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Abstract

An overview of N = 2 theories, with 8 real supercharges, in 4,5 and 6 dimensions is given. The
construction of the theories by superconformal methods is explained. Special geometry is obtained
and characterized. The relation between the theories in those dimensions is discussed. This leads
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are explained.
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1 Introduction

These lectures will treat theories with 8 supercharges. Why are the theories with 8 super-
symmetries so interesting? The maximal supergravities1 contain 32 supersymmetries. These
are the N = 8 theories in 4 dimensions, and exist in spaces of Lorentzian signature with at
most 11 dimensions, i.e. (10,1) spacetime dimensions. If one allows more time directions, 32
supersymmetries is possible in 12 dimensions with (10,2) or (6,6) signature. However, these
theories allow no matter multiplets2. For the geometry, determined by the kinetic terms of
the scalars, this means that the manifold is fixed once the dimension is given. For all theories
with 32 supersymmetries this is a symmetric space.

Matter multiplets are possible if one limits the number of supersymmetries to 16 (thus
N = 4 in 4 dimensions). These theories exist up to 10 dimensions with Lorentzian signature.
In this case, the geometry is fixed to a particular coset geometry once one gives the number
of matter multiplets that are coupled to supergravity.

The situation becomes more interesting if the number of supersymmetries is 8. Now there
are functions, which can be varied continuously, that determine the geometry. This makes the
geometries much more interesting. Of course, if one further restricts to 4 supersymmetries,
more geometries would be possible. In 4 dimensions, e.g., general Kähler manifolds appear.
For 8 supersymmetries, these are restricted to ’special Kähler manifolds’, determined by
a holomorphic prepotential [1]. However, this restriction makes the class of manifolds very
interesting and manageable. The holomorphicity is a useful ingredient, and was e.g. essential
to allow the solution of the theory in the Seiberg–Witten model [2, 3]. The theories with 8
supersymmetries are thus the maximally supersymmetric that are not completely determined
by the number of fields in the model, but allow arbitrary functions in their definition, i.e.
continuous deformations of the metric of the manifolds.

I will consider mostly N = 2 in 4 dimensions, but also comment on N = 2 in 5 dimensions
and in 6 dimensions. Concerning terminology, N = 2 in 6 dimensions is what is also called
(1, 0) in 6 dimensions. Indeed, in 6 dimensions one can have chiral and antichiral real
generators, and the classification can thus be done by giving multiples of 8 real chiral or 8
real antichiral spinors. 8 chiral spinors is the minimal spinor of Spin(5, 1). Also for N = 2
in 5 dimensions, the minimal spinor of Spin(4, 1) has 8 real components. I denote these
theories still as N = 2 because for practical work we always use doublets of spinors. Note
also that for other signatures (2 or 3 time directions) one can impose Majorana conditions
such that only 4 of them survive (N = 1). But for Minkowski signature, one can only have
(symplectic) Majorana conditions, which need doublets of 4-component spinors. The basic
properties of the spinors are repeated in appendix A.2. Thus, we will always have an SU(2)
automorphism group of the spinors (and for 4 dimensions the automorphism group has an
extra U(1)).

In the second superstring revolution, the models with special geometry were considered

1The restriction is due to interacting field theory descriptions, which e.g. in 4 dimensions does not allow
fields with spin larger than 2.

2We distinguish the multiplet that contains the graviton and gravitini, and is determined by specifying
the dimension and the number of supersymmetries, and other multiplets, which we call ‘matter multiplets’.
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first, due to this restrictive nature, while still allowing functions that can vary continuously.
The concept of duality became very important at that time. With Bernard de Wit, we had
considered these dualities in N = 2, d = 4 earlier, and this concept had a natural formulation
in the context of superconformal tensor calculus.

Superconformal tensor calculus is another main topic of these lectures. It has been the
basis of the first constructions of general matter couplings. It was initiated in N = 1 due
to the work of S. Ferrara, M. Kaku, P.K. Townsend and P. van Nieuwenhuizen [4, 5, 6].
The extra symmetries of the superconformal group give an advantage over the direct super-
Poincaré approach in that many aspects of the theory get a clear structure. In fact, the
natural vectors in which the dualities have to be formulated are the multiplets of the super-
conformal tensor calculus. In this approach the superconformal symmetry is used as a tool
to obtain the theories that have super-Poincaré symmetry. All the super-Poincaré theories
are constructed as explicitly broken superconformal theories. Lately the conformal sym-
metry has gained importance. There is of course its interest in AdS/CFT correspondence,
although in that context one mostly considers rigid conformal symmetry. But it may also
be interesting to consider which parts of the supergravity theory are explicitly determined
by the breaking of the superconformal invariance, and which part is generically determined
by the superconformal structure. Recently this was useful in cosmology issues related to
gravitino production in the early universe [7]. Thus the superconformal approach may be
more interesting than just as a tool to obtain super-Poincaré results.

The conformal tensor calculus is not the only one to obtain the theories that we con-
sider. For the superspace methods you may consider [8]) and for the harmonic superspace
methods [9]. Furthermore there is the rheonomic approach that has been used for another
formulation of the general N = 2 theories in four dimensions [10], and in five dimensions [11].

The plan of the lectures is as follows. Section 2 will introduce some basic concepts.
That involves at the end general formulae for gauge theories. However, the gauging of the
spacetime symmetries is not that straightforward, and one needs constraints. The gauging
of the superconformal group is not a trivial issue and is dealt with in section 3 to obtain the
so-called Weyl multiplet, the multiplet of gauge fields of the superconformal theory. I will
give some practical tools to work with covariant derivatives.

XXX to be improved XXX Then I introduce matter (section 4). Matter multiplets are
first introduced as representations the superconformal algebra, and then the construction of
their actions is considered. Due to time limits only a few multiplets will be treated. But
that is sufficient to discuss the structure of special geometry in section 6. This structure is
also defined independently of its supergravity construction. It appears in moduli spaces of
Calabi–Yau threefolds.

The matter couplings with N = 2 in 5 and 6 dimensions are of course very much related
to those in four dimensions. In section 8, I discuss the differences and specific properties of
the N = 2 theories in these dimensions. Very special geometry will then show up in relations
between the scalar manifolds that these theories define. This is further clarified in relations
between the homogeneous spaces that they allow. I will also give there an introduction to
quaternionic spaces.

A large appendix is given with conventions and tricks for handling spinors and gamma
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matrices.
XXX superconformal tensor calculus, refer to previous reviews as thesis of M. Derix, S.

Cucu, ...

2 Basic ingredients.

This section is meant to introduce some tools that are useful for the construction of supercon-
formal gauge theory and multiplets. First I discuss the catalogue of supersymmetric theories
with 8 supercharges and their multiplets. Then the superconformal groups are discussed.
Finally, I repeat the general formulae for gauge theories.

2.1 Overview of supersymmetric theories with 8 real supercharges

It is clear that one can introduce 8 supercharges in 1 or 2 dimensions, where the elementary
spinors have just one component. In 3 dimensions, gamma matrices are 2 × 2 matrices,
and the theories with 8 supercharges are N = 4 theories where the spinors satisfy a reality
condition (a Majorana condition). d = 3 will be mentioned shortly in section 8.3, but for
the rest of the lectures, I will consider d = 4, 5 and 6. The latter is the maximal dimension
for theories with 8 supercharges. In fact, one could first construct these theories and then
derive several results for d < 6 from dimensional reduction. This programme has been
started for the superconformal theories in [12, 13]. There are many aspects that can be
treated at once for d = 4, 5, 6. The treatment of the Weyl multiplets is for a large part the
same. Hypermultiplets (multiplets with scalars and spinors only) do not feel the difference
of dimension. The difference indeed sits in the vectors and tensors, which under dimensional
reduction decompose in several representations of the Lorentz algebra. Only a subset of
the couplings of vectors multiplets in d = 4 and d = 5 can be obtained from dimensional
reduction, as I will explicitly demonstrate in section 8.3. Therefore I will present the theories
for each dimension separately.

In 4 dimensions, the supersymmetries are represented by Majorana spinors. But in
practice, one can also use chiral spinors. I refer to the appendix A.2.1 for the notation and
definitions of the properties of the spinors. A supersymmetry operation is represented as

δ(ε) = ε̄iQi + ε̄iQ
i ,

εi = γ5ε
i , Qi = γ5Qi , εi = −γ5εi , Qi = −γ5Q

i . (2.1)

Q is the supersymmetry operation that acts on the field that follows. E.g. if δ(ε)X = 1
2
ε̄iΩi,

then QiX = 1
2
Ωi and QiX = 0.

In 5 dimensions, one uses symplectic Majorana spinors. The reality rules of appendix
A.2.2 now imply that we have to insert a factor i (see also the different meaning of the
position of the indices i, as explained in appendix A.2.2):

δ(ε) = iε̄iQi . (2.2)
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In 6 dimensions, symplectic Majorana–Weyl spinors can be used. In this case we have

δ(ε) = ε̄iQi ,

γ7ε
i = εi , γ7Qi = −Qi . (2.3)

The properties of the spinors also imply how the translations appear in the anticommu-
tator of two supersymmetries (the overall real factor is a matter of choice of normalization):

d = 4 :
{
Qi

α, Qβj

}
= −1

2
(γaPL)αβ δ

i
jPa

d = 5 and d = 6 :
{
Qi

α, Q
j
β

}
= −1

2
εij (γa)αβ Pa . (2.4)

On the use of spinor indices, see appendix A.3.1. The normalization of the spinor generators
is chosen to agree with existing literature in each case.

Exercise 2.1: Determine the parameter that will appear in the translation corre-
sponding to (2.4). Thus, determine ξa in

[δ(ε1), δ(ε2)] = ξa(ε1, ε2)Pa . (2.5)

The results are

d = 4 : ξa(ε1, ε2) = 1
2

(
ε̄i2γ

aε1i + ε̄2iγ
aεi1
)

d = 5 and d = 6 : ξa(ε1, ε2) = 1
2
ε̄2γ

aε1 . (2.6)

2.2 Multiplets.

The classical reference for the classification of multiplets for extended supersymmetry is [14].
From that reference, I extract the on-shell massless representations given in table 1. In
the table in [14] are given also different SU(2) assignments, but these are not unique (see
e.g. below the linear multiplet as alternative to the hypermultiplet, so I omit these. To
recognize the number of on-shell components for massless fields, one has to view them as
representations of SO(d − 2). As such, the vectors have d − 2 components. The gravitons
are symmetric traceless tensors, and have thus 1

2
(d− 2)(d− 1)− 1 = d(d− 3)/2 components.

The gravitini are γ - traceless spinors. As spinors have in each of these cases 2 components
(for d = 6 due to the chirality), this gives (d− 2)2− 2 = 2(d− 3) components (and a factor
2 from the SU(2)). One can check the boson–fermion balance for all the multiplets.

Remark that vector multiplets have complex scalars in 4 dimensions, real scalars in 5
dimensions and no scalars in 6 dimensions. The scalars in d < 6 can thus be considered as
the remainders of the extra components of the d = 6 vectors.

For the hypermultiplets, one actually needs the double of the fields mentioned in the
table to construct actions. Indeed the scalars are doublets, and can thus not be real. See
also the lectures of P. West XXX in this respect. Then there are 4 real scalars in each
multiplet and supersymmetry defined 3 complex structures, such that the scalars naturally
combine in quaternions.
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Table 1: Massless on-shell representations. The fields are given a name as they will ap-
pear later. The representation content is indicated as its multiplicity in (SO(d− 2), SU(2)),
where the latter is also obtained from the i-type indices. For 6 dimensions, one can write
SO(4) = SU(2)×SU(2), and the corresponding decomposition is written. The non-symmetric
representations are either chiral (chirality is indicated on the field) or they are antisymmet-
ric tensors with self-dual (+) or anti-self-dual (−) field strengths. Of course, the two-form
indicated here is not ± self dual, only its field strength is.

d = 4 g(µν) ψi
µ Vµ gravity

SO(2) (2, 1) (2, 2) (2, 1)

Wµ Ωi X X∗ vector multiplet
(2, 1) (2, 2) (1, 1) (1, 1)

ζ Ai hypermultiplet
(2, 1) (1, 2)

d = 5 g(µν) ψi
µ Aµ gravity

SO(3) (5, 1) (4, 2) (3, 1)

Aµ λi φ vector multiplet
(3, 1) (2, 2) (1, 1)

ζ Ai hypermultiplet
(2, 1) (1, 2)

d = 6 g(µν) ψi
µL B−µν gravity

SO(4) (3, 3; 1) (2, 3; 2) (1, 3; 1)

B+
µν ψi

R σ tensor multiplet
(3, 1; 1) (2, 1; 2) (1, 1; 1)

Wµ Ωi
L vector multiplet

(2, 2; 1) (1, 2; 2)

ζR Ai hypermultiplet
(2, 1; 1) (1, 1; 2)
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Remark that here the on-shell massless multiplets have been mentioned. The same
multiplet may be represented by different off-shell multiplets. In 4 dimensions, physical
scalars may be dualized to antisymmetric tensors. E.g. when one of the scalars of a vector
multiplet is replaced by an antisymmetric tensor, we obtain the vector–tensor multiplet [15,
16, 17]

vector–tensor multiplet: Vµ, λ
i, φ, Bµν . (2.7)

When one of the scalars of a hypermultiplet is replaced by an antisymmetric tensor, then
this gives the so-called linear multiplet (the name is due to its relation with a superfield that
has a linear constraint)

linear multiplet: ϕi, L(ij), Ea . (2.8)

I write the antisymmetric tensor here as a vector Ea that satisfies a constraint ∂aEa = 0,
such that Ea = εabcd∂

bEcd. In this way, it can be generalized to d = 5 and d = 6 in a similar
way. In these cases the Ea is the field strength of a 3-form or 4-form, respectively.

In 5 dimensions a vector is dual to a 2-index antisymmetric tensor. Therefore the vector
multiplets can be dualized to antisymmetric tensor multiplets:

d = 5 antisymmetric tensor multiplet: Hµν , λ
i, φ . (2.9)

For non-Abelian multiplets, the two formulations are not equivalent. This has been inves-
tigated in detail in a series of papers of M. Günaydin and M. Zagermann [18, 19, 20]. The
above overview is not exhaustive.

2.3 The strategy

Our aim is to study the transformation laws and actions for all these multiplets, coupled
to supergravity. As mentioned in the introduction, there are several ways to accomplish
this. The method that we use is the superconformal tensor calculus. That means that we
use extra symmetry. We use as much symmetry as possible. That means that we will in
intermediate steps use symmetries that will not be present in the final action. But its use has
two advantages. It facilitates the construction of the theories, and secondly, it will clarify a
lot of the structure of the theories.

