R,"ele,a=R"), R=g"R,,,
)
G = e légw /d4x eR=R,, — %g“,,R. (A.2)
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Note that the above signs define the (+ + +) convention in terms of the classification of
conventions found on the first page of [120]. These signs concern the signature convention —
curvature definition — Ricci tensor definition, see also section [C.1]

The formulations in terms of spin connection w and in terms of Levi-Civita connection
[' are equivalent by demanding

0=V,e," =0+ wuab(e)e,jb =TI, G = euanabe,,b, (A.3)

which leads to

w,ﬂb(e) = 26”[“8[u6,,]b] — e”[“eb]"em@,,eac,
I, = 30”2 (20u90r — Ohgw) ,  Th,=30,Ing. (A.4)

Note that the Ricci tensor and scalar curvature are of opposite sign of many of my previous
papers. The sign is now chosen such that Einstein spaces with positive scalar curvature are
compact. Another useful formula to show the conventions is for any V,

[V/u V. Vp= =R Vs (A.5)

The anticommuting Levi-Civita tensor is real, and taken to be

0123 _ _ (A.6)

o123 = 1, € )
the — sign is of course related to the one timelike direction@. For convenience, I give
below the formulae for an arbitrary dimension d and number of timelike directions t. The

contraction identity for these tensors is (p + n = d)

Earomanby. by = (=)' plnl 5[[,2 . 5;:]] . (A7)

For the local case, we can still define constant tensors

Eprgig = 6’_16;‘2 o ezzeal_._ad , ghthd = eellt ... ehdg (A.8)
They are thus not obtained from each other by raising or lowering indices with the metric.
The €y, ..., correspond to the same symbol in the lectures of C. Pope XXX. The ¢,,..,,, that
he introduces correspond to the €,,..,, with indices changed to local indices.

Exercise A.1: Show that the tensors in ({A.8) are indeed constants, i.e. that arbitrary
variations of the vierbein cancel in the full expression. You can use the so-called
‘Schouten identities’, which means that antisymmetrizing in more indices than

the range of the indices, gives zero. The constancy thus implies that one can
have (A.6)) without specifying whether the 0123 are local or flat indices.

ZNote that in many papers, e.g. [35], the lectures in this institute of Peter van Nieuwenhuizen, and many
papers of myself, one takes in 4 dimensions an imaginary Levi—Civita tensor to avoid factors of i in definitions
of duals, ... .
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Exercise A.2: If one defines in even dimensions d = 2n the dual of an n-tensor as

~ 1
Fuay = —(i)d/MWal...adF“d"'a"“ , (A.9)

check that

Fal...an = Fal...an- (AlO)

The self-dual and anti-self-dual tensors are introduced in even dimensions as

ai...an

FE =1 (Fn + Fa> . (A.11)
The definition (A.9)) is in 4 and 6 dimensions respectively
d=4 : F*=—ligf,,, d=6 : F" = Letdelp, (A.12)

The minus sign in the definition of the dual is convenient for historical reasons. Indeed,
when, as written in footnote 29 this e is i times the £ in these earlier papers then this
agrees with the operation that was taken there (e.g. in [35]). In 4 dimensions the dual is
an imaginary operation, and the complex conjugate of a self-dual tensor is its anti-self-dual
partner, while in 6 dimensions the (anti)-self-dual part of a real tensor is real.

It is useful to observe relations between (anti)self-dual tensors. In 4 dimensions there are

G+abH_ab =0, G:I:c(aH:I:b)c _ _inabGiCdHicd :

Gj[aHlT =0. (A.13)
In 6 dimensions
GiabCHiabc =0 ’ GJrcd(aHfb)cd — énabGJrcdercde ,
Gfd[aHibfd =0, Gjbch;]“ =0. (A.14)

For N = 2 we use the Levi-Civita €V for which the important property is that
g€’ = —6;% (A.15)
where in principle £V is the complex conjugate of €;;, but we can use (¢ = ioy)
cp=c2=1. (A.16)

Note how I wrote the position of the indices on the delta function in . If you remember
that a delta function has this position of indices, then § and £ can be seen as the same tensor
with indices raised or lowered, i.e. §;7 = ;7. Switching the positions of contracted SU(2)
indices leads to a minus sign:

Al = — A (A.17)

Another useful relation is that for any antisymmetric tensor in 77:

Al = Lt gk (A.18)
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A.2 Gamma matrices and spinors

A general treatment of gamma matrices and spinors is given in section 3 of [121]. In that
review general spacetime signatures are treated. Of course, that material is not original, and
is rather a convenient reformulation of earlier works [122] [123| [124] 125]. Another approach
to the theory of spinors has been presented in [26]. We review here the essential properties
for the dimensions used in this work.

A21 d=4

Gamma matrices and chirality. We do not need the explicit representations of gamma
matrices. Three different representations are given in section 3.3 of [121], but the only
equations that we need are

Ya Yo = Nab + Vab ; Y5 = 10717273
=1, V5Ya = %igabcd”ybm, EabedV" = 1V5Vabe, Y5 Yab = —ab - (A.19)

In the first expression is the antisymmetric 7,;, which is often denoted as 20,. I avoid this
notation, as it is special for the 4-dimensional case. I use left and right projections

PLZ%(1+’Y5)7 PR:%(l—’YS)- (A.20)

In four dimensions, one often uses the place of an index, e.g. the 7 = 1,2 index for doublets of
N = 2 supersymmetry, to denote chiral spinors. Thus, e.g. for the supersymmetry parameter

one uses
€ = Pre', €; = Pge; . (A.21)

Thus € is not a Majorana spinor, but a chiral spinor. The choice of whether the upper index
denotes the left or the right chiral spinor is indicated when such a spinor is introduced.
Thus, for some chiral spinors, the upper index denotes the right-chiral one rather than the
left-chiral one as here for €.

One representation of the gamma matrices allows to connect easily to the papers that
use a 2-component notation, see e.g. the review of supergravity couplings [§]. This is a
representation in which 5 is diagonal:

[0 il . [0 —id (1, 0

For convenience, let me repeat that

alz((l)(l)) 02:(?Bi> agz((l) _01). (A.23)

The only relevant properties are o059 = io3 and cyclic, and that they square to 1, and are
Hermitian. With the choice (A.22]), we have

e 0 : 0 1
C= <O _€> : with = (_1 O) . (A.24)
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Reality and charge conjugation About the reality conditions, I first give the definitions,
but, for all practical purposes one can suffice by replacing complex conjugation with a charge
conjugation operation, as I will explain subsequently.

For the definitions, 7, is anti-Hermitian, while the spacelike components of v* and 5 are
Hermitian. The spinors are Majorana, which means that

A= MC = Nya™ or A* = —aCy, (A.25)

where C is the (unitary and antisymmetric) charge conjugation matrix and « is a number
with modulus 1.

One can arbitrary choose whether complex conjugation reverses the order of spinors. .
This is indicated by a number 3:

(AX)* = BA*X" = —BX*A*,  B==£1. (A.26)

This finishes the definitions. Below, I relate the choice of o to the choice of (3, such that
Ba? = 1. Then I leave it to your personal preference to choose 3 and «, as this is immaterial
for everything that follows. Remark that in many papers you will see for all bilinears of
fermions an extra factor of i with respect to what I write. This is then due to a choice of «
and 3 such that fa? = —1.

Now the practical way [12I]. When one writes +h.c., you consider instead the operation
called charge conjugation (C'). E.g. for spinors it is defined by

2\ = a e Cia (A.27)

Majorana spinors are according to those spinors that are real under this conjugation.
For all practical purposes you do not need this explicit definition. The operation of charge
conjugation leaves the order of the spinors unchanged, independent of the choice of 3, i.e.
whether complex conjugation interchanges the order of the fermions. For bosons, the charge
conjugation is just complex conjugation, and thus e.g. changes in 4 dimensions the self-
dual in the anti-self-dual, as remarked after . For the gamma matrices one uses the
following. For matrices in spinor space, we have 75 = v, and 7§ = —v5. Thus, only ~;
should be considered as pure imaginary. This implies that the left and right projections in
are interchanged. Thus, chiral spinors are replaced by anti-chiral ones and vice-versa.
The same holds for the barred (Majorana conjugate) spinors. In our notation where the
position of the index i denotes the chirality, the operation thus interchanges upper with
lower ¢ indices.
One more useful information is that the Majorana conjugate of a chiral spinor works as
follows>] o
PLX = )_(PL , )_(Z = Xi . (A28)

300Observe that the bar denotes always a Majorana conjugate, not a Dirac conjugate. As such, the first
equality in (A.25) is the definition, and the second equality is what holds for Majorana spinors, but not for
general spinors, i.e. not for chiral spinors, which cannot be Majorana in 4 dimensions
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As a practical summary of the rules, see the following equations:

V=9, 9 =-v, Pf=DPg,
=2 X=X, Y=y, =Y,
h.c. (/_\lﬁ) =\, h.c. (/_\751?) = M50, h.c. ()_(i')/a@bi) = Xi%a?®' - (A.29)

Here and elsewhere in the text, we assume that spinors like A and v are Majorana, and
spinors with an index, like y* and ¢° are chiral.

Exercise A.3: Suppose that a Majorana spinor A is given by its left-chiral part,
which is PLA = m;x* where m; is a complex number, and y; a (left) chiral spinor
doublet. Show that the appropriate definition for m’ is m* = (m;)* and that
A = myx' + miy;. Then suppose that x* = n‘Prt, with m;n® pure imaginary,
m;n’ = ip with p real, and ¢» Majorana. Then A = ivs1). Check directly the
C-invariance of this equation.

We finish with a summary in a form to compare below with d =5 and d = 6.
e a bispinor \ is real.

e V¥ =7, and 7§ = —7;

e For a bosonic matrix in SU(2) space, the charge conjugation changes the height of the
indices, e.g. (M¥)Y = M,;, or (M*;)¢ = M.

e Charge conjugation changes also the position of the index ¢ on spinors. This position
indicates the chirality, see table [3] and table [dl For the fermions of hypermultiplets,
the index « plays the same role, i.e. its position is changed by the C operation.

For hypermultiplets, we can add that we also define the charge conjugate of (4 as (4,
changing its chirality. The charge conjugation thus also changes the height of the symplectic

index A and similarly, see (4.60)):
(¥ = (1) = [ ehippa = fxia- (A.30)
For the USp(2r) connection one has

(wxa®)" = (wxa®)* = —p*Pwxp”pEs = —wx B, (A.31)

where we raise and lower indices on the bosonic quantities with p (we can not do this here
with fermions, as the position of the index indicates their chirality, and thus we should not
raise or lower it with a matrix that does not change the chirality). Therefore wx 4” is in a way
pure imaginary under charge conjugation similar to the v5 matrix. This means that apart
from raising and lowering the indices, we have to insert a minus sign when taking charge
conjugates. Note that the last expression can also be written as —wyxp? due to .