The extra symmetry will be the superconformal symmetries. The motivation for this lies
in the classical work of Coleman and Mandula [21], who proved that the largest spacetime
group that is allowed without implying triviality of all scattering amplitudes is the conformal
group. Although our motivation and use of the group is completely different, this gives an
indication that the use of this group may be the most advantageous strategy. Over the years
we got more convinced that indeed the use of conformal symmetries is a very useful and
clarifying method. Analyzing the steps that are taken in local superspaces, we see that after
using part of the superspace constraints, the remaining part that leads to more insight is
equivalent to the structure that we use in the ‘superconformal tensor calculus’.

What we have in mind can be illustrated first for pure gravity. We show how Poincaré
supergravity is obtained after gauge fixing a conformal invariant action. The details of this
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example will come back in section 4.1. We now just give the general idea. The conformal
invariant action for a scalar φ (in 4 dimensions) is3

L =
√
g
[

1
2
(∂µφ)(∂µφ) + 1

12
Rφ2

]
,

δφ = ΛDφ , δgµν = −2ΛDgµν , (2.10)

where the second line gives the local dilatation symmetry that leaves this action invariant.
Now, we can gauge fix this dilatation symmetry by choosing4 the gauge

φ =

√
6

κ
. (2.11)

This leads to the pure Poincaré action

L = 1
2κ2

√
gR . (2.12)

Pure Poincaré is in this way obtained from a conformal action of a scalar after gauge fixing.
This scalar, which we will denote further as ‘compensating scalar’, thus has no physical
modes. Note also that the mass scale of the Poincaré theory is introduced through the gauge
fixing (2.11).

What we have seen is 1) the use of conformal symmetry, 2) construction of a conformal
invariant action, 3) gauge fixing of superfluous symmetries.

In the remaining part of this chapter, we will make familiarize ourselves first with the
conformal group, and first of all as a rigid symmetry. We will then take a look at possible
superconformal groups, and repeat the basis rules for gauging symmetries. In section 3 we
will learn how to gauge the superconformal group. The step 2) of the above overview involves
the superconformal construction of multiplets and their action. This will be the subject of
section 4. The step 3) will be taken in section 5, which will allow us to obtain the physical
theories, and be the starting point for analysing their physical and geometrical contents.

2.4 Rigid conformal symmetry

Conformal symmetry is defined as the symmetry that preserves angles. Therefore it should
contain the transformations that change the metric up to a factor. That implies that the
symmetries are determined by the solutions to the ‘conformal Killing equation’

∂(µξν) − 1
d
ηµν∂ρξ

ρ = 0 . (2.13)

3Note that the scalar here has negative kinetic energy, and the final gravity action has positive kinetic
energy.

4A gauge fixing can be interpreted as choosing better coordinates such that only one field still transforms
under the corresponding transformations. Then, the invariance is expressed as the absence of this field from
the action. In this case we would use g′µν = gµνφ2 as D-invariant metric. One can check that this redefinition
also leads to (2.12) in terms of the new field.
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Exercise 2.2: Get more insight in the meaning of the statement that these are the
transformations that preserve ‘angles’. To consider angles, we should consider two
variations of the same spacetime point. Consider the vectors from x to xµ+(∆1)

µ

and another one to xµ+(∆2)
µ, where the deformations are considered to be small.

The angle between these two is

cos2 θ =
(∆1 ·∆2)

2

(∆1 ·∆1) (∆2 ·∆2)
(2.14)

Now we perform a spacetime transformation that takes a point x to x′(x) =
x + ξ(x). Then the first vector will be between x′(x) and x′(x + ∆1) = x′(x) +
∆1 · ∂x′(x). The new vector is thus

∆′1 = ∆1 · ∂x′(x) = ∆1 + ∆1 · ∂ξ(x). (2.15)

We thus find that

∆′1 ·∆′2 = ∆1 ·∆2 + ∆ρ
1 (∂ρξ

µ(x)) ηµν∆ν
2 + ∆µ

1ηµν∆ρ
2 (∂ρξ

µ(x)) , (2.16)

where I added indices for clarity. If the last factor gives just a scaling, i.e. if

∆ρ
1 (∂ρξ

µ(x)) ηµν∆ν
2 + ∆µ

1ηµν∆ρ
2 (∂ρξ

µ(x)) = 2ΛD(x)∆µ
1ηµν∆ν

2, (2.17)

then its easy to see that (2.14) is invariant. Indeed, all factors scale with the
same coefficient as the scale factor has to be evaluated at the same spacetime
point.

The requirement (2.17) amounts to the scaling of the metric. Indeed, if a metric
scales under spacetime transformations,

δ(dxµηµνdxν) ≡ 2dxρ (∂ρξ
µ(x)) ηµνdxν = 2ΛD(x)(dxµηµνdxν), (2.18)

then replace dx in the above by (∆1 +∆2) and subtract the diagonal terms. This
leads to (2.17) and hence to the invariance of the angle.

Angles are thus preserved by the transformations that scale the metric and these
are the conformal transformations.

In d = 2 with as non-zero metric elements ηzz̄ = 1, the Killing equations are reduced to
∂zξz = ∂z̄ξz̄ = 0 and this leads to an infinite dimensional conformal algebra (all holomorphic
vectors ξz̄(z) and anti-holomorphic vectors ξz(z̄)). In dimensions d > 2 the conformal algebra
is finite-dimensional. Indeed, the solutions are

ξµ(x) = aµ + λµν
M xν + λDx

µ + (x2Λµ
K − 2xµx · ΛK) . (2.19)

Corresponding to the parameters aµ are the translations Pµ, to λµν
M correspond the Lorentz ro-

tations Mµν , to λD are associated dilatations D, and Λµ
K are parameters of ‘special conformal
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transformations’ Kµ. This is expressed as follows for the full set of conformal transformations
δC :

δC = aµPµ + λµν
MMµν + λDD + Λµ

KKµ . (2.20)

With these transformations, one can obtain the algebra with as non-zero commutators

[Mµν ,M
ρσ] = −2δ

[ρ
[µMν]

σ] ,

[Pµ,Mνρ] = ηµ[νPρ] , [Kµ,Mνρ] = ηµ[νKρ] ,

[Pµ, Kν ] = 2(ηµνD + 2Mµν) ,

[D,Pµ] = Pµ , [D,Kµ] = −Kµ . (2.21)

This is the SO(d, 2) algebra5. Indeed one can define

M µ̂ν̂ =

 Mµν 1
4
(P µ −Kµ) 1

4
(P µ +Kµ)

−1
4
(P ν −Kν) 0 −1

2
D

−1
4
(P ν +Kν) 1

2
D 0

 , (2.22)

where indices are raised w.r.t. the rotation matrices M µ̂
ν̂ with the metric

η̂ = diag (−1, 1, ..., 1,−1) . (2.23)

In general, fields φi(x) in d dimensions have the following transformations under the
conformal group:

δCφ
i(x) = ξµ(x)∂µφ

i(x) + Λµν
M (x)mµν

i
jφ

j(x)

+ΛD(x) ki
D(φ) + Λµ

K (kµφ)i (x) , (2.24)

where the x-dependent rotation ΛM µν(x) and x-dependent dilatation ΛD(x) are given by

ΛM µν(x) = ∂[νξµ] = λM µν − 4x[µΛK ν] ,

ΛD(x) = 1
d
∂ρξ

ρ = λD − 2x · ΛK . (2.25)

To specify for each field φi its transformations under conformal group one has to specify:

i) transformations under the Lorentz group, encoded into the matrix (mµν)i
j. The

Lorentz transformation matrix mµν should satisfy

mµν
i
kmρσ

k
j −mρσ

i
kmµν

k
j = −ηµ[ρmσ]ν

i
j + ην[ρmσ]µ

i
j . (2.26)

The explicit form for Lorentz transformation matrices is for vectors (the indices i and
j are of the same kind as µ and ν)

mµν
ρ
σ = −δρ

[µην]σ , (2.27)

while for spinors, (where i and j are (unwritten) spinor indices)

mµν = −1
4
γµν . (2.28)

5In the 2-dimensional case SO(2, 2) = SU(1, 1)× SU(1, 1) is realized by the finite subgroup of the infinite
dimensional conformal group, and is well known in terms of L−1 = 1

2 (P0 − P1), L0 = 1
2D + M10, L1 =

1
2 (K0 +K1), L̄−1 = 1

2 (P0 +P1), L̄0 = 1
2D−M10, L̄1 = 1

2 (K0−K1). Higher order Ln, |n| ≥ 2 have no analogs
in d > 2.
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ii) The dilatational transformation specified by ki
D(φ). In most cases (and for all non-

scalar fields), we just have
ki

D = wφi , (2.29)

where w is a real number called the Weyl weight (which is different for each field).
However, for scalars in a non-trivial manifold with affine connection Γij

k (torsionless,
i.e. symmetric in (ij)), these are solutions of

Dik
j
D ≡ ∂ik

j
D + Γik

jkk
D = wδj

i , (2.30)

where again w is the ‘Weyl weight’. For Γij
k = 0, this reduces to the simple case (2.29).

iii) Special conformal transformations. Possible extra parts apart from those in (2.19)
and (2.25), connected to translations, rotations and dilatations. These are denoted as
(kµφ)i. The commutator between the special conformal transformations and dilations
gives the restriction

(kµφ
j)∂jk

i
D − kj

D∂j(kµφ
i) = kµφ

i . (2.31)

For the simple form of the dilatations (2.29), this means that kµφ
i should have Weyl

weight one less than that of φi. Also, for consistency of the [K,K] commutators, the
kµ should be mutually commuting operators.

In this way, the algebra (2.21) is realized on the fields as

[δC(ξ1), δC(ξ2)] = δC (ξµ = ξν
2∂νξ

µ
1 − ξν

1∂νξ
µ
2 ) . (2.32)

Note the sign difference between the commutator of matrices (2.26) and the commutator of
the generators in (2.21), which is due to the difference between ‘active and passive’ trans-
formations. To understand fully the meaning of the order of the transformations, consider
in detail the calculation of the commutator of transformations of fields. See e.g. for a field
of zero Weyl weight (kD = 0), and notice how the transformations act only on fields, not on
explicit spacetime points xµ:

λDa
µ[D,Pµ]φ(x) = (δD(λD)δP (aµ)− δP (aµ)δD(λD))φ(x)

= δD(λD)aµ∂µφ(x)− δP (aµ)λDx
µ∂µφ(x)

= aµ∂µ (λDx
ν) ∂νφ(x)

= aµλD∂µφ(x) = λDa
µPµφ(x) . (2.33)

It is important to notice that the derivative of a field of Weyl weight w has weight w + 1.
E.g. for a scalar with dilatational transformation determined by the vector kD (and without
extra special conformal transformations) we obtain

δC∂µφ(x) = ξν(x)∂ν∂µφ(x) + ΛD(x) ∂µkD

−ΛMµ
ν(x)∂νφ(x) + ΛD(x)∂µφ(x)− 2 ΛKµkD . (2.34)

The first term on the second line says that it behaves as a vector under Lorentz transfor-
mations. Furthermore, this equation implies that the dilatational transformation of ∂µφ
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is determined by ∂µ(kD + φ). For the simple transformation (2.29), this means that the
derivative also satisfies such a simple transformation with weight w + 1. Furthermore,
the derivative ∂µφ has an extra part in the special conformal transformation of the form
Λν

Kkν(∂µφ) = −2ΛKµkD.
With these rules the conformal algebra is satisfied. The question remains when an

action is conformal invariant. We consider local actions which can be written as S =∫
ddxL(φi(x), ∂µφ

i(x)), i.e. with at most first order derivatives on all the fields. For Pµ

and Mµν there are the usual requirements of a covariant action. For the dilatations, let us
for now just take for all fields the simple law (2.29) with wi as weight for each field φi (for
an extension, see exercise 2.4). Then we have the requirement that the weights of all fields
in each term should add up to d, where ∂µ counts also for 1, as can be seen from (2.34).
Indeed, the explicit ΛD transformations finally have to cancel with

ξµ(x)∂µL ≈ −(∂µξ
µ(x))L = −dΛD(x)L . (2.35)

For special conformal transformations one remains with

δKS = 2Λµ
K

∫
ddx

L
←
∂

∂(∂νφi)

(
−ηµνwiφ

i + 2mµν
i
jφ

j
)

+ Λµ
K

S
←
δ

δφi(x)
(kµφ)i(x) . (2.36)

where
←
∂ indicates a right derivative. The first terms originate from the K-transformations

contained in (2.19) and (2.25). In most cases these are sufficient to find the invariance and
no (kµφ) are necessary. In fact, the latter are often excluded because of the requirement that
they should have Weyl weight wi− 1, and in many cases there are no such fields available.

Exercise 2.3: There are typical cases in which (2.36) does not receive any contribu-
tions. Check the following ones

1. scalars with Weyl weight 0.

2. spinors appearing as ∂/λ if their Weyl weight is (d − 1)/2. This is also the
appropriate weight for actions as λ̄∂/λ.

3. Vectors or antisymmetric tensors whose derivatives appear only as field
strengths ∂[µ1Bµ2...µp] if their Weyl weight is p − 1. This value of the Weyl
weight is what we need also in order that their gauge invariances and their
zero modes commute with the dilatations. Then scale invariance of the
usual square of the field strengths will fix p = d

2
.

4. Scalars X i with Weyl weight d
2
− 1 and

L = (∂µX
i)Aij(∂

µXj) , (2.37)

where Aij are constants.



February 2, 2007 – 09 : 51 DRAFT LectParis 16

Exercise 2.4: When the scalars transform under dilatations and special conformal
transformations according to

δφi = ξµ(x)∂µφ
i + ΛD(x)ki

D(φ) , (2.38)

with ki
D(φ) arbitrary, check that the conformal algebra is satisfied. Consider now

the action for scalars

Ssc = −1
2

∫
ddx ∂µφ

i gij(φ) ∂µφj . (2.39)

It is invariant under translations and Lorentz rotations. Check that the dilata-
tional and special conformal transformations leave us with

δSsc = −
∫

ddx
{

ΛD(x)∂µφ
i ∂µφj

[
gk(i

(
∂j)k

k
D + Γj`

kk`
D

)
− 1

2
(d− 2)gij

]
−2Λµ

K∂µφ
i gijk

j
D

}
, (2.40)

if one identifies the affine connection with the Levi-Civita connection of the metric
[similar to (A.4)]. The invariance under rigid dilatations is thus already obtained
if

D(ikj)D = 1
2
(d− 2)gij , (2.41)

with the usual definition of a covariant derivative Di. Vectors satisfying this
equation are called ‘homothetic Killing vectors’6. However, to obtain special
conformal invariance, the last term of (2.40), originating from a contribution
∂µΛD(x), should be a total derivative. Thus one finds that

kiD = ∂ik , (2.42)

for some k. Then DikjD is already symmetric by itself, and thus (2.41) im-
plies (2.30) with w = (d − 2)/2. Thus the vectors satisfying (2.30) are ‘exact
homothetic Killing vectors’, and moreover the exactness for a homothetic Killing
vector is sufficient to prove (2.30). One can find that

(d− 2)k = ki
Dgijk

j
D . (2.43)

A systematic investigation of conformal actions for scalars in gravity can be found
in [22].

Exercise 2.5: Check that for a Lagrangian of the form

L = (∂µφ
1)(∂µφ2) , (2.44)

the conformal Killing equation has as solution

k1
D = w1φ

1 , k2
D = w2φ

2 , w1 + w2 = d− 2 . (2.45)

6The terminology reflects that the right hand side is a constant times gij . For an function times gij it is
just a ‘conformal Killing vector’.
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However, the equation (2.30) gives also that w1 = w2 = 1
2
(d − 2). Check that

this is necessary for special conformal transformations.

Modifying the Lagrangian to

L =

(
1 +

φ1

φ2

)
(∂µφ

1)(∂µφ2) , (2.46)

one finds as only non-zero Levi–Civita connections

Γ1
11 =

1

φ1 + φ2
, Γ2

22 = − φ1/φ2

φ1 + φ2
. (2.47)

The solutions of the conformal Killing equations (2.41) already fix (2.45) with
w1 = w2 = 1

2
(d − 2). However, now the equation (2.30) gives no solution.

Hence, this model can only have rigid dilatations, but no rigid special conformal
transformations.

2.5 Superconformal groups

A classical work on the classification of superconformal groups is the paper of W. Nahm [23].
In the groups that he classified, the bosonic subgroup is a direct product of the conformal
group and the R-symmetry group. It implies that bosonic symmetries that are not in the
conformal algebra are spacetime scalars. This was motivated by the works of [21] and [24],
who had obtained such a condition from non-triviality of scattering amplitudes. However,
with branes the assumptions of these papers may too constrained. Other examples have been
considered first in 10 and 11 dimensions in [25]. Recently, a new classification has appeared
in [26] from which we can extract7 table 28 for dimensions from 3 to 11. The bosonic
subgroup contains always two factors. One contains the conformal group. If that factor is
really the conformal group, then the algebra appears in Nahm’s classification. Note that 5
dimensions is a special case. There is a generic superconformal algebra for any extension.
But for the case N = 2 there exists a smaller superconformal algebra that is in Nahm’s
list. Note that for D = 6 or D = 10, where one can have chiral spinors, only the case that
all supersymmetries have the same chirality has been included. Non-chiral supersymmetry
can be obtained from the reduction in one more dimension, so e.g. from the d = 7 algebra
OSp(16∗|N) we obtain (N,N) in d = 6 [27]. So far, superconformal tensor calculus has only
been based on algebras of Nahm’s type.

We thus see that for N = 2 in d = 4, d = 5 and d = 6 the superconformal algebras are
respectively SU(2, 2|2), F2(4) and OSp(8∗|2). But, in the practical treatment we will not see
any fundamental difference in the structure of the supergroups. The bosonic subgroups are
respectively SO(4, 2)×SU(2)×U(1), SO(5, 2)×SU(2) and SO(6, 2)×SU(2). The first factor
(one should consider its covering that allows the spinor representation) is the conformal
group, which consists of translations Pa, Lorentz rotations Mab, dilatations D, and special

7For the notations on groups and supergroups, see appendix B.
8See appendix B for the notations of groups and supergroups.
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Table 2: Superconformal algebras, with the two parts of the bosonic subalgebra: one that
contains the conformal algebra and the other one is the R-symmetry. In the cases d = 4 and
d = 8, the U(1) factor in the R-symmetry group can be omitted for N 6= 4 and N 6= 16,
respectively.

d supergroup bosonic group
3 OSp(N |4) Sp(4) = SO(3, 2) SO(N)
4 SU(2, 2|N) SU(2, 2) = SO(4, 2) SU(N)×U(1)
5 OSp(8∗|N) SO∗(8) ⊃ SO(5, 2) USp(N)

F(4) SO(5, 2) SU(2)
6 OSp(8∗|N) SO∗(8) = SO(6, 2) USp(N)
7 OSp(16∗|N) SO∗(16) ⊃ SO(7, 2) USp(N)
8 SU(8, 8|N) SU(8, 8) ⊃ SO(8, 2) SU(N)×U(1)
9 OSp(N |32) Sp(32) ⊃ SO(9, 2) SO(N)
10 OSp(N |32) Sp(32) ⊃ SO(10, 2) SO(N)
11 OSp(N |64) Sp(64) ⊃ SO(11, 2) SO(N)

conformal transformations Ka. The remaining part of the bosonic group is the so-called R-
symmetry group, the automorphism group of the supersymmetries. The fermionic generators
are the supersymmetries Qi and the special supersymmetries Si. In 6 dimensions the Si have
opposite chirality than the Qi, thus

Si = γ7S
i . (2.48)

In 4 dimensions, I also use the opposite convention for the chirality, i.e. (compare with (2.1))

Si = γ5S
i , Si = −γ5Si . (2.49)

The dilatations provide a 3-grading of the conformal algebra and a 5-grading of the super-
conformal algebra. In the conformal algebra, the translations have weight 1, in the sense that
[D,Pa] = Pa. The special conformal transformations have weight −1, i.e. [D,Ka] = −Ka,
and the Lorentz generators and dilatations commute, i.e. they have all weight 0. Also the
R-symmetry algebra has weight 0. The supersymmetries have weight +1

2
(see already that

this is consistent with (2.4)), and the special supersymmetries have weight −1
2
. Thus, there

is a clear structure in the superconformal algebra, ordering them according to the Weyl
(dilatational) weight:

1 : Pµ

1
2

: Q

0 : D, Mab, SU(2), (U(1))

−1
2

: S

−1 : Kµ , (2.50)

Many of the commutators are determined already by what was said. We have for all the
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dimensions as commutation relations9

[Mab,Mcd] = ηa[cMd]b − ηb[cMd]a ,

[Pa,Mbc] = ηa[bPc] , [Ka,Mbc] = ηa[bKc] ,

[D,Pa] = Pa , [D,Ka] = −Ka ,

[Pa, Kb] = 2(ηabD + 2Mab) ,

[Ui
j, Uk

`] = δi
`Uk

j − δk
jUi

` ,

[Mab, Q
i
α] = −1

4
(γabQ

i)α , [Mab, S
i
α] = −1

4
(γabS

i)α ,

[D,Qα
i] = 1

2
Qα

i , [D,Sα
i] = −1

2
Si

α ,

[Ui
j, Qα

k] = δi
kQj

α − 1
2
δi

jQα
k , [Ui

j, Sα
k] = δi

kSj
α − 1

2
δi

jSα
k ,

d = 4 : [U(1), Qα
i] = −i1

2
Qα

i , [U(1), Sα
i] = −i1

2
Sα

i

d = 4 : [Ka, Q
i
α] = (γaS

i)α , [Pa, Sα
i] = (γaQ

i)α ,

d = 5 : [Ka, Q
i
α] = i(γaS

i)α , [Pa, Sα
i] = −i(γaQ

i)α ,

d = 6 : [Ka, Q
i
α] = −(γaS

i)α , [Pa, Sα
i] = −(γaQ

i)α . (2.51)

The factors i are necessary in 5 dimensions if we use the same symplectic Majorana condition
for all the spinors. This can be seen easily from the C-conjugation rules in appendix A.2.2.

The R-symmetry group is a compact group. In the standard conventions, avoiding ar-
tificial i factors in group theory, generators corresponding to a compact action are anti-
Hermitian. For the SU(2) generators we thus have

Ui
j = −

(
Uj

i
)∗
, Ui

i = 0 ,

Ui
j = i(U1σ1 + U2σ2 + U3σ3) , (2.52)

where U1, U2 and U3 are real operators. The equations of the first line are valid as well, on the
one hand in d = 4, where raising and lowering of i-indices is done by complex conjugation,
and on the other hand in d = 5, 6 where they are raised and lowered by the εij as in (A.39).
In 4 dimensions, the first equation is written as

d = 4 : Ui
j = −U j

i . (2.53)

In 5 and 6 dimensions the one-index raised or lowered matrices are (e.g. σ1ij = σ1i
kεkj =

σ1iσ2 = −σ3)

d = 5, 6 : Uij = −iU1σ3 − U21l + iσ1U3 , U ij = iU1σ3 − U21l− iσ1U3 . (2.54)

The first equation of (2.52) implies with the C-rule MC = σ2M
∗σ2 that U is a C-invariant

matrix. The tracelessness translates in symmetry of U(ij) and U (ij). Thus, in conclusion, U
is C-invariant and symmetric (and thus also Ui

j = U j
i here, different from (2.53)).

9To prepare these formulae, I made use of [28] for d = 4, apart from a sign change in the choice of charge
conjugation, such that the anticommutators of fermionic generators have all opposite sign. For d = 5, I
made use of [29], and for d = 6 of [30], but replacing there K by −K and Uij by − 1

2Uij .
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Exercise 2.6: Check that in 5 and 6 dimensions the [U,Q] commutator can be writ-
ten as [Uij, Q

k] = δ[i
kQj).

In 4 dimensions, the R-symmetry group is SU(2)× U(1). I write U(1) as a real generator.
The anticommutation relations between the fermionic generators are

d = 4 : {Qα
i, Qj

β} = −1
2
δj

i(γa)α
βPa , {Qα

i, Qjβ} = 0 ,

{Sα
i, Sj

β} = −1
2
δj

i(γa)α
βKa , {Sα

i, Sjβ} = 0 , {Qα
i, Sjβ} = 0 ,

{Qα
i, Sj

β} = −1
2
δj

iδα
βD − 1

2
δj

i(γab)α
βMab + i1

2
δj

iδα
βU(1) + δα

βUj
i ,

d = 5, 6 : {Qiα, Q
jβ} = −1

2
δi

j(γa)α
βPa , {Siα, S

jβ} = −1
2
δi

j(γa)α
βKa ,

d = 5 : {Qiα, S
jβ} = −i1

2

(
δi

jδα
βD + δi

j(γab)α
βMab + 3δα

βUi
j
)
,

d = 6 {Qiα, S
jβ} = 1

2

(
δi

jδα
βD + δi

j(γab)α
βMab + 4δα

βUi
j
)
. (2.55)

Note that in 6 dimensions, the spinors have a chiral projection, and the gamma matrices in
the right hand side should also be understood as their chiral projection, thus e.g. in the last
line δα

β stands for 1
2
(1l− γ7)α

β.

2.6 Rules of (super)gauge theories, gauge fields and curvatures.

Consider a general (super)algebra with commutators

[δA(εA1 ), δB(εB2 )] = δC
(
εB2 ε

A
1 fAB

C
)
. (2.56)

In general the fAB
C may be structure functions, i.e. depend on the fields. The equality may

be true only modulo equations of motion, as we will see below. To start with, the fAB
C are

related to the abstract algebra introduced in subsection 2.5:

d = 4, 6 : [TA, TB} = TATB − (−)ABTBTA = fAB
CTC ,

d = 5 : [TA, TB} = TATB − (−)ABTBTA = (−)ABfAB
CTC , (2.57)

where (−)A is a minus sign if TA is fermionic. The extra sign factor for d = 5 is due to the
factors i in (2.2). It is assumed that in all other cases the transformation is generated by
εATA. Soon, however, the structure constants will be changed in structure functions.

To realize such an algebra one needs of course gauge fields and curvatures. This means
that for every generator there is a gauge field hµ

A with

δ(ε)hµ
A = ∂µε

A + εChµ
BfBC

A . (2.58)

Note that the order of the fields and parameters is relevant here. For fermionic fields, the
indices contain spinor indices and one may use the conventions of section A.3.1. Although
the objects may be fermionic or bosonic, you do not see many sign changes. The trick to
avoid most of the signs is to keep objects with contracted indices together. E.g., you see
here the B index of the gauge field next to the B index in the structure constants, and then
the C contracted indices do not have another uncontracted index.
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Covariant derivatives have a term involving the gauge field for every gauge transforma-
tion,

∇µ = ∂µ − δA(hµ
A) , (2.59)

and their commutators are new transformations with as parameters the curvatures:

[∇µ,∇ν ] = −δA(Rµν
A),

Rµν
A = 2∂[µhν]

A + hν
Chµ

BfBC
A , (2.60)

which transform ‘covariantly’ as

δRµν
A = εCRµν

BfBC
A . (2.61)

They satisfy Bianchi identities, which are, with the definition (2.59),

∇[µRνρ]
A = 0 . (2.62)

Exercise 2.7: Check that the first equation of (A.2) corresponds to the above def-
inition for Rµν

ab if we just consider the Lorentz group, i.e. the first equation of
(2.51), and define ωµ

ab as the gauge field of Mab.

3 Gauging spacetime symmetries and the Weyl multi-

plet.

The rules of gauge theories given in section 2.6 are easy. I can start by giving a name to the
gauge fields and parameters for the generators that appeared in section 2.5:

Pa Mab D Ka Ui
j U(1) Q S

ea
µ ωµ

ab bµ fµ
a Vµj

i Aµ ψµ φµ

ξa λab ΛD Λa
K Λj

i ΛA ε η

Note that the table is made for d = 4 and the conventions in d = 4 and d = 5, 6 are different
for the relation between the SU(2) generators and parameters (translating to gauge fields)10:

d = 4 : δ = · · ·+ Λi
jUj

i , d = 5, 6 : δ = · · ·+ ΛijUij . (3.1)

However, these rules do not lead to a suitable theory for spacetime symmetries. There
are several shortcomings if we straightforwardly apply the previous procedure:

1. ωµ
ab should not be an independent field in general relativity. It is a function of ea

µ.

2. General coordinate transformations should appear rather than local translations.

3. The number of bosonic and fermionic components do not match.

10The different normalization of U w.r.t. [30], see footnote 9, implies that Vµ
ij in that paper has to be

replaced by −2Vµ
ij to get the formulae here.
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3.1 Gauge theory of spacetime symmetries

As in superspace, we need constraints to get to the theory that we want. These will be
given in section 3.3. However, there are more conceptual changes necessary. First of all I
will discuss the essential modifications with respect to what was presented in the previous
section.

1. Translations will be replaced by general coordinate transformations (gct). These gct
will have to be distinguished from the other transformations.