February 2, 2007 — 09: 51 DRAFT LectParis 138

SU(2) and vector indices. At various places in the main text, we switch from SU(2)
indices 7, 7 = 1,2 to vector quantities with the convention

Al =iA. 7, (A.32)
where ;7 are the Pauli matrices (A.23)). With these conventions, we obtain the identity

2

for any two vectors A and B. We have also various symmetric tensors like Y;; that satisfy

ke ij *
Yij = —eaY ey, where Y = Y;j ,

(A.34)

These are thus the symmetric tensors that are invariant under the charge conjugation. Defin-
ing the 3 matrices
0ij = 5ik5kj ) (A.35)

we can also write . - L
Y;j :iY'Eij, Y;jYZ] =2Y.Y. (A'36)
A22 d=5

Gamma matrices and SU(2) indices. The essential new property for the gamma matri-
ces is that the antisymmetric product of all the matrices is proportional to the unit matrix:

,yabcde — igabcde ) (A37)

Exercise A.4: Check that this implies

abed abcede

Y = I Ve,
9 ,_yabc — Eabcde Ved »
3y = jgabede
Ayt = ey,
Bl = 1™ Yeaeha
jgabede Yer = 4  labe 5?] :
el = 12y7807 (A.38)

In odd dimensions there is no chirality. The position of the indices ¢ on the spinors is
thus not used to indicate chirality. Rather these can now be raised or lowered using . I
use NorthWest—SouthEast (NW-SE) convention, which means that this is the direction in
which contracted indices should appear to raise or lower indices: see

X'=e"X;,  X;=X¢gy. (A.39)
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Exercise A.5: Check that we can consider ¢;; as the tensor 57 with the j-index
lowered. Note that it is important then to write J; and not §7;. Also €% is the
corresponding tensor with raised indices.

Note that we cannot do this in 4 dimensions, as we attached there a meaning to the posi-
tion of the index ¢ related to chirality, and interchanged by complex conjugation. Implicit
summation (in NW-SE direction) is also used for bilinears of fermions, e.g.

Ax = Ay (A.40)

The transition between SU(2) indices 7,7 = 1,2 and vector quantities as explained for 4
dimensions after ([A.32)) applies also here and relations as (A.34]) are then consistent with
the raising and lowering of indices as in (A.39)).

Reality and charge conjugation In this case, the charge conjugation C and C~, are
antisymmetric. In this case the elementary spinors are ‘symplectic Majorana’, which means
that

(A)C = a tyC (M) e, (A.41)

where again « is a number of modulus one, and we assume further that 3a? = 1, for 3
defining whether fermions change order under complex conjugation as in . Let us go
directly to the practical rules for replacing complex conjugation by charge conjugation. Then
symplectic Majorana spinors can be considered as real, and for these rules we do not have
to change the order of the spinors or gamma matrices. However there are some differences
with the 4-dimensional rules:

e a bispinor \"x; is pure imaginary.

b 75 = ~Ya-

e For a bosonic matrix in SU(2) space, M, we have M¢ = g M* 09, or explicitly (M;/)¢ =
—€ik(MkZ)*€Zj.

e Charge conjugation does not change the position of the index . This position can be
changed by multiplying with &%,

As an example, see that the expression

is real for symplectic Majorana spinors.
For hypermultiplets the reality condition depends on a matrix p4p, which is introduced
in (4.23)). The charge conjugation under which the symplectic Majorana spinors are invariant

is then similar to (A.41)):
(CA)C = afl,yocfl(CB)*pBA — CA- (A43)
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The generalization of the relation for a bosonic matrix in SU(2) space now includes multi-
plication with ip matrices. This then e.g. implies that fi is imaginary under 5-dimensional
charge conjugation, contrary to the 4-dimensional charge conjugation. For other objects,
e.g. wxa?, one uses as charge conjugate

(WXAB)C = (_pAD>(WXDE>*pEB = wXAB, (A-44)

where the first equation shows the procedure for any lower or upper index, and the last
equation is just true because of the particular reality condition of the USp(2r) connection.
A23 d=6

Gamma matrices and chirality. Here there is again chirality, as for every even dimen-
sion, but moreover, as we have seen already there are real self-dual tensors. Similarly, we
can define

=7 =% %, (A.45)

without a factor i. The essential formula is

Yabc V7 = _r?abca (A46)

Exercise A.6: Show that vu.Pr = 7, as in 4 dimensions where v, Pr, = v,

Spinors can satisfy the (symplectic) Majorana condition and be chiral at the same time.
Thus complex conjugation does not change chirality, and we can raise and lower indices as

in (A:39).

Reality and charge conjugation We choose the charge conjugation matrix to be sym-
metric{ir]. Then the rules for charge conjugation are

e a bispinor \'x; is real.

o ¢ =, and V¢ = ;.

e For a bosonic matrix in SU(2) space, M, we have M® = gy M*a,.

e Charge conjugation does not change the position of the index 7. This position can be
changed by multiplying with &%,

A.3 Gamma matrix manipulations

In this section, I write some general identities for manipulations of gamma matrices. It is as
easy to write this in general dimensions, and thus this section is not restricted to d = 4,5, 6.
To indicate this clearly, I use I' rather than v for formulas that have a more general validity.