2. The structure constants will be replaced by structure functions.

3. The multiplet that gauges the superconformal group contains also fields that are not
gauge fields.

4. Some gauge fields are ‘composite’, i.e. functions of the other fields in the multiplet.

Because of the distinguished role of the gct, we split the range of indices A in the trans-
lations, Pa, and the remaining ones, which are called TI . The gauge field of the former is at
once denoted as eµ

a, i.e. the vielbein. One requires this field to be invertible as a matrix.
The translations are replaced by ‘covariant general coordinate transformations’. These are
by definition [31, 32]

δcgct(ξ) = δgct(ξ)− δI(ξµhµ
I) , (3.2)

a combination of general coordinate transformations and all the non-translation transforma-
tions whose parameter εI is replaced by ξµhµ

I . As we want the final action to be invariant
under general coordinate transformations and under all the transformations labelled by I,
the action should be invariant also under covariant general coordinate transformations.

Further, I make a distinction between ‘gauge fields’ and matter fields. Gauge fields have
a local spacetime index µ. Of course one could change it to an index a by multiplication with
ea

µ, but I consider it in the form hA
µ as a basic field. This basic field may still be composite,

but that is not important at this point. Matter fields have no local spacetime index. The
fundamental difference between gauge fields and matter fields is that the transformation of
matter fields does not involve a derivative of a gauge parameter, while the transformation
of gauge fields have the ∂µε

A term.
I now present the general form of the transformations.

3.1.1 Transformations of the vielbeins

Remark the following expression for gct on gauge fields

δgct(ξ)hµ
A ≡ ξν∂νhµ

A + (∂µξ
ν)hν

A = δB(ξνhν
B)hµ

A − ξνRµν
A . (3.3)

For a covariant general coordinate transformation (cgct) the last term of (3.2) cancels the
first term here, apart from the translation part, i.e. where B takes only the values corre-
sponding to translations. On the vielbeins this gives for the covariant general coordinate
transformation (cgct)

δcgct(ξ)eµ
a = ∂µξ

a + ξbhµ
BfBb

a − ξνRµν(P a) , (3.4)



February 2, 2007 – 09 : 51 DRAFT LectParis 23

where the first two terms are (2.58) for the parameter ε replaced by the translation parameter
ξa, and used for ea

µ as gauge field of translations. At this point, I introduce a first constraint:

Rµν(P a) = 2
(
∂[µ + b[µ

)
ea

ν] + 2ω[µ
abeν]b + ξa(ψµ, ψν) = 0 , (3.5)

where ξa is the function introduced in (2.6). This is the constraint that will imply that ωµ
ab

is a Levi–Civita connection such that for pure gravity the spacetime manifold with metric
gµν = ea

µeνa is torsionless. I will come back to this constraint and its consequences below,
and explain its solution for ωµ

ab in general. With this constraint, the covariant general
coordinate transformation of the vielbein is just its Pa transformation as it would directly
follow from (2.58):

δcgct(ξ)eµ
a = (∂µ + bµ)ξa + ωµ

abξb . (3.6)

I used the explicit expressions of the commutators that are of the form [P, ·] = P .
The other transformations of the vielbein follow straightforwardly from the rule (2.58).

I.e., using the notation ξa(·, ·) from (2.6),

δI(εI)ea
µ = εIhB

µ fBI
a

= −ΛDe
a
µ − λabeµb + ξa(ψµ, ε) ,

d = 4 : ξa(ψµ, ε) = 1
2
ε̄iγaψµi + 1

2
ε̄iγ

aψi
µ ,

d = 5, 6 : ξa(ψµ, ε) = 1
2
ε̄iγaψµi . (3.7)

3.1.2 Transformations of the other gauge fields

For the other gauge fields, I will allow a modification of (2.58), due to the foreseen presence
of matter fields in the multiplet. I consider the following general form of I-type gauge
transformations:

δJ(εJ)hI
µ = ∂µε

I + εJhµ
AfAJ

I + εJMµJ
I

= ∂µε
I + εJhµ

KfKJ
I + εJMµJ

I ,

MaJ
I = MaJ

I + faJ
I . (3.8)

The expression MaJ
I is a function of ‘matter fields’. E.g. for super-Maxwell theories, the

field hI
µ can be the U(1) gauge field Wµ. The multiplet then contains also a ‘gaugino’, Ωi,

which has to appear in the transformation of the gauge vector. This is the term (d = 4)

δQ(ε)Wµ = −1
2
εij ε̄

iγµΩj + h.c. , (3.9)

which is thus of the form of an M -term in (3.8). But also in the Weyl multiplet there will
be several terms like this, involving the extra matter fields of the multiplet. MaJ

I should be
a covariant quantity. I will come back to covariant quantities below, but for now it is any
quantity that does not transform with a derivative. I will come back to this issue below.
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The extra terms determined by faJ
I can be given explicitly:

δI(εI)ψi
µ = . . .+ sdγµη

i with


d = 4 : s4 = −1,
d = 5 : s5 = −i,
d = 6 : s6 = 1.

δI(εI)bµ = . . .+ 2ΛKµ,

δI(εI)ωµ
ab = . . .− 4Λ

[a
Keµ

b] . (3.10)

To determine the sign factors from the algebra, you have to use symmetry properties of the
gamma matrix and charge conjugation.

The covariant general coordinate transformations on the gauge fields are from the defin-
ition (3.2) and the transformations (3.8)

δcgct(ξ)h
I
µ = −ξνRµν

I + ξahJ
µfJa

I − ξνhJ
νMµJ

I

= −ξνR̂µν
I − ξahJ

µMaJ
I . (3.11)

The second term in the first line only occurs for the transformation of the gauge fields of
supersymmetry, dilatations and Lorentz rotations. This is the original Pa transformation
of the gauge field. In the second line appears a new covariant curvature, which takes the
transformations of the gauge fields to matter fields into account. Indeed, the last term of
the first line of (3.8) implies that Rµν

I transforms in the derivative of a parameter, i.e. there
is a term 2∂[µε

JMν]J
I . The modified curvature

R̂µν
I = Rµν

I − 2h[µ
JMν]J

I = rµν
I − 2h[µ

JMν]J
I , (3.12)

does not transform to a derivative of a parameter. In the last expression, I have extracted
all contributions from translations out of the curvatures. So

rµν
I = 2∂[µhν]

I + hν
Khµ

JfJK
I . (3.13)

Exercise 3.1: We saw already the explicit form of the terms that make the difference
between M and M. This should allow you to determine that the only ones where
these play a role are

Rµν(Mab) = rµν(Mab) + 8f[µ
[aeν]

b],

Rµν(D) = rµν(D)− 4f[µ
aeν]a,

Rµν(Q) = rµν(Q) + 2sdγ[µφν] . (3.14)

I have not discussed here how the translations are deformed to these covariant general
coordinate transformations. This, I could do for the vielbein, imposing the constraint (3.5).
However, for the other gauge field this is not a straightforward step. First of all, we cannot
simply put all curvatures equal to zero to use (3.3). This would impose derivative constraints
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on all fields, and thus restrict its dynamics. It could be done for R(P ) because in that case,
this constraint will just determine the spin connection in terms of the vielbein, without
imposing further dynamical constraints. The solution differs for the different gauge fields.
That is the reason why we need the matter fields in the transformations (3.8). An illustration
how these covariant general coordinate transformations do appear in the algebra, rather than
the translations, will be given in section 3.2.2. The modifications that are necessary to get
the covariant general coordinate transformations for the gauge fields of the Weyl multiplet
will be the subject of section 3.3.2.

3.1.3 Transformations of matter fields

Finally there are the matter fields. Their I-type transformations should be ’covariant ex-
pressions’, to which we turn in a moment. The covariant general coordinate transformations,
defined by (3.2), give

δcgct(ξ)φ = ξµ∂µφ− δI(ξµhI
µ)φ . (3.15)

As the parameter of transformations for matter fields by definition appears without a deriv-
ative, I can write

δcgct(ξ)φ = ξµDµφ , Dµφ ≡ ∂µφ− δI(hI
µ)φ . (3.16)

This defines the new covariant derivative. The definition of ∇ in (2.59) leads to a vanish-
ing result when identifying Pµ = ea

µPa with the generator of covariant general coordinate
transformations:

∇µφ = ∂µφ− ea
µPaφ− δI(hI

µ)φ = 0 . (3.17)

Thus on matter fields we have Paφ = Daφ.

3.2 Covariant quantities and covariant derivatives

I already used the word ‘covariant quantity’.
Definition of a covariant quantity. A covariant quantity is a field whose transformation
under any local symmetry has no derivative on a transformation parameter.
In particular, as its general coordinate transformation should not involve a derivative on the
parameter ξµ, it has to be a world scalar.

There are two ways to build new covariant quantities:

1. A covariant derivative on a covariant quantity with its index turned to a tangent
spacetime index:

Daφ = ea
µDµφ . (3.18)

2. Covariant curvatures with their indices turned to tangent spacetime indices:

R̂ab
I = ea

µeb
νR̂µν

I . (3.19)
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The elementary matter fields transform under the symmetries in other covariant quanti-
ties. Let me first warn you that this is not a general property of covariant quantities, as we
will see below. For quantities that do not transform in covariant quantities, the expression
of the covariant derivative is not as in (3.16). Let us first look to covariant quantities that
do transform in covariant quantities. For those we have the theorem
Theorem on covariant derivatives. If a covariant quantity φ transforms only into co-
variant quantities under I-transformations, then its covariant derivative (3.18) with Dµφ
given by (3.16) is a covariant quantity.

In other words, this says that then the covariant general coordinate transformation Pa

gives also a covariant quantity.
The result of this operation depends on whether the algebra is closed on the original

field. Thus we consider a field φ with transformation law and commutator

δI(εI)φ = εIχI ,
[
δI(εI1), δJ(εJ2 )

]
φ = εJ2 ε

I
1

(
fIJ

KχK + fIJ
aDaφ+ ηIJ

)
. (3.20)

The last tensor, ηIJ is the non-closure function. If ηIJ = 0, then the ‘algebra closes’, and
Daφ will transform itself in another covariant quantity. If the algebra does not close, then
Daφ is still a covariant quantity, but its transformation is not.

The same holds for curvatures, which are in fact the generalisation of the covariant
derivatives for gauge fields:
Theorem on covariant curvatures. For a gauge field with transformation law as in (3.8)
where MaJ

I is a covariant quantity, the covariant curvature (3.19), with (3.12) is a covariant
quantity.

I will now first give a proof of the theorem of covariant derivatives, and then discuss
an example of the vector multiplet in 6 dimensions. I will show in there how the covariant
general coordinate indeed needs the seemingly non-covariant last term in (3.11), but how

the theorem on the covariant curvature is realized. R̂µν does not transform to a covariant

quantity, but R̂ab does. These are very difficult calculations, and should show you why these
theorems are so useful, i.e. to avoid that you have to do such manipulations explicitly.
Finally, I will show in examples the ‘easy way’ in which to get results of transformations due
to the theorems.

3.2.1 Proof of theorem on covariant derivatives

This is just some formal calculation, starting from (3.20) and (3.8)

δJ(εJ)Dµφ = εI∂µχI − εJhK
µ fKJ

IχI − εJMµJ
IχI − hI

µδJ(εJ)χI (3.21)

= εI
(
Dµ + δJ(hJ

µ)
)
χI − εJhK

µ fKJ
IχI − εJMµJ

IχI − δJ(εJ)δI(hI
µ)φ .

For the last term, I used the notation in the way it is used in calculating a commutator.
That means, that the first δ(ε) does not act on the hI

µ within the other transformation in
the same way as it is done when one calculates a commutator. Then the other term of the
commutator comes from the term that was introduced to make the difference between ∂µ
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and Dµ. One gets thus a commutator with εI1 replaced by hI
µ and εI2 by εI . Using then (3.20),

I obtain

δJ(εJ)Dµφ = εIDµχI − εJMµJ
IχI + εJhI

µ (fIJ
aDaφ+ ηIJ)

= εIDµχI − εJMµJ
IχI + εJhI

µηIJ +
(
δI(εI)eµ

a − εIeb
µfbI

a
)
Daφ . (3.22)

At the end, I made use of (3.7). The first term in the bracket has an explicit ψµ, but is
cancelled when reverting to the transformation of Daφ:

δJ(εJ)Daφ = εIDaχI − εJMaJ
IχI + εJhI

aηIJ − εIfaI
bDbφ . (3.23)

If ηIJ = 0, the transformation of the derivative is again a covariant quantity. I will come
back to the meaning of the last term in section 3.2.4.

3.2.2 Example of d = 6 vector multiplet

I will use an example to illustrate first the closure of the algebra on gauge fields. In the next
part, section 3.2.3 it is used to show how the transformation of curvatures gives a covariant
result. Finally, in section 3.2.4 it is used to illustrate how to make calculations easily using
the theorems.

The example, the d = 6 vector multiplet, consists of a vector Wµ and a spinor Ωi. The
transformation laws excluding covariant general coordinate transformations are:

δI(εI)Wµ = ∂µα− ε̄γµΩ ,

δI(εI)Ωi =
(

3
2
ΛD − 1

4
γabλab

)
Ωi + ΛijΩj + 1

8
γabF̂abε

i . (3.24)

α is the parameter for the U(1) transformation that Wµ gauges. This U(1) commutes with
all other symmetries. Wµ is thus one of the hI

µ in the general treatment, and comparing with
(3.8), one can identify

Mµ(αi)
U(1) = − (γµΩi)α . (3.25)

(αi) stands here for the combined index indicating a supersymmetry. The i-index is implicit
in the first line of (3.24), as explained in (A.40). This implies that the modified curvature

(which is called F̂µν here) is

F̂µν = Fµν + 2ψ̄[µγν]Ω, Fµν = 2∂[µWν]. (3.26)

Instead of using (3.12), just recognize that derivatives in Fµν have to be completed to co-
variant derivatives.

In the second line of (3.24), the ΛD-term states that Ω has ‘Weyl weight’ 3
2
. I will explain

in section 4.2 how this weight can be easily obtained. The Lorentz transformation is general
for all the spinors. Its form can in fact already be seen from the commutators in (2.51).
Similarly, the SU(2) transformation is general for any doublet. Finally, observe that the

supersymmetry transformation involves F̂ab. This should be such because Ω is a matter
field, and should thus transform to a covariant quantity. In section 3.2.3, I will explain how
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F̂ab is indeed a covariant quantity. But first, I want to comment on the covariant general
coordinate transformations, for which this expression is also necessary.