31That is a choice in 6 dimensions, as we can also use the antisymmetric charge conjugation matrix
C/ = C")/7
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A.3.1 Spinor indices

I mostly omit spinor indices. However, to make the connection with the abstract algebra, it
is useful to introduce them. I will give here a way to include spinor indices in a practical way,
independent of the dimension of spacetime. First of all, spinors get a lower spinor index. So
for a spinor A, I write \,. Gamma matrices act on these spinors, and therefore the expression
[, A becomes (I',),”As. Note the position of the spinor indices on a usual Gamma matrix.
This is then the same for products of Gamma matrices. A Majorana conjugated spinor \ is
written as A“. Thus, see the translation:

AX — AYa Aoy — )\O‘(Fa)aﬁxﬁ. (A.47)

Then, I want to be able to raise and lower indices. Indeed, e.g. to discuss symmetries
of Gamma matrices, the (I'y).” cannot be used, as we cannot interchange upper and lower
indices. To that purpose, I introduce matrices C*? and C,s, which will be related to the
charge conjugation matrix below. The convention that I adopt, is that I raise and lower
indices always in the NW-SE convention. That means that the contraction indices should
appear in that relative position, i.e.

A =C%Ng, Ao = NCsa. (A.48)
In order for these two equations to be consistent, we should have
CQ'BC%@ =0,", CgaCm =04 . (A.49)

This is thus the same as for the SU(2) conventions mentioned in section [A.1] and again it is
good to remember that a delta function is a charge conjugation with indices in the position
as in 0,° = C,°.

Comparing and , we conclude that %% is CT, and C,p is C*. The symmetry
of the charge conjugation matrix determines what happens when we raise and lower indices.
Define ty by

Cap = —t0Csa - (A.50)

This ¢, is thus the parameter € in section 3 of [I21], and you find it in table[I3] Then raising
and lowering an index goes as
A% a = —toAa X . (A.51)

Thus we have + for 6 dimensions, but — for 4 and 5 dimensions. The same is true for spinor
indices at any place: (I'y)a’Ag = £(Ta)ap)’.
Denoting for short I'™ for an antisymmetric product of n gamma matrices:

'™ =T, Ty, ... To, (A.52)
the symmetry of F((l"ﬂ) = F&”)FCM is given by
' = —,I5) (A.53)

where the t,, are the sign factors in table
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Table 13: Symmetries of gamma matrices: sign factors t,. The values of n with t, = +1
and t, = —1 are modulo 4. For even dimensions there are two possibilities. This is related to
changing chiralities of spinors. Ford = 0,4, 8,12 only the first line is used in supersymmetry,
as this allows the minimal supersymmetry algebras. In d = 2,6,10 it does not really matter
what you use, as the two choices are related by a redefinition of the charge conjugation. The
sign changes that this produces only appears when the two spinors are of opposite chirality,
and thus this is not a relevant sign. Note that the numbers appearing in the column t,, = —1
also indicate in how many time directions (modulo 4) Majorana spinors can be defined for
the corresponding dimension and charge conjugation. The fact that ’1° (Minkowski space)
does not appear for d =5 and d = 6 is the reason why we need symplectic Majorana spinors.

The cases that we use in this review are indicated in boldface.

|d(mod8) [ t,=—-1 t,=+1]

0 0,3 2,1
0,1 2,3
1 0,1 2,3
2 0,1 2,3
1,2 0,3
3 1,2 0,3
1 1,2 0,3
2,3 0,1
5 2,3 0,1
6 2.3 0,1
0,3 1,2
7 0,3 1,2
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A.3.2 Symmetries of bilinears.

For bilinears of fermions, an extra sign comes in due to the interchange of the fermions. We

thus have B
APy = ¢, xT™N (A.54)

Note that in this section we are not concerned with SU(2) indices in 5 and 6 dimensions.
Thus, before using this section in these dimensions, you reinstall the indices explicitly if they
are not written, and keep them attached to the spinors Therefore, in d = 5 and d = 6, then
there is an extra — sign as e.g. in anticommutators of two supersymmetries

~ ) - i =) -
€2%a€1 = €37Va€1i = €1:Ya€2 = —€1Ya€2i = —€1%a€2 - (A-55)

The second equality uses (A.54)) with ¢; = 1. The minus sign of (A.17) produces then the
sign in the next equality.
The same sign factors can be used in a longer chain of gamma matrices:

AD(m)m2) L pme)y — t{)’_ltmtm oty ) 2 () )\ (A.56)

We thus just multiply the sign factors of the gamma matrices and transpose them, but in
dimension where C is symmetric (to = —1), there is an extra sign factor. For us, this happens
in 6 dimensions.

As an example, consider in 4 dimensions (75 is an antisymmetric product of type v*4)

Mol = XWeVad s MasE = —X57al - (A.57)

Exercise A.7: Check that due to tg = t4 in 4 dimensions, and {5 = —tg in 6 di-
mensions, a bilinear of two chiral spinors of the same chirality should have an
even number of v matrices in 4 dimensions. E.g. &.¢; # 0, while it should
have an odd number in 6 dimensions (the former example would be zero while

gL%bchL A 0)-

Exercise A.8: Check with the rules of raising and lowering indices that if

A=T0pm) o peely s XN =tbt, b, - o b, XD TO2T0D) (A 58)

A.3.3 Products of [' matrices and Fierzing

There are some useful identities for calculations in arbitrary dimensions [25]. For a product
of two antisymmetrized gamma matrices, one can use

it g
bi..b; _ U] (b bs bsi1...bs
Falmaif 1% = Z Mé[ai e 6at+1ral---at] el (A59)
k=li—j|

s=1(i+j—k), t=1i—-j+k), u=1(—i+j+k).
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The numeric factor can be understood as follows. Between the ¢ indices of the first Gamma
factor, I select s = i —t for the contraction. That choice is a factor (;) The same number of
indices s is chosen between the j indices of the second factor. That is a factor (?S ) Finally, I
can contract these s indices in s! ways. In [25] a few extra rules are given and a diagrammatic
technique is explained that is based on the work of Kennedy [126].

For contractions of repeated gamma matrices, one has the formula

Fbl...bkral...agrblmbk - Ck,EFal...ag
min(k,0)
_ O\ (D -/ ;
Che = (=)F=D 21 (ke Z (2) (k _i)(_) , (A.60)
i=0
for which tables were given in [25] in dimensions 4, 10, 11 and 12, and which can be easily
obtained from a computer programme. Useful examples in 4 dimensions are

Y% = 1 %Yab =05 Y e Vab = e (A.61)

Further, there is the Fierz relation. We know that the gamma matrices are matrices in
dimension A = 2™ 4/2 and that a basis of A x A matrices is given by the set

[D] =D for even D
[D] = (D —1)/2 forodd D,

of which only the first has nonzero trace. This is the basis of the general Fierz formula for
an arbitrary matrix M in spinor space:

{1,T4,Tayay, ..., [0 01} where { (A.62)

(D]
21nt(d/2)Maﬁ _ Z(_)k(k—l)ﬁ% (Fa1...ak)a B Ty (T M) (A.63)
k=0

Further Fierz identities can be found in [126].
Exercise A.9: Check that Fierz identities for chiral spinors in 4 dimensions lead to
VLoL XeAL = =3V AL Xoor + $07"" AL XeYavdL |
VoL XrAR = —3ULY AR XRVa®L - (A.64)
An extra minus sign w.r.t. (A.63) appears here because fermions A and ¢ are
interchanged. In 5 dimensions the Fierz equation is
PPN = TN — 10N Y+ S0P (A.65)
In 6 dimensions (1p = ¥ Pp,) one has
UROL XLAR = —3URY* AR XLVaPL + 5 RY " AR XL Vabe®L
VRrOL XRAL = —3URAL XROL + VRV AL XRYabPL - (A.66)
For those that want to go further, a more complicated identity for doublet spinors
in 4 dimensions is ‘ B o
P NN Yab Ak = 8RN AN (A.67)
It uses the first equation of (A.64]), symmetries of the bilinears and manipulations
between the € symbols.
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A.4 Dimensional reduction of the spinors

To reduce 5-dimensional expressions to 4-dimensional ones, we identify vy to 3 of 5 dimen-
sions with those of 4 dimensions and we can take

Cs) = C)7s, (A.68)

where C(g) is the charge conjugation matrix in d dimensions. Denoting for now the spinors
of 5 dimensions with a tilde, we define the 4-dimensional chiral spinors as

A= P cA (A.69)

Using the same choice of o in 4 as in 5 dimensions, we can then derive from the reality
conditions that

Ca = PrCPppa = Prla, (A.70)

where the lowering of index in 4 dimensions is determined by complex conjugation, while in
5 dimensions it is determined by pap.
For other spinors with ¢ indices, we just replace p by e.

B Groups and supergroups

For fixing my notations on algebras, I recapitulate the list of simple algebras® and their
real forms in table [14 The conventions which I use for groups is that Sp(2n) = Sp(2n,R)
(always even entry), and USp(2m,2n) = U(m,n,H). Sl(n) is S¢(n,R). Further, SU*(2n) =
Sl(n,H) and SO*(2n) =O(n,H). Note that in these bosonic algebras there are the following
isomorphisms, some of which will be important lateIFE]

SO(3) = SU2)=SU*2),  SO(2,1)=S¢(2) = SU(1,1) = Sp(2)
SO(4) = SU(2) xSU2),  SO(3,1) = SU(2 @) Sp(2,C),
x S0(2),  SO*(4) = SU(1, 1)>< U2),
SO(5) = USp4),  SO(4,1) =USp(2,2),  SO(3,2) = Sp(4),
)

SO(6) = SU(M4),  SO(5,1)=SU*4),  SO(4,2) = SU(2,2)
SO(3,3) = S6(4),  SO*(6) = SU(3,1),
SO*(8) = SO(6,2). (B.1)

Lie superalgebras have been classified in [127]. T do not have the time to go through the
full classification mechanism of course, but will consider the most important superalgebras,
the ‘simple Lie superalgebras’, which have no non-trivial invariant subalgebra. However, one
should know that in superalgebras there are more subtle issues, as e.g. not any semi-simple

321 use the notations with capital letters though in many mathematical works the algebras are denoted by
small letters.

33Note that the equality sign is not correct for the groups. These isomorphism are for the algebras. Also
the covering groups of the orthogonal groups are equal to the groups mentioned at the right hand sides.
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Table 14: Real forms of simple bosonic Lie algebras. The second number in the notation
for the real forms of exceptional algebras is the character (the number of non-compact — the
number of compact generators). An extra possibility that does not occur in this table are the

algebras over C, i.e. SU(n,C), SO(n,C) and Sp(2n,C), which have the double number of
real generators as their mazimal compact subgroups SU(n), SO(n) and USp(2n).

Compact | Real Form Maximal compact subalg.
SU(n) SU(p,n — p) SU(p) x SU(n — p) x U(1), 1<p<n
SU(n) Sl(n) SO(n)

SU(2n) SU*(2n) USp(2n)

SO(n) SO(p,n —p) SO(p) x SO(n — p)
SO(2n) | SO*(2n) U(n)

USp(2n) | Sp(2n) U(n)

USp(2n) | USp(2p,2n — 2p) | USp(2p) x USp(2n — 2p)
G, 14 Ga,-14 G

G27_14 G272 SU(Z) X SU(Q)

Fy 50 Fy 50 Fy 50

Fy, 52 Fi 2 SO(9)

F47_52 F4’4 USp(G) X SU(?)