Following the formulae for covariant general coordinate transformations, one finds from
(3.11)

δcgct(ξ)Wµ = −ξνF̂µν + ξaψ̄µγaΩ

δcgct(ξ)Ω
i = ξaDaΩi , DµΩi = DµΩi − 1

8
ψ̄i

µγ
abF̂ab ,

DµΩi =
(
∂µ − 3

2
bµ + 1

4
γabωµab

)
Ωi − Vµ

ijΩj . (3.27)

I first comment on the last expression. I introduce here also a D for convenience, that
only includes the D, Mab and R-symmetry, i.e. the linearly realized symmetries. That is
convenient as they have a general form, corresponding to the explanations above of the form
of these symmetries. They are also easy to calculate with, as will be illustrated below.

The last term in the first line may look strange, but is necessary for a correct result of
the anticommutator of two supersymmetries. Indeed, consider the exercise of calculating
the commutator of two supersymmetries on Wµ. That should now give a covariant general
coordinate transformation.

δQ(ε1)δQ(ε2)Wµ = −ε̄2γµδQ(ε1)Ω− ε̄2γaΩ δQ(ε1)eµ
a . (3.28)

The first term gives clearly the covariant curvature, and the second one leads to the second
term in the last expression of (3.11).

Exercise 3.2: Check further that one obtains indeed the right coefficient for the
transformations, using (2.6), symmetries using (A.54), Fierz formulae (A.66),
gamma manipulations using (A.60), and (A.18).

3.2.3 Illustration of full calculation of the transformation of a curvature

I will now show that F̂ab is a covariant quantity. I first want to calculate the supersymmetry
transformation of F̂µν . Therefore I need δQψµ. The gauge algebra determines several terms,
and there may be matter terms that we have not discussed yet, and so I leave them arbitrary,
calling them Υµ:

δQψµ = Dµε+ Υµ , Dµε
i ≡

(
∂µ + 1

2
bµ + 1

4
γabωµab

)
εi − Vµ

ijεj . (3.29)

Therefore we have

δQ(ε)F̂µν = −2∂[µ

(
ε̄γν]Ω

)
+ 2(D[µε)γν]Ω + 2Ῡ[µγν]Ω + 2ψ̄[µδQ(ε)

(
γν]Ω

)
. (3.30)

The first ∂µ can be replaced by a curly covariant derivative Dµ, as it acts on a SU(2) scalar,
Lorentz scalar, and D-invariant quantity. To say so, I consider for now the parameter ε as
an SU(2) doublet, Lorentz spinor, and of dilatational weight −1

2
(check that Ω got weight 3

2

and the implicit eν
a has weight −1, see (3.7)). That is implicit in the definition of Dµε

i in
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(3.29). Then we can ‘distribute’ this covariant derivative, and terms with Dµ on ε cancel.
This illustrates the convenience to work with the Dµ derivatives. I am left with

δQ(ε)F̂µν = −2ε̄γ[νDµ]Ω− 2ε̄γaΩD[µeν]
a + 2Ῡ[µγν]Ω− 2δQ(ε)δQ(ψ[µ)Wν] . (3.31)

The writing of the last term is similar to what was done in section(3.2.1), and the following
manipulations are similar to those that I did there. Replacing the first curly derivative by
a full covariant derivative, this can be written as DµΩ = DµΩ + δQ(ψµ)Ω. The latter term
nearly leads to δQ(ψµ)δQ(ε)Wν , apart from that we have to be careful that also the vierbein
transforms in the latter expression. We obtain:

δQ(ε)F̂µν = −2ε̄γ[νDµ]Ω− 2ε̄γaΩD[µeν]
a + 2Ῡ[µγν]Ω

+2
[
δQ(ψ[µ), δQ(ε)

]
Wν] + 2ε̄γaΩδQ(ψ[µ)eν]

a . (3.32)

We already calculated the commutator on Wµ, checking that it gives the covariant general
coordinate transformation. The parameter that we have to use here is, see (2.6)

ξa(ψµ, ε) = 1
2
ε̄γaψµ = δQ(ε)eµ

a . (3.33)

That can be inserted in (3.27) and one can use the constraint (3.5) to obtain

0 = 2D[µeν]
a + ξa(ψµ, ψν) . (3.34)

I leave to you that after further Fierz manipulations as in exercise 3.2, one arrives at

δQ(ε)F̂µν = −2ε̄γ[νDµ]Ω + 2Ῡ[µγν]Ω− 2F̂a[νδQ(ε)eµ]
a . (3.35)

The last term contains an explicit ψµ. It is clear that this is cancelled when calculating the
transformation

δQ(ε)F̂ab = −2ε̄γ[bDa]Ω + 2Ῡ[aγb]Ω . (3.36)

This does not contain any explicit gauge fields. The gauge fields are hidden in the covariant
derivative.

3.2.4 The easy way

This was to show that it works. That was complicated, and I was only looking to a simple
example! However, now comes the good news: once you know the tricks, you never have to
do it. The tricks involve a good use of calculus with covariant quantities. The tricks involve
the knowledge of the following facts:

• Da on a covariant quantity is a covariant quantity, and so is R̂ab.

• The transformation of a covariant quantity does not involve a derivative of a parameter.

• If the algebra closes on the fields, then the transformation of a covariant quantity is a
covariant quantity, i.e. gauge fields only appear either included in covariant derivatives
or in curvatures.
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Let us first consider again the calculation of δF̂ab. The principles imply that this should
be a covariant quantity. First, I consider the definition (3.26). For the transformation of
Fµν = 2∂[µWν], I consider the transformation of Wν , and when taking the ∂µ derivative, I
delete the term where the derivative acts on the parameter, because this has to disappear
in the transformation of a covariant quantity. I also do not have to consider derivatives on
a vielbein. A derivative on any gauge field can only appear as its curvature, but we know
that the curvature for the vierbein has been constrained to zero. So from the variation of
the first term in (3.26) remains only the first term of (3.36), modulo terms that should at
the end disappear. In the transformation of the second term, I should consider only(

δQψ̄[µ

)
γν]Ω . (3.37)

Indeed, if we would act with δQ on the other factors, then a ψµ remains and we know that
these should cancel anyway in the full result. Moreover for the variation of ψµ, as for any
hI

µ gauge field, one can neglect the first and second terms in the second line of (3.8) for the
reasons already mentioned. Thus, the only relevant part of the transformation is M, which
is in our case the Υ-term.

Exercise 3.3: Check that, whatever would be the S-transformation of Ω (here in 6
dimensions it is zero, however the corresponding fermion in 4 and 5 dimensions
has S-supersymmetry transformations), the S-variation of F̂ab is due to (3.10):

δS(η)F̂ab = −2η̄γabΩ . (3.38)

Exercise 3.4: One can even give a general formula for the transformation of curva-
tures, correcting (2.61) for the effects that gauge fields transform with matter-like
terms. To apply the methods explained earlier, the last decomposition in (3.12)
is most useful. Indeed, explicit gauge fields appear only quadratically in rab

I .
You can then determine that

δJ(εJ)R̂ab
I = εJR̂ab

KfKJ
I + 2εJD[aMb]J

I − 2εKM[aK
JMb]J

I . (3.39)

Similarly, the Bianchi identity becomes

D[aR̂bc]
I − 2R̂[ab

JMc]J
I = 0 . (3.40)

Let me now consider again the transformation of a covariant derivative on a covariant
quantity. The exact calculation lead to (3.23).

The first term is the covariantization of the leading term in the transformation of ∂µφ.
The second term, is then the one that arises from the transformation of the gauge fields in

the second term of the definition (3.16). Again, I only have to consider the transformation of
the gauge field itself in that term, as other terms would remain with an explicit gauge term.
And moreover in the transformation of the gauge fields, I only have to consider the terms
M. These terms are thus from a practical point of view the most interesting ones. They
are of two types, see (3.8). The first ones are those from the gauge algebra where the gauge
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field was the vielbein. These are the transformations explicitly given in (3.10). The others
are the matter terms, which we still have to find for each case. For the gauge field in the
vector multiplet, that was the relevant term, which gave its supersymmetry transformation
to the gaugino.

The third term is only in case of non-closure. I will consider below the fermionic field in
the vector multiplet for which there is no closure. Closure could be obtained if I would have
introduced auxiliary fields, but for the didactical value of the example, it is good to consider
the situation without the auxiliary fields.

First, consider the fourth term, that finds its origin in transformations of the vielbein
to the vielbein. These are the first two terms in the explicit expression of (3.7). These two
terms amount to the following. First it implies that the Weyl weight of Daφ is one higher
than that of φ. Second, it implies that the Lorentz transformation of Daφ differs from the
one of φ corresponding to the structure with one extra Lorentz index.

So, finally, consider the gaugino Ωi in the d = 6 vector multiplet. As we have already
calculated the supersymmetry transformation of F̂ab, it is easy to calculate the commutator
of two supersymmetries on the gaugino. I do not take the Υ-term into account, as we do
not know its form yet, and it is independent of the rest. The commutator is

[δQ(ε1), δQ(ε2)] Ωi = −1
2
DcΩ

i ε̄1γ
cε2 + 3

16
γc 6DΩi ε̄1γ

cε2 + 1
96
γcde 6DΩj ε̄

(i
1 γ

cdeε
j)
2 . (3.41)

The first term is the covariant general coordinate transformation. The others are the non-
closure terms. Remark that they are proportional to /DΩ These imply that the supersym-
metry variation of DaΩ is (neglecting again possible extra matter terms in transformations
of gauge fields)

δQ(ε)DaΩi = 1
8
γbcεiDaF̂bc + 3

16
γc 6DΩi ψ̄aγ

cε+ 1
96
γcde 6DΩj ψ̄

(i
a γ

cdeεj) . (3.42)

Thus, in this case the transformation of (the covariant) DaΩ is not a covariant quantity. It
is now not possible to define DbDaΩ such that it does not transform to a derivative of a
gauge field. However, note that one can define it such that at least the antisymmetric part
in [ab] does not transform in a derivative. That is analogous to a curvature. Also on a gauge
field we cannot define a covariant generalisation of ∂(µWν). The covariant D[bDa] should just
have extra factors 1

2
for every term in which there are two gauge fields. Also that is similar

to a curvature:

D[bDa]Ω
i = ∂[bDa]Ω

i − 1
8
γcdψi

[bDa]F̂cd − 3
32
γc 6DΩi ψ̄aγ

cψb − 1
192
γcde 6DΩj ψ̄

(i
a γ

cdeψ
j)
b . (3.43)

But these are objects that one seldom needs.

3.3 Curvature constraints and their consequences

3.3.1 Consequences of the constraint on R(P )

I mentioned already one constraint: (3.5), the vanishing of the P a curvature. You see
immediately why this constraint can be imposed. Concerning representation content, it is a
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vector times an antisymmetric tensor, and the same holds for the spin connection ωµ
ab. So,

one can solve it for this spin connection. That is why the constraint is called a ‘conventional
constraint’. Moreover, that is what I was looking for, see the first item of the list of three
shortcomings in the beginning of this chapter. So, from now on, we have

ωµ
ab = ωµ

ab(e) + 2eµ
[abb] − ξ[a(ψµ, ψ

b])− 1
2
ξµ(ψa, ψb) , (3.44)

where ωµ
ab(e) is the usual expression of the spin connection, see (A.4), obtained by the

antisymmetric part of (A.3), which is a simplification of the above constraint without bµ and
gravitinos. The second term can be understood from the special conformal invariance, see
(3.10). The third contribution is already known from pure supergravity [33, 34, 35].

In fact, let me make a remark that, so far, the whole discussion is not specific for conformal
supergravity. All the expressions would hold also for gauging Poincaré supergravity (apart
from the fact that you should delete the bµ-terms, . . . ).

The constraint is not invariant under all the symmetries. Consider its transformation,
using my ‘easy method’. The terms quadratic in the gravitino do not play a role in the
variation, as they will always leave a naked gravitino behind. Thus we should only consider
the variations of the vielbein in the derivative. According to (3.7), this involves only ∂e,

i.e. Rab(P ), and ∂ψ, i.e. R̂ab(Q). The former are zero, so there remains only a variation in

R̂ab(Q):

δI(εI)Rab(P
c) = ξc

(
R̂ab(Q), ε

)
. (3.45)

One may think of two solutions. The first one is to put R̂ab(Q) = 0. However, in the

expression for R̂ab(Q) there is no field that is a spinor–antisymmetric tensor. Thus this would
not be a conventional constraint. It would already impose differential constraints on fields,
which is not what I want at this point. The second solution is easier. As ωµ

ab is now defined
by the vanishing of Rab(P ), its transformations can be defined by its expression in terms of
the other fields. Another way to say so, is that δωµ

ab has extra terms to compensate for the
previous noninvariance of Rab(P ). The result has the same structure as the solution (3.44):

δextraωµ
ab = ξ[a(R̂µ

b](Q), ε) + 1
2
ξµ(R̂ab(Q), ε) . (3.46)

This has to be seen as the additional M -term in (3.8).
A final consequence of the constraint can be seen from the Bianchi identity ∇[µRνρ](P

a).
This equation contains terms with Rµν(P a), which are thus vanishing now, but also some
covariantization terms that involve other curvatures multiplied with gauge fields. Some of
these terms involve the gravitino, but in other terms the gauge field is the vielbein. E.g.
there is the term ea

[µR̂νρ](D). Once, I change all indices to tangent spacetime indices, then

this is a relation between covariant quantities, e.g. R̂ab(D) and terms with gauge fields. But
then all explicit gauge fields should disappear when I write everything in terms of covariant
quantities. Therefore, finally I only have to consider the terms where the gauge field is the
vielbein, and covariantize the curvatures. The only terms are then (Bianchi identity for
R(P d), with [µνρ] turned to [abc])

− δ[a
dR̂bc](D) + R̂[ab(Mc]

d) = 0 . (3.47)
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So far, this is independent of supersymmetry or even of the conformal group. In fact, the
last identity, without R(D) would then be the well-known equation that the M -curvature
antisymmetrized in 3 indices is zero. Multiplying (3.47) with δd

a gives that the contracted
M -curvature, i.e. the Ricci tensor, is symmetric if there is no Rab(D):

(2− d)R̂ab(D) = 2R̂d[a(Mb]
d) . (3.48)

Exercise 3.5: The M -curvature can be calculated directly by taking the derivative
of (3.44). As the final result has to be covariant, we can drop all other terms, and
restrict to the ∂ω term, where the derivative acts either on ω(e) or on bµ. This

leads to a direct relation expressing R̂µν(Mab) in the covariantization of ∂ω(e),

and R̂µν . Check that in this terminology, (3.47) implies that the former part
satisfies the cyclic identity R[µνρ]

σ = 0 and leads to a symmetric Ricci tensor.