Eg, s Eg, s Eg, 78

FEe, 78 Ee, 26 Fy 52

Eﬁ,—78 E67_14 SO(lO) X SO(Q)

Es._1s FEs2 SU(6) x SU(2)

Fe, s Fee USp(8)

Er7 133 E7 133 Er7 133

E7 133 E7 25 Es, 75 x SO(2)

Er 133 Er s SO(12) x SU(2)

Er 133 Erq SU(8)

Eg 248 Eg 248 Eg, 248

Eg 948 Eg 94 Er7 133 x SU(2)

Eg 948 Eg g SO(16)
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superalgebra is the direct sum of simple superalgebras. A good review is [128]. The fermionic
generators of such superalgebras are in representations of the bosonic part. If that ‘defining
representation’ of the bosonic algebra in the fermionic generators is completely reducible,
the algebra is said to be ‘of classical type’. The others are ‘Cartan type superalgebras’ W(

15

S(n), S(n) and H(n), which we will further neglect. For further reference, I give in table
the list of the real forms of superalgebras ‘of classical type’ [129, 130, 23]. In this table

Table 15: Lie superalgebras of classical type. Note that the superalgebras SU(m|m), which
are indicated in this table with bosonic subalgebra SU(m) @& SU(m) are often indicated as
PSU(m|m), while then SU(m|m) refers to the (non-simple) algebra including the U(1) factor.

Name Range Bosonic algebra | Defining Number of
repres. generators
SU(m|n) | m >2 SU(m) & SU(n) | (m,n)® m? +n? — 1,
m#n @ U(1) (m,n) 2mn
m=n no U(1) 2(m? —1),2m?
Sé(m|n) St(m) @ St(n) ®SO(1,1) it
SU(m —p,pln—q,q) | SU(m—p,p) &8Un —q.q) &UM) 0,
SU*(2m/|2n) SU*(2m) @ SU*(2n) ®SO(1,1)
S¢'(n|n) Sl(n,C)
OSp(mn) | m>1 SO(m) @ Sp(n) | (m,n) s(m? —m+
n=24,. n%+n), mn
OSp(m — p,pln) SO(m — p,p) & Sp(n) n even
OSp(m*|n —¢,q) SO*(m) ® USp(n — ¢,9) m,n, g even
| D(2,1,0) [0<a<1 |[SOM4)®S(2) |(2,2,2) 19,8
Dp(2,1,(1/) SO(4—p,p) @SE(Q) p= 071a2
| F(4) | SO(M) ®Sl(2) | (8,2) | 21, 16
Fr(4) SO(7 — p,p) ® SL(2) p=0,3
FP(4) SO(7 — p,p) & SU(2) p=12
| G(3) \ Gy ® S((2) | (7,2) [ 14, 14
G,(3) Ga,p ® SU(2) p=—14,2
| P(m—1) [m>3 | St(m) [ (m@m) |m?—1m’
| Qm—1) [m>3 SU(m) | Adjoint |m?*—1,m* -1
Q(m —1) St(m)
Q((m —1)7) SU*(m)
UQ(p,m —1—p) SU(p,m — p)

‘defining representation’ gives the fermionic generators as a representation of the bosonic
subalgebra. The ‘number of generators’ gives the numbers of (bosonic,fermionic) generators
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in the superalgebra. I mention first the algebra as an algebra over C, and then give different
real forms of these algebras. With this information, you can reconstruct all properties of these
algebras, up to a few exceptions. The names which I use for the real forms is for some algebras
different from those in the mathematical literature [129, 130}, 23], and chosen such that it is
most suggestive of its bosonic content. There are isomorphisms as SU(2|1) = OSp(2*|2,0),
and SU(1,1|1) = S¢(2]|1) = OSp(2]2). In the algebra D(2,1,«) the three S¢(2) factors of
the bosonic group in the anticommutator of the fermionic generators appear with relative
weights 1, @ and —1 — a. The real forms contain respectively SO(4) = SU(2) x SU(2),
SO(3,1) = S¢(2,C) and SO(2,2) = S¢(2)x Sl(2). In the first and last case a should be
real, while & = 1 + ia with real a for p = 1. In the limit & = 1 one has the isomorphisms
Dr(2,1,1) = OSp(4 — p, p|2).

For the real forms of SU(m|m), the one-dimensional subalgebra of the bosonic algebra
is not part of the irreducible algebra. Furthermore, in that case there are subalgebras
obtained from projection of those mentioned here with only one factor SU(n), S¢(n), SU*(n)
or SU(n — p,p) as bosonic algebra.

C Comparison of notations

C.1 Other N =2, d =4 papers

Unfortunately the normalization of F' and various other functions vary in the N = 2 litera-
ture. In table[16] I compare notations between various articles on N = 2 in d = 4. The first
column is the notation used here, and for most part also e.g. in [77, 117, 47]. The exception
is the Ricci sign (see below) that has been chosen negative in these papers. The column
‘original’ refers to the articles in the beginning of the development of N = 2 superconfor-
mal tensor calculus and special geometry. These are e.g. [40], 37, 48], 131, 132, 40 60 [65]
1, 56, 67, [78, [79, 115, 133], 17]. The third column is the one presently mostly used in the
[talian groups. It is especially the one that can be found in the paper that contains all the
matter-coupled Lagrangians [10], and e.g. also in [134] [108].