Extra comment. One can define the affine connection Γρ
µν by a similar constraint as (3.5),

but now symmetric in (µν):(
∂(µ + b(µ

)
ea

ν) − Γρ
µνe

a
ρ + ω[µ

abeν]b = 0 . (3.49)

Then one has a covariantly constant vielbein in the sense that

Dµe
a
ν = (∂µ + bµ) ea

ν − Γρ
µνe

a
ρ + ωµ

abeνb + 1
2
ξa(ψµ, ψν) = 0 . (3.50)

Including the affine connection Γρ
µν in covariant derivatives, we can use these covariant

derivatives also on objects with local indices µ, ν, . . ..

3.3.2 Other constraints

Now that we have seen the procedure how ωµ
ab became dependent, you may consider whether

this can be done for other gauge fields in the same way. If we look for the smallest possible
multiplet, then we should use this procedure for all the gauge fields that we can algebraically
solve. The clue is given in (3.14). Indeed, that equation shows which gauge fields appear
‘linearly’ in the curvatures, in the sense that they are multiplied by a vielbein. This shows
that we may choose constraints that determine fµ

a and φµ. This looks rather convenient.
Indeed, fµ

a would without such a constraint already appear in bosonic conformal gravity,
while we do not know this field in the physical conformal gravity. At first it looks that we can
define it either from a constraint on the dilatational or on the Lorentz curvature. But (3.48)

implies that R̂(D) is a function of R̂(M), so that we can restrict ourselves to the Lorentz
curvature. To be able to eliminate fµ

a completely, the constraint should be a general d× d
matrix. Therefore the constraint should look like

R̂ac(M
bc) + Ca

b = 0 , (3.51)
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where Ca
c may be any covariant function that is independent of fµ

a. Similarly, there can be
a third constraint that determines φµ from a constraint of the form

γbR̂(Q)ba + ρa = 0 , (3.52)

where ρa is a covariant spinor-vector.
I go now again through the consequences of these constraints. First, the purpose was

to define the gauge fields. Let me repeat the names of the various covariantizations of
curvatures (and introduce meanwhile another one: R̂′):

rµν
I = 2∂[µhν]

I + hν
Khµ

JfJK
I ,

RI
µν = rµν

I − 2h[µ
Jfν]J

I ,

R̂µν
I = Rµν

I − 2h[µ
JMν]J

I = rµν
I − 2h[µ

JMν]J
I ,

R̂′µν
I = rµν

I − 2h[µ
JMν]J

I = R̂µν
I + 2h[µ

Jfν]J
I . (3.53)

Furthermore, as a completion of the Ricci tensor, see (A.2), I define

Rµν = R̂′ρµ(Mab)ea
ρeνb , R = Rµ

µ . (3.54)

The solution is

2(d− 2)fµ
a = −Rµ

a − Cµ
a +

1

2(d− 1)
eµ

a
(
R+ Cb

b
)
,

sd(d− 2)φa = γbR̂′ab(Q)− ρa −
1

2(d− 1)
γa

(
γbcR̂′bc(Q)− γbρb

)
. (3.55)

There are the same type of consequences as for the first constraint. The transformation
law of the fields fµ

a and φµ get extra matter-like contributions. I assume that the extra C
and ρ terms in the constraints are taken with the same Lorentz structure, SU(2) structure,
dilatational and U(1) weight as the curvature term. Then the constraints break only super-
symmetry. In general, this can be as well Q as S supersymmetry. The exact rules depend
on the transformations of the matter terms in the constraint. The simplicity of the result,
e.g. invariance of the constraint under S-transformations may even be an argument for the
choice of the matter terms in the constraints.

The K transformations of these constraints vanish due to the constraint on Rµν(P ), at
least when the extra matter fields do not transform under K. Indeed, this will not be the
case due to a Weyl-weight related argument that I will give in section 3.5.1.

Furthermore, there are relations between the curvatures. Those give relations for the S
and K curvatures. The explicit form depends on the matter sector.

3.4 Conformal invariant actions

Let us now illustrate the construction of a conformal invariant action by looking at a scalar
sigma model without supersymmetry. We have thus a manifold with scalars φi. The metric
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gij defines the Levi-Civita connection Γk
ij. We assume that there is a closed homothetic

Killing vector as in (2.30), which allows to define the conformal symmetry of the scalars.
We have the gauge fields associated to the generators of the conformal group: eµ

a associated
to the translations Pa, ωµ

ab associated to Lorentz transformations Mab, bµ associated to the
dilatations D, and finally fµ

a associated to the special conformal transformations Ka. There
are no other fields, and the transformation laws of the gauge fields under local dilatations
(parameter λD), and special conformal transformations (parameter ΛKa) follow directly from
(2.58):

δφi = ki
DλD ,

δeµ
a = −λDeµ

a, δeµ
a = λDe

µ
a,

δωµ
ab = −4Λ

[a
Ke

b]
µ ,

δbµ = ∂µλD + 2ΛKµ

δfµ
a = λDfµ

a + ∂µΛK
a , (3.56)

where as usual, eµ
a is the inverse of eµ

a./
The covariant derivative for the scalars is thus

Dµφ
i = ∂µφ

i − bµk
i
D , Daφ

i = eµ
aDµφ

i . (3.57)

This leads to

δDaφ
i = λD

[
Daφ

i + (∂jk
i
D)Daφ

j
]
− 2ΛKak

i
D = λD

[
(w + 1)Daφ

i − kk
DΓi

jkDaφ
j
]
− 2ΛKak

i
D .

(3.58)
The second covariant derivative is therefore

DaD
aφi = ∂aD

aφi + 2fa
ak

i − ba
[
(w + 1)Daφ

i − kkΓi
jkDaφ

j
]

+ eµaωµa
bDbφ

i . (3.59)

The covariant box is
2cφi = DaDaφ

i + Γi
jkDaφ

jDaφk . (3.60)

One checks
δK2cφi = 2Λa

K(d− 2− 2w)Daφ
i . (3.61)

For the action, one starts with

e−1L =
1

2
gijDaφ

iDaφj − 1

w
fa

a gijk
i
Dk

j
D . (3.62)

Both terms on the right-hand side scale under dilatations separately with a factor 2(w+ 1),
while the left-hand side scales with weight d. So it is consistent under the same condition

w = 1
2
(d− 2) , (3.63)

which keeps the conformal box also K-invariant. The K transformations of the action give

e−1δKL = −2Λa
Kk

i
DgijDaφ

j − 1

w
(∂aΛa

K) gijk
i
Dk

j
D = − 1

w
∂a

(
Λa

Kgijk
i
Dk

j
D

)
, (3.64)
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where one uses that
∂a(gijk

i
Dk

j
D) = 2wki

Dgij∂aφ
j . (3.65)

One also checks that
δ

δφi

∫
ddL = −gij2

cφj . (3.66)

There are no C-terms in the constraint that determines fa
µ , and thus (3.55) simplifies to

fa
a = − 1

4(d− 1)
R . (3.67)

We now just write R, rather than R to indicate that there are no further corrections to
the usual bosonic scalar curvature of the metric. Therefore, the Lagrangian (with negative
kinetic terms for the scalars) is

e−1L =
1

2
gijDaφ

iDaφj +
1

2(d− 1)(d− 2)
Rgijk

i
Dk

j
D . (3.68)

In flat space, ki = wφi and we obtain

e−1L =
1

2
gijDaφ

iDaφj +
d− 2

8(d− 1)
Rgijφ

iφj . (3.69)

This is, for d = 4 the result that we started from in the example to show the strategy of the
conformal method, see (2.10).

3.5 The Standard Weyl multiplets

So far, the third problem that was mentioned in the beginning of this chapter has not been
considered. The number of bosonic and fermionic components of the independent gauge
fields do not match. I will make the count below. The fact that the numbers do not
match also implies that the supersymmetry algebra cannot give rise to invertible coordinate
transformations. Indeed, so far I gave you general forms for the covariant general coordinate
transformations and for the other gauge transformations, but nothing guarantees that super-
symmetries anticommute to the covariant general coordinate transformations. The matter
terms M in the transformations of the gauge fields should be chosen appropriately to ob-
tain the right anticommutator. They should be functions of new matter fields. The general
argument says that the algebra can only be satisfied if the number of bosonic and fermionic
components match. (A detailed explanation of this theorem is in appendix B of [36].

3.5.1 Matter fields completing the Weyl multiplet

How do we have to count the number of components? The argument says that in a set of
states on which the algebra {Q,Q} = P is valid, with P invertible, there have to be an equal
number of bosonic as fermionic states. E.g., in table 1, we considered ‘on-shell counting ’, i.e.
only physical states were considered. When we further consider an ‘on-shell representation’,
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i.e. one for which the algebra works only when the equations of motion are satisfied, then the
equality should hold for such states. But here I want more. I want the algebra to be realized
without use of equations of motion. Indeed, the ‘Weyl multiplet’ that we are constructing
should still be independent of equations of motion. It should be used for many different
actions. Therefore I will consider ‘off-shell counting ’. Thus I consider the algebra before
using equations of motion.

To do so, one must realize that the algebra is not just {Q,Q} = P . In the anticommutator
of supersymmetries appear also gauge transformations. We can restrict to {Q,Q} = P if
these can be deleted. Thus the argument about equal number of bosonic and fermionic states
is only correct up to gauge transformations. Thus we should subtract the gauge degrees of
freedom in order to perform on-shell counting11.

So, I can start the counting. First consider the bosonic fields related to the conformal
group. The spin connection and K-gauge fields are dependent, so I should not consider
them. There remain thus the vielbein and bµ, the gauge field of dilatations, that is d2 + d
fields. But there are gauge degrees of freedom for the whole conformal group SO(2, d), i.e.
(d+2)(d+1)/2. Therefore this leaves d(d−1)/2−1 degrees of freedom. For the R symmetry
group. The gauge fields are 4d fields for SU(2)×U(1), i.e. 4 dimensions, and 3d for d = 5 or 6
when the gauge group is SU(2), however, the gauge invariance reduces it to 4(d−1) = 12 for
d = 4 and 3(d− 1) for d = 5, 6. On the fermionic side, the gauge fields for S supersymmetry
are dependent fields, so there are only the 8d gravitino components, which transform under
Q and S supersymmetry, leaving 8(d−2) components. In any case, the count does not work
(see table 3).

Exercise 3.6: Check that for N = 1 in 4 dimensions, the count would be 8 + 8,
thus one does not need any extra fields. You have to know that the R-symmetry
group is then U(1).

A solution is presented in table 3. It involves an antisymmetric tensor T , with two indices
in 4 dimensions (Tab, you may take it antiselfdual, but then it is complex) [37], with two
or three indices in 5 dimensions (these are dual to each other) [29], or an anti-self-dual real
tensor in 6 dimensions [30]. Further there is a real scalar D and a fermion doublet χi.

The solution is not unique and the arguments to obtain it are not so obvious. The
first one of this nature was obtained in 4 dimensions from splitting a linearized Poincaré
multiplet [38, 39, 40] that was found before.

One way of constructing the set of fields is to make use of supercurrents. One considers
a multiplet that has rigid superconformal symmetry, and considers the fields that couple to
the Noether currents. This method has been used in various cases, see [5, 41, 42, 43, 44, 29].
We will not go into this subject any further here.

For the transformation laws, one can first consider all terms that are allowed from Lorentz
structure, SU(2) structure, and most of all Weyl weight. The latter is a strong restriction,
especially for the K and S transformations, which have a negative Weyl weight in the sense

11General coordinate transformations are also local gauge transformations, that are more general than
fixed translations. Indeed, the argument on equal numbers of bosons holds already for rigid supersymmetry.
So the general coordinate - equivalent states should also be subtracted.
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Table 3: Number of components in the fields of the standard Weyl multiplet. The columns
d = 4, 5, 6 indicate the number of components of the fields in the first column with gauge
transformations subtracted. The next columns contain the Weyl weight, the chiral weight
(only for d = 4, where it means that the transformation under U(1) is δφ = icφΛA), and the
chirality for the fermions for even dimension. Note that for d = 4, changing the position of
the index changes the chirality, while in 6 dimensions the chirality is generic. Finally, we
indicate the symmetry for which it is a gauge field, and possibly other gauge transformations
that have been used to reduce its number of degrees of freedom in this counting.

d = 4 d = 5 d = 6 w c γ5/γ7 gauge transf. subtracted

eµ
a 5 9 14 −1 0 P a Mab, D

bµ compensating Ka 0 0 D Ka

ωµ
ab composite 0 0 Mab

fµ
a composite 1 0 Ka

Vµi
j 9 12 15 0 0 SU(2)

Aµ 3 0 0 U(1)
ψµ

i 16 24 32 −1
2
−1

2
+ Qi Si

φµ
i composite +1

2
−1

2
− Si

T−ab, T
−
abc 6 10 10 1 −1

D 1 1 1 2 0

χi 8 8 8 3
2
−1

2
+

TOTAL 24 + 24 32 + 32 40 + 40
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that in order to be in accordance with the commutation relations (2.51), a transformation
δφ = χaΛa

K can only occur of χa has a Weyl weight that is 1 lower than that of φ (formally
consider therefore ΛK to be of Weyl weight 1). The transformations are supposed to be
local. That implies that one can only encounter covariant derivatives on the fields that are
in the table. We saw already in section 3.2.4 that the covariant derivative increases the Weyl
weight with one. Curvatures have Weyl weight two higher than that of the corresponding
gauge field (due to the fact that we have to change to indices [ab]). The covariant object
of lowest Weyl weight is thus the antisymmetric tensor T . Due to the Lorentz structure it
cannot appear in δKD, the object with highest Weyl weight (the terms MaK

J should have
Weyl weight one lower than the one of the corresponding gauge field).

Continuing the analysis this way, one finds all possible terms, and then one has to check
the algebra to determine coefficients. One more subtlety that appears at this time is that
the algebra may be modified from the pure group-theoretical one by structure functions
depending on the matter fields. One only has to demand that the same commutators are
realized on all fields.

The resulting algebra is called a ‘soft algebra’, meaning that the structure constants are
replaced by structure functions XXX ref. Sohnius XXX. These structure functions depend
on the fields of the Weyl multiplet.

The algebra that we obtain here should afterwards be imposed for all matter multiplets,
apart from possibly additional transformations under which the fields of the Weyl multiplets
do not transform, and possibly field equations if these matter multiplets are on-shell.