The first row gives the signs in the Misner-Thorne-Wheeler classification [I120]. The first
sign is the ‘signature’, determining whether the authors use mostly + or mostly — convention
for the metric. It determines whether we have to change g,,, to —g,, to compare the papers.
To compare with such papers, one has also to introduce an i factor for any single v-matrix
(assuming one uses v,y + 7Yy = +2¢,, which is true in all these papers, but not in all the
mathematical literature).

The second sign (‘Riemann sign’) determines whether

Rf o = 52 (0,00, — 0,10, +...) . (C.1)

Usually s, = 4+1. However, in some papers s, = —% which is related to not including the
factor p! in the definition of components of p-forms. This factor 2 is indicated in the second
line. You can see that in these papers for the same reason also the field strength of vectors
F,, have a different normalization.



February 2, 2007 — 09: 51 DRAFT LectParis 149

Table 16: Comparison of notations

Here original Italian  [62] 63] [81] [106]
O I e B e B e B
Rul/pa _R#VPU _2RMVPU _2Rul/pa _2Rul/p0
R —R 2R
9o —94B Gij* Gij* iz Gij*
K —K+2loga K G K K
F —}L —iF F -F
X! aX! A A A A
A A XA XA XA XA
Iy —tFI My —1F) My —F)
Niy —5 Ny —Nas —Nys 2ImFrs iNps
Nis ﬁNIJ Nas —iNax Nas
Capsy e XQapc iCsjk Cijk iCsjk —iCijk
FI, aF!, —2Fh, AFS, V2T,
g —alg
€ 2€ \/§6
Yy (UM V2y,
Y YV 1,
Of a)f
i Uz
D 30u
fua % Ma
Ax %AK
Vul:j %Veij
X' X'
T T.,”
gabcd iEade
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The third sign, ‘Einstein sign’, is the sign in 877, = s3 (Ruv — %gWR), where Ty is
always positive. But it is easier to understand the product of sign 2 and sign 3 as the sign
in the definition

SzSgRMV = Rp,/pu . (CQ)

Some signs can be recognized in papers as the sign of kinetic energies of the scalars and
graviton. Positive kinetic energies imply for the kinetic terms
L=—s 18¢8“¢+53LR—1 F* (C.3)
tot Mok T '
where we assumed that R is ¢"”R,,. See, however, the factor of 2 in the definition of R in
some papers.

For some papers we did not give 3 signs, as the Ricci tensor, or even the Riemann tensor
do not appear for all. If only one sign it is the signatures sign, if two signs it is signature
and Riemann sign.

In the following rows, one finds the expression given in the first column in the notation
of the corresponding papers. The freedom of the real parameter «, indicated in the second
column, can be repeated in all columns, but looks most useful in this case. The sign of w#“b
is relevant in expressions as covariant derivatives on fermions, where we have

au + SQ%WMab/yaba (04)

and on vectors

0,V + 89w, V. (C.5)

We assume here the usual definition of the corresponding curvature as in the first line of ,
and that this curvature is related by vierbeins to the curvature R,,,° without changing the
place of indices. Under these conditions, this sign is the same as the second sign of the Misner-
Thorne-Wheeler signs. The papers with a factor 2 in the second line of table [16], have also
a factor 2 in the first line of as this is due to the same difference in normalization of
components of 2-forms. Therefore the identification of the sign in and with the
second Misner-Thorne-Wheeler sign remains valid.

Note also that in the old papers an antisymmetrization [ab] was (ab — ba) without the
factor as in (A.1)).

The symplectic matrices compare as follows between the notations here (left hand side)
and in the 'old’ notation (right hand side):

¢ )-G )

C.2 Translations from/to form language

We define the tangent space components of a generic p—forms, ¢,, according to

1
op = de’“ s da P ey (C.7)
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where the wedge product between forms will always be understood. The following relations
are easily derived,

dzho .. dgtir = —etota1d0 o qpdt

— €M0~~~;de71dd1;’

—~
oo
~— —

when we define

dle = —da ... dz® . (C.10)

Exercise C.1: Obtain for 3-forms H and G in 6 dimensions, obtain that
/ GH=1 / A2\ /gG, H M. (C.11)

Note that we consider the differentials as space-time derivatives commuting with the spinors.
The differential d works on the right: A = A,dz", then dA = 9, A,dz*dz”. This implies

e.g. that
F=dA = F., =20,A,. (C.12)

Note that also here conventions differ between authors. E.g. in the ‘Italian papers’ [10] [134]
108], the factor 1/p! is not introduced in (C.7), with as consequence that F),, = 0}, A,). XXX
or do not change order and A = A,da* and dA = 9, A,dz"dz".

D Identities of very special geometry

For simplicity of notation, all the relations in this appendix are given for vector multiplets,
though they apply for vector-tensor multiplets. In the latter case, all indices I should be
replaced by I. The vector multiplets are defined in terms of the symmetric real constant
tensor Cryi. The independent scalars are ¢, but many quantities are defined by functions
hi(¢), satisfying

Crich' (9)h” (9)h"(¢) =1, (D.1)

and
hi(¢) = Cryxh” (#)h™ (¢) = arsh”, ary = —2C1yxh™ + 3hihy,
Ik = —\/g (Crix — 91" Crirshiey + Ohrhyhy),  Rigxr = 2Dgalnn”, (D.2)

where here and below I-type indices are lowered or raised with a;; or its inverse, which we
assume to exist.
Define (with , an ordinary derivative with respect to ¢*)

B = —\/3hL(0), (D.3)
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which, due to the constraint (D.1)) satisfies h;hl = 0, leading to

hre = apshl = \/3hi.(9). (D.4)

We then also have
h'hr, =0, hh', = 0. (D.5)

These quantities define the metric on the scalar space, which is the pull-back of the metric
ary to the subspace defined by (D.1):

oy = hih]ary = =210 Cryxh™. (D.6)

The above relations can be written in matrix form

(Zj) ars (W 1) = ((1) ggy). (D.7)

We can find the inverse of the first and third (n+ 1) x (n+ 1) matrices on the left-hand side
(using hY = g¥hy,)

<Z£> (b i) = <(1) (5()5/) = (b hY) (Z;) =07 (D.8)

Multiplying the latter equation with a;x leads to
h]hj+h/?h‘]m =dayg. (Dg)

Using the decomposition of the unity as in , we can write (with ;" a covariant derivative
including a connection h gy = hjy,y — Fj;yh 72 such that g,,., = 0)

hisy = 0fhsmy = (hih? 4 hih]) hssy = /3 (hrhhe & Toyeh?) = \J2 (higey + Toyuh)

Moy = =2 (0 g0y + Topeh™)
Tope = \/3hasyh! = —\[3hsch, = Coichth]hX,
S Tl = W hiey — /2Ty = Wbl 4 2T (D.10)
The tensor T, is symmetric. Comparing and , we obtain
h%hy, = —2Crych™ 4 2hihy, (D.11)

whose covariant derivative with respect to ¢ leads to
Tyy-hTh5 = CUth + h(rhy. (D.12)
Multiplying with another h%, using again the two expressions for a;, leads to

Toy-hih Wy = Crox + 3agshiy — Shihshy. (D.13)
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The curvature is

Finally, after a straightforward calculation, we get

szz;“ - \/g[g(xygz)u_2T(mwaz)uw];
OIJK@ — 2Tuvw;whluhjthw- (D15)

This formula was found in [I35], but the factor was corrected in [136].
The domain of the variables should be limited to A’ (¢) # 0 and the metrics a;; and g,
should be positive definite. Due to relation (D.7) the latter two conditions are equivalent.

E Rigid supersymmetry

For convenience, we here give the formulae for rigid supersymmetry with vector and hyper-
multiplets.
The Lagrangian for the vector multiplet.
L = —iFDD*X" + 3HFF ' 7 + LF,Qf PP

—§FL Y'Y + S Y IO
—%iF[JKéijQ{’yabf&)JQﬁ( + %iF]JKLQ{QngQﬁ&UEkZ
LG f e e — LigFy fly XEQIQEET i Fy L £, XK XEXM
+h.c.. (E.1)

We started from a holomorphic prepotential F'(X). The vector multiplets are denoted by
indices I. The F}, Fyy, ... are the derivatives. The holomorphic scalars are thus X’, and X;
are the complex conjugates. Qf are the chiral fermions (left-handed). Q% is the right-handed
component. Covariant derivatives are given in , and the F a_bI are the anti-selfdual field
strengths.

For the gauging I assumed here that F' is an invariant function as in , although
one may allow that F' transforms in a quadratic function with real coefficients [56, [67] as in
(4.74).

Now we come to the hypermultiplets. The real scalars are denoted as ¢¥, with X running
over 4ny values. The fermions are then (# (left-handed chiral) or complex conjugates (4
(right-handed). A runs over 2ny values. The metric of the hyper-Kéhler manifold spanned
by the scalars is gxy. The latter is generated by vielbeins and the (hermitian) metric in
tangent space d4z:

gxy = sz‘AdAB sz- (EQ)
The vielbeins should satisfy reality conditions that are determined by a symplectic metric
pap- Its complex conjugate is p*” such that

p*Pppo = =85 (E.3)
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The reality conditions are .
(f¥')" = fxia = flesippa. (E.4)

On the other hand, f;¥ are the inverse matrices of fit as 4ngy x 4ny matrices, see (4.26)).
But one has to be careful to raise indices on the vielbeins with the metric, see (4.95)).

However, if one is interested in positive definite kinetic energies, one can put d4z = 65
without loosing generality.

The vielbeins should be covariant constant as in (4.27), where I'§y (q) is the Levi-Civita
connection of the metric, and this defines wx 4?.

In general hyper-Kéahler manifolds we have for the curvature tensor

Rxyz" =20xTy)z" + 20vix" Tyiz" = —3f% e 7 A 1 Wasc®. (E.5)

The symmetric tensor W appears in the action.
The 2-form complex structures are

Jxy = —ifidG7 fyipd® 4. (E.6)

The action is in general

Shyp = [ d'z <— LaxyDag* D¢ — (CaPCPd?p +hoc) + 2WrePAd P 4CpCp(PCC
—g (QXIt[BACCCBdCA + 21f k[ CBQJI&J + h.c. ) — gP]ZkY”I€]
—QQQXIXJIG(Ik:J)ng) . (E.7)

The covariant derivatives in are given in (4.105)).

These equations include already the coupling of vector and hypermultiplets. This cou-
pling is determined by gauged isometries. These are determined by Killing vectors k3 of the
manifold that are triholomorphic, which means that they are derivable from a moment map
according to

OxPr = —LJxvk) . (E.8)

The fact that this has a solution is equivalent to the requirement (4.53)). The matrix ;47
occurring in the action is defined as

1 .
P = pAcP, tra® = 3 TOvkr 18 (E.9)

The remarks on the simple example given around (4.106|) apply also here and lead again
o (4.107).

The general result is the sum of (E.1|) and (4.103)), which still includes the auxiliary fields
Yyl
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