I present here the solutions with the fields mentioned in table 3, which are called the
‘Standard Weyl multiplets’. For 5 and 6 dimensions alternative versions for Weyl multiplets
have been constructed [30, 29], which differ from the above ones in the choice of auxiliary
fields (fields below the double line in table 3). These multiplets contain a dilaton auxiliary
field and are therefore called the ’Dilaton Weyl multiplets’. The analogue in d = 4 is probably
the ‘new’ multiplet that is mentioned in section 4.4 of [45].
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3.5.2 d = 4

Here is the result for the Q and S supersymmetry transformations for d = 4. First for the
independent gauge fields:

δQ,S(ε, η)eµ
a = 1

2
ε̄iγaψµi + h.c. ,

δQ,S(ε, η)bµ = 1
2
ε̄iφµi − 1

2
η̄iψµi

−3
8
ε̄iγµχi + h.c. ,

δQ,S(ε, η)Aµ = 1
2
iε̄iφµi + 1

2
iη̄iψµi

+3
8
iε̄iγµχi + h.c. ,

δQ,S(ε, η)Vµ i
j = −ε̄iφj

µ − η̄iψ
j
µ

+3
4
ε̄iγµχ

j − (h.c. ; traceless) ,

δQ,S(ε, η)ψi
µ =

(
∂µ + 1

2
bµ + 1

4
γabωµab + 1

2
iAµ

)
εi + Vµ

i
jε

j

− 1
16
γ · T−εijγµεj − γµη

i ,

δQ,S(ε, η)T−ab = 2ε̄iR̂ab(Q)jεij ,

δQ,S(ε, η)χi = − 1
24
γ · /DT−εijεj − 1

6
R̂j

i · γεj − 1
6
iR̂(A) · γεi + 1

2
D εi + 1

12
γ · T−εijηj ,

δQ,S(ε, η)D = 1
2
ε̄i /Dχi + h.c. , (3.70)

where R̂j
i is the SU(2) curvature, R(A) the U(1) curvature, and γ · R = γabRab. The

notation Ai
j − (h.c. ; traceless) stands for Ai

j −Aj
i − 1

2
δj

i(Ak
k −Ak

k). For the gauge fields,
the first line represents the original gauge transformations, and the second line are the terms
that were symbolically represented by M. Observe the covariance of these terms and the
transformations of the matter terms.

The dependent fields are defined by the constraints

0 = Ra
µν(P ) ,

0 = γbR̂ba(Q)i + 3
2
γaχ

i ,

0 = R̂ac(M
bc) + i

˜̂
Ra

b(A) + 1
4
T−caT

+bc + 3
2
δa

bD . (3.71)

The terms that could appear in these constraints are fixed by compatibility with Weyl
weights (thus that we do not want to modify the dilatational transformations), and the
coefficients are chosen such that they are invariant under S-supersymmetry, avoiding extra
S-transformations for the constrained fields. Observe, however, that this is a choice for
convenience, which is even not necessary possible (it is not possible in d = 5 [29] or for (2, 0)
in d = 6 [44]). In principle all constraints of the form (3.51) and (3.52) are equivalent up to
field redefinitions. I present the transformations of the constrained fields in 3 lines: first the
original transformations, then the M -transformations determined by the non-invariance of
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the constraints, and finally terms that represent modified structure functions:

δQ,S(ε, η)ωµ
ab = 1

2
ε̄iγabφµi + 1

2
η̄iγabψµi

−3
8
ε̄iγµγ

abχi − 1
2
ε̄iγµR̂

ab(Q)i

−1
4
ε̄iT+abεijψ

j
µ + h.c. ,

δQ,S(ε, η)fa
µ = 1

2
η̄iγaφµi

− 3
16
eµ

aε̄i /Dχi + 1
4
ε̄iγµDbR̂

ba(Q)i

−1
8
ε̄iψj

µDbT
+baεij − 3

16
ε̄iγaψµiD + h.c. ,

δQ,S(ε, η)φi
µ =

(
∂µ − 1

2
bµ + 1

4
γabωµab + 1

2
iAµ

)
ηi + Vµ

i
jη

j − fa
µγaε

i

− 1
32
/DT− · γγµε

ijεj − 1
8
R̂j

i · γγµε
j + 1

8
iR̂(A) · γγµε

i

+3
8

[
(χ̄jγ

aεj)γaψ
i
µ − (χ̄jγ

aψj
µ)γaε

i
]
. (3.72)

These third lines thus show that the commutator between two supersymmetries got modified.
The new commutator is

[δQ(ε1), δQ(ε2)] = δcgct (ξa
3) + δM

(
λab

3

)
+ δK (Λa

3K) + δS
(
ηi

3

)
, (3.73)

where the associated parameters are given by the following expressions:

ξa
3 = 1

2
ε̄i2γ

aε1i + h.c. ,

λab
3 = 1

4
ε̄i1ε

j
2 T

+abεij + h.c. ,

Λa
3K = 1

8
ε̄i1ε

j
2DbT

+baεij + 3
16
ε̄i2γ

aε1iD + h.c. ,

ηi
3 = 3

4
ε̄i[1ε

j
2] χj . (3.74)

These extra terms can become important in applications where they can give rise to central
charges if the fields appearing in the structure functions get non-zero vacuum expectation
values. We will see that in the presence of vector multiplets, there appear extra terms of a
similar nature involving the matter scalars of the vector multiplet.
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3.5.3 d = 5

The Q- and S-supersymmetry transformation laws of the independent fields using again the
same splitting in two lines for gauge terms and matter terms12

δQ,S(ε, η)eµ
a = 1

2
ε̄γaψµ ,

δQ,S(ε, η)bµ = 1
2
iε̄φµ + 1

2
iη̄ψµ

−2ε̄γµχ ,

δQ,S(ε, η)Vµ
ij = −3

2
iε̄(iφj)

µ + 3
2
iη̄(iψj)

µ

+4ε̄(iγµχ
j) + iε̄(iγabTabψ

j)
µ ,

δQ,S(ε, η)ψi
µ = ∂µε

i + 1
2
bµε

i + 1
4
ωab

µ γabε
i − V ij

µ εj − iγµη
i

+iγabTabγµε
i ,

δQ,S(ε, η)Tab = 1
2
iε̄γabχ− 3

32
iε̄R̂ab(Q) ,

δQ,S(ε, η)χi = 1
4
εiD − 1

64
γabR̂ij

ab(V )εj + 1
8
iγab /DTabε

i − 1
8
iγaDbTabε

i −
−1

4
γabcdTabTcdε

i + 1
6
T 2εi + 1

4
γabTabη

i ,

δQ,S(ε, η)D = ε̄ /Dχ− 5
3
iε̄γabTabχ− iη̄χ . (3.75)

In 5 dimensions, not much simplifications are possible by taking appropriate C in (3.51) or
ρ in (3.52), so that we just took the constraints [29]

Ra
µν(P ) = 0 , γbR̂ba(Q)i = 0 , R̂ac(M

bc) = 0 . (3.76)

The full commutator of two supersymmetry transformations is

[δQ(ε1), δQ(ε2)] = δcgct(ξ
µ
3 ) + δM(λab

3 ) + δS(η3) + δU(λij
3 ) + δK(Λa

K3) . (3.77)

The covariant general coordinate transformations have been defined in (3.2). The parameters
appearing in (3.77) are

ξµ
3 = 1

2
ε̄2γµε1 ,

λab
3 = −iε̄2γ

[aγcdTcdγ
b]ε1 ,

λij
3 = iε̄

(i
2 γ

abTabε
j)
1 ,

ηi
3 = −9

4
i ε̄2ε1χ

i + 7
4
i ε̄2γcε1γ

cχi +

+1
4
i ε̄

(i
2 γcdε

j)
1

(
γcdχj + 1

4
R̂cd

j(Q)
)
,

Λa
K3 = −1

2
ε̄2γ

aε1D + 1
96
ε̄i2γ

abcεj1R̂bcij(V ) +

+ 1
12

iε̄2
(
−5γabcdDbTcd + 9DbT

ba
)
ε1 +

+ε̄2
(
γabcdeTbcTde − 4γcTcdT

ad + 2
3
γaT 2

)
ε1 . (3.78)

12For δχ the split in two lines is accidental due to the length of the expression.



February 2, 2007 – 09 : 51 DRAFT LectParis 43

For the Q,S commutators we find the following algebra:

[δS(η), δQ(ε)] = δD(1
2
iε̄η) + δM(1

2
iε̄γabη) + δU(−3

2
iε̄(iηj)) + δK(Λa

3K) ,

[δS(η1), δS(η2)] = δK(1
2
η̄2γ

aη1) , (3.79)

with
Λa

3K = 1
6
ε̄
(
γbcTbcγa − 1

2
γaγ

bcTbc

)
η . (3.80)

For practical purposes (see how to calculate transformations of covariant derivatives), it
is useful to give the extra parts of the transformation laws of dependent gauge fields, i.e.
the parts denoted by MµJ

I in (3.8). These are (for the gauge field of special conformal
transformations we suffice by giving the transformation of the trace, as this is what one
often needs):

δQ,S(ε, η)ωµ
ab = · · · − 1

2
ε̄γ[aR̂µ

b](Q)− 1
4
ε̄γµR̂

ab(Q)− 4eµ
[aε̄γb]χ ,

δQ,S(ε, η)φi
µ = · · · − 1

12
i
{
γabγµ − 1

2
γµγ

ab
}
R̂ab

i
j(V )εj +

+1
3

[
/DγabTabγµ −Dµγ

abTab + γµγ
cDaTac

]
εi +

+i
[
−γµ(γabTab)

2 + 4γcTµ
cγabTab + 16γcT

cdTµd − 4γµT
2
]
εi +

+1
3
i
(
8γbTµb − γµγ · T

)
ηi ,

δS(η)fa
a = −5iη̄χ, (3.81)

with γ · T = γabTab and T 2 = T abTab. Note that there are other terms determined by the
algebra. E.g. the λab

3 expression in (3.78) implies that the supersymmetry transformation of
the spin connection contains a term

δQ(ε)ωµ
ab = · · · − iε̄γ[aγcdTcdγ

b]ψµ . (3.82)

3.5.4 d = 6

The transformation laws of the independent fields are

δQ,S(ε, η)eµ
a = 1

2
ε̄γaψµ ,

δQ,S(ε, η)bµ = −1
2
ε̄φµ + 1

2
η̄ψµ

− 1
24
ε̄γµχ ,

δQ,S(ε, η)Vµ
ij = 2ε̄(iφj)

µ + 2η̄(iψj)
µ

+1
6
ε̄(iγµχ

j) ,

δQ,S(ε, η)ψi
µ =

(
∂µ + 1

2
bµ + 1

4
γabωµab

)
εi + Vµ

i
jε

j

+ 1
24
γ · T−γµε

i + γµη
i ,

δQ,S(ε, η)T−abc = − 1
32
ε̄γdeγabcR̂de(Q)− 7

96
ε̄γabcχ ,

δQ,S(ε, η)χi = +1
8
(Dµγ · T−)γµεi − 3

8
R̂ij(V ) · γεj + 1

4
D εi + 1

2
γ · T−ηi ,

δQ,S(ε, η)D = ε̄i /Dχi − 2η̄χ , (3.83)
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where γ · T ≡ γabcTabc, . . ..
The constraints that we took in 6 dimensions are:

0 = Ra
µν(P ) ,

0 = γbR̂ba(Q)i + 1
6
γaχ

i ,

0 = R̂ac(M
bc)− T−acdT

−bcd + 1
12
δa

bD . (3.84)

The last equation contains a sign correction13 to the equation in [30].
The transformations of the dependent gauge fields ωµ

ab and φi
µ contain as covariant terms

(terms not determined by the algebra)

δQ(ε)ωµ
ab = · · · − 1

2
ε̄γ[aR̂µ

b](Q)− 1
4
ε̄γµR̂

ab(Q)− 1
12
eµ

[aε̄γb]χ ,

δQ(ε)φi
µ = · · ·+ 1

32

{
γabγµ − 1

2
γµγ

ab
}
R̂ab

i
j(V )εj +

− 1
96

(
/DγabcT−abcγµ

)
εi . (3.85)

In this case there are no extra S-supersymmetry transformations.
The algebra is only modified in the anticommutator of two Q-supersymmetries:

[δQ(ε1), δQ(ε2)] = δcgct

(
1
2
ε̄2γµε1

)
+ δM

(
1
2
ε̄2γcε1T

− abc
)

+δS
(

1
24
γaχ

iε̄2γ
aε1
)

+ δK
(
−1

8
ε̄2γbε1

(
DcT

− abc + 1
12
ηabD

))
. (3.86)

Again, this implies that the transformations of gauge fields contain extra terms as e.g. there
is in the transformation of the spin connection +1

2
ε̄γcψµT

− abc.

4 Matter multiplets

Our general strategy has been explained in section 2.3. In a first subsection we will expand on
this using the better knowledge that we have now on the conformal group and its gauge fields.
Then we can introduce various matter multiplets. First we explain their transformations
under all the symmetries, and then we discuss actions.

4.1 Example in bosonic case

In section 2.3, we already outlined the general idea of the superconformal construction for
actions with only super-Poincaré invariance. At that time, we had not yet explained the
gauging of the conformal algebra. Now we can be more precise. For this example, we
will still restrict to the bosonic case. Consider a scalar field φ with Weyl weight w. Its
superconformal covariant derivative is thus

Dµφ = (∂µ − wbµ)φ . (4.1)

13I thank T. Kugo for this correction.
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The transformation of the covariant derivative Daφ can be easily obtained from the simple
method. One takes into account (3.10) to find that there is a K transformation. The
transformation law of a covariant derivative determines the covariant box

2
Cφ ≡ ηabDbDaφ = eaµ

(
∂µDaφ− (w + 1)bµDaφ+ ωµ abD

bφ+ 2wfµaφ
)

= e−1 (∂µ − (w + 2− d)bµ) egµν (∂ν − wbν)φ− w

2(d− 1)
Rφ. (4.2)

I use here the constraint (3.55) (without matter for the pure bosonic case). The last term
is the well-known R/6 term in d = 4. In fact, choosing w = d

2
− 1, one has a conformal

invariant scalar action

S =

∫
ddx eφ2

Cφ . (4.3)

Exercise 4.1: Show that
∫

ddx eDaφD
aφ is not a special conformal invariant. How-

ever, 2φ is invariant under K iff w = d
2
− 1.

Consider now that we want a Poincaré invariant action. Then we have to break dilata-
tions and special conformal transformations, as these are not part of the Poincaré algebra.
Considering (3.10), it is clear that the latter can be broken by a gauge choice

K − gauge : bµ = 0 . (4.4)

Therefore, of the ‘Weyl multiplet’ (the multiplet of fields with the gauge fields of the con-
formal algebra), only the vielbein remains. One could take as gauge choice for dilatations a
fixed value of a scalar φ. One easily checks that then the action (4.3) reduces to the Poincaré
gravity action.

I can schematically summarize this procedure in the following diagram:

Weyl multiplet: eµ
a, bµ

+

matter field: φ

↓ gauge fixing KaD

Poincaré gravity eµ
a . (4.5)

The field φ is called a compensating field.
XXX Stress that I do not construct the conformal action for gravity
XXX Explain that gauge fixing is equivalent to redefinitions.

4.2 Conformal properties of the multiplets.

We have defined the Weyl multiplet, and the algebra, which depends for part on the fields of
the Weyl multiplet, is fixed for what concerns the superconformal transformations. We will
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see below that extra terms with gauge transformations of extra vectors or antisymmetric ten-
sors may still appear. The fields of the Weyl multiplet are inert under these transformations,
and these extra transformations do therefore not modify the previous results.

All fields in ‘matter multiplets’ will now have to obey the same algebra. A first step is
to define their transformations under the bosonic symmetries. General coordinate transfor-
mations XXX Lorentz rotations XXX Weyl transformations. Usually,

δD(ΛD)φ = wΛDφ . (4.6)

R-symmetry, see indices for SU(2), and for U(1) (complex XXX)

δA(ΛA)φ = icΛAφ . (4.7)

The number w is called the Weyl weight and c the chiral weight.
In the previous chapter, the Weyl multiplet is constructed, which is the background for

the matter multiplets. Other multiplets should now transform in the representation of the
‘soft group’ defined by the Weyl multiplet. As I have already mentioned, a gauge vector
multiplet may modify this structure. The commutator of the supersymmetries can still be
modified by a gauge transformation that depends on fields of this vector multiplet. For
this structure to make sense, the algebra of the Weyl multiplet had to close without using
an equation of motion. A matter multiplet may now be introduced whose algebra closes
only modulo equations of motion. However, consider now the situation that there is matter
transforming in a representation of a Yang–Mills group. Then, in order to define the matter
multiplet in the background of the Yang–Mills multiplet, the latter has to be well defined
off-shell. Therefore we will have to start with the vector multiplet.

4.2.1 Vector multiplets

The vector multiplet for d = 6 has already been introduced in section 3.2.2. The transfor-
mations are given in (3.24). Later, it was shown in (3.41) that the supersymmetry transfor-
mations do not close. The solution is well-known. The 5 bosonic components of the gauge
vector, and the 8 components of the spinor, need an SU(2)-triplet of real scalars, Y (ij). This
will appear in the transformation law of the fermion. As an example, I will determine here
its transformation law, using principles that can be used in general.

In general, it is useful to consider first the Weyl weights of the fields. I will give here
also the argument for the weight 3

2
of the gaugino. The starting point is the vector. It

is a gauge vector that gauges a U(1) group, commuting with the supersymmetry algebra.
The superconformal group is complete as it is given, and all other transformations have
to commute with it. Indeed, all extra transformations beyond those in the superconformal
algebra commute with the latter14. This implies that formally the parameters have to be
considered as Weyl weight 0. (In principle parameters do not transform, but the commutators
of symmetries can be stated in these terms). Consider then the transformation δWµ = ∂µα.

14There may still be a field-dependent correction of commutators of the superconformal algebra that
involve other transformations, that are similar to central charges as we will see below.
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Table 4: Fields in some superconformal matter multiplets. I indicate for each dimension
the Weyl weight (and for d = 4 chiral weight), the number of real degrees of freedom, the
SU(2) representations, which is the same in any dimension, and the chirality for d = 4 and
d = 6. For each multiplet I give first the bosonic fields, and then the fermionic fields (below
the line).

d = 4 d = 5 d = 6

field w c # field w # field w # SU(2) γ5/γ7

Off-shell vector multiplet
X 1 −1 2 σ 1 1 1
Wµ 0 0 3 Aµ 0 4 Wµ 0 5 1
Yij 2 0 3 Yij 3 3 Yij 3 3 3
Ωi 3/2 −1/2 8 ψi 3/2 8 Ωi 3/2 8 2 +

On-shell tensor multiplet
Bµν 0 3 Bµν 0 3 1
φ 1 1 σ 2 1 1
λi 3/2 4 ψi 5/2 4 2

On-shell hypermultiplet
qX 1 0 4 qX 3/2 4 qX 2 4 2
ζA 3/2 −1/2 4 ζA 2 4 ζA 5/2 4 1 +

Off-shell chiral multiplet
A w −w 2 1
Bij w + 1 −w + 1 6 3
G−ab w + 1 −w + 1 6 1
C w + 2 −w + 2 2 1
Ψi w + 1

2
−w + 1

2
8 2 +

Λi w + 3
2
−w + 3

2
8 2 −

Off-shell linear multiplet
Lij 2 0 3 Lij 3 3 Lij 4 3 3
Ea 3 0 3 Ea 4 4 Ea 5 5 1
G 3 1 2 N 4 1 1
ϕi 5/2 −1/2 8 ϕi 7/2 8 ϕi 9/2 8 2 −
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This implies that Wµ has Weyl weight 0. The same argument holds in fact for any gauge
field, or gauge two-form, . . . . The the curvature Fab has Weyl weight 2, due to the vielbeins
involved in Fab = ea

µeb
νFµν . As I have explained, these are the covariant quantities that

should appear in the transformations of other matter fields. the supersymmetry parameter ε
should be considered to be of Weyl weight −1

2
, as its gauge field ψµ. Thus the supersymmetry

transformation of the gaugino to the field strength of the gauge field determines that the
conformal weight of Ω is indeed 3

2
.

Exercise 4.2: Determine the same result from the transformation of the gauge field
to the gaugino.

The only way in which we can involve the auxiliary field Y ij in the transformation is
with an extra term δΩi = Y ijεj. The auxiliary field should then be of Weyl weight 2. In its
supersymmetry transformation law can appear a covariant fermionic object of Weyl weight 5

2
.

This is consistent with a transformation to the covariant derivative of the gaugino, in order
to cancel (3.41). The full transformation laws are

δWµ = ∂µα− ε̄γµΩ ,

δΩi =
(

3
2
ΛD − 1

4
γabλab

)
Ωi + ΛijΩj + 1

8
γabF̂abε

i − 1
2
Y ijεj

δY ij = 2ΛDY
ij + 2Λk(iY j)

k − ε̄(i /DΩj) + 2η̄(iΩj) . (4.8)

The final term is the only S-transformation that can occur consistent with Weyl weights.
Its coefficient has to be fixed from calculating the [δQ(ε), δQ(η)] commutator on the gaugino.
One can check that the extra terms from Y ij cancel the non-closure terms (3.41).

Exercise 4.3: Check that all the transformation laws determine (and are consistent
with) Ω to be a left-chiral spinor, in accordance with table 1.

Consider now the vector multiplet in 4 dimensions. It could be obtained from dimensional
reduction of this one in 6 dimensions. As mentioned already in section 2.2, it has then a
complex scalar. These are the fourth and fifth components of the vector of 6 dimensions. To
get the right behaviour of gauge and general coordinate transformations, one has to consider
the vector with tangent spacetime indices to consider the reduction (see [12, 13] and the
lectures of C. Pope XXX in this school). ea

µWµ has Weyl weight 1, and this is therefore the
Weyl weight of the complex scalar X that appears here.

There is even more. Remember that the covariant general coordinate transformations
contain a linear combination of all gauge symmetries. That involves also the gauge trans-
formation of the vector. Thus in the commutator of two supersymmetry transformations is
a term ε̄2γ

µε1Wµ. When reduced to 4 dimensions, some components of Wµ are replaced by
the scalars X. This is the origin of a new term in the supersymmetry commutator involving
structure functions depending on the scalars. Before giving the supersymmetry transforma-
tions, I have to translate the reality of the triplet Yij in appropriate notation for 4 dimensions.
In 6 dimensions the reality is Y = Y ∗ = σ2Y

Cσ2. It is in the form with Y C that we have to
translate it, thus giving rise to

Yij = εikεj`Y
k` , Y ij = (Yij)

∗ . (4.9)
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I will introduce here at once the vector multiplet in a non-Abelian group.15 Note that I
will use the index I from now on to enumerate the vector multiplets, and thus the generators
of the non-Abelian algebra that can be gauged. I hope that this does not lead to confusion
with the index I that was used so far to denote all the generators including supersymmetry,
. . . as it was done in section 3.

The transformations under dilatations and chiral U(1) transformations follow from ta-
ble 4, with the general rules (4.6) and (4.7). The supersymmetry (Q and S), and the gauge
transformations with parameter α of the multiplet in 4 dimensions are

δXI = 1
2
ε̄iΩI

i − gαJXKfJK
I ,

δΩI
i = /DXIεi + 1

4
γabF I−

ab εijε
j + 1

2
Y I

ijε
j + gXJX̄KfJK

Iεijε
j

+2XIηi − gαJΩK
i fJK

I ,

δW I
µ = 1

2
εij ε̄iγµΩI

j + εij ε̄iψµjX
I + h.c.+ ∂µα

I − gαJWK
µ fJK

I ,

δY I
ij = ε̄(i /DΩI

j) + εikεj`ε̄
(k /DΩ`)I + 2gεk(i

(
ε̄j)X

JΩkK − ε̄kX̄JΩj)K

)
fJK

I

−gαIY K
ij fJK

I , (4.10)

where
F I−

ab ≡ F̂ I−
ab − 1

2
X̄IT−ab. (4.11)

In the latter expression, the F̂ is covariant with the new structure functions, as dictated by
definitions given in section 3. Indeed, the second term of the transformation of the vector
reflects the presence of the new term in the commutator of two supersymmetries, modifying
(3.73)

[δQ(ε1), δQ(ε2)] = δP (ξa(ε1, ε2)) + δM
(
λab(ε1, ε2)

)
+ δK (Λa

K(ε1, ε2)) + δS (η(ε1, ε2))

+δG
(
αI(ε1, ε2) = εij ε̄2iε1jX

I + h.c.
)
, (4.12)

where δG is the gauge transformation that I announced before.

Exercise 4.4: Check that this leads to the form of F̂µν
I as given below in (4.83).

For the tensor calculus that is used to construct actions for the vector multiplet, it is
important to note that a vector multiplet is a constrained chiral multiplet.

4.2.2 Chiral multiplet

A multiplet corresponds to a superfield. It can be constrained or unconstrained. A superfield
can be real or chiral, or carry a Lorentz representation, or be in a non-trivial representations
of the SU(2) automorphism group, ... . A chiral superfield is e.g. a superfield that is a
Lorentz scalar, complex, and satisfies the constraint that one chiral superspace derivative is
zero.

15To be in accordance with common practice here, I denote the complex conjugates of the scalar fields by
X̄ rather than X∗.
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All that can be directly translated in components. A multiplet is defined by its ‘low-
est’ component. In superconformal language, ‘lowest’ is with respect to the Weyl weight.
Without the superconformal group, one may refer to engineering dimensions. That lowest
component may be a scalar, or any other representation. For a chiral multiplet it is a com-
plex scalar. An unconstrained multiplet would mean that I allow the lowest component to
transform in arbitrary spinors. Then the transformations of these arbitrary spinors can have
arbitrary expressions containing new fields, as long as it is consistent with the algebra. See
e.g. section 3.1 of [46] for the example of N = 1 chiral multiplets, and section 2.2 of [47] for
N = 2.

A chiral superfield is then the restriction that the lowest (complex) component (A) trans-
forms with only the left supersymmetry:

δQ(ε)A = 1
2
ε̄iΨi . (4.13)

Thus the transformation does not contain εi, the right-chiral component. Imposing the rigid
supersymmetry algebra leads to the following general expressions:

δQ(ε)A = 1
2
ε̄iΨi ,

δQ(ε)Ψi = ∂/Aεi + 1
2
Bijε

j + 1
4
γabG

−abεijε
j ,

δQ(ε)Bij = ε̄(i∂/Ψj) − ε̄kΛ(iεj)k ,

δQ(ε)G−ab = 1
4
εij ε̄i∂/γabΨi + 1

4
ε̄iγabΛi ,

δQ(ε)Λi = −1
4
γabG−ab

←
∂/ εi − 1

2
∂/Bijε

jkεk + 1
2
Cεijε

j ,

δQ(ε)C = −εij ε̄i∂/Λj . (4.14)

You can count that this is a 16 + 16 multiplet counted as real components. In fact, it is
reducible. This can be seen by that one can impose the following conditions:

Bij − εikεj`B
k` = 0 ,

∂/Ψi − εijΛj = 0 ,

∂b(G
+ab −G−ab) = 0 ,

C − 2∂a∂
aĀ = 0 , (4.15)

where Bk` is, as usual, defined by the complex conjugate of Bk`, and similarly G+ is the
complex conjugate of G−, and thus self-dual as G− is antiselfdual. These constraints are
consistent in the sense that a supersymmetry variation of one of them leads to the other
equations, and this is a complete set in that sense. The third equation is a Bianchi identity
that can be solved by interpreting Gab as the field strength of a vector. The independent
components are then those of the vector multiplet, identifying

X = A , Ωi = Ψi , Fab = Gab , Yij = Bij . (4.16)

You can identify the linear part of (4.10) with the transformations of the vector multiplet.
Now, I want to define all this in the full superconformal algebra.
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To define the chiral multiplet in the conformal algebra, one first allows an arbitrary
Weyl weight for A, say that this is w. Then you may allow a general S-supersymmetry
transformation for Ψi, and consistency with the Weyl weights imposes that this should be
proportional to A. Imposing the {Q,S} algebra immediately shows that the chiral U(1)
weight of A should be related to its Weyl weight. In fact, to avoid the εi terms in this
anticommutator, one should define that under dilatations and U(1),

δD,U(1)(ΛD,ΛA)A = w (ΛD − iΛA)A . (4.17)

You may then determine the same transformations for the other fields from compatibility
with the supersymmetries, and you obtain

δD,U(1)(ΛD,ΛA)Ψi =
(
(w + 1

2
)ΛD + i(−w + 1

2
)ΛA

)
Ψi ,

δD,U(1)(ΛD,ΛA)Bij = ((w + 1)ΛD + i(−w + 1)ΛA)Bij ,

δD,U(1)(ΛD,ΛA)G−ab = ((w + 1)ΛD + i(−w + 1)ΛA)G−ab ,

δD,U(1)(ΛD,ΛA)Λi =
(
(w + 3

2
)ΛD + i(−w + 3

2
)ΛA

)
Λi ,

δD,U(1)(ΛD,ΛA)C = ((w + 2)ΛD + i(−w + 2)ΛA)C . (4.18)

To complete the superconformal multiplet, one has to add S-transformations, and there
are non-linear transformations involving the matter fields of the Weyl multiplet χi and Tab,
necessary in order to represent the anticommutators (3.73). The full result was found in [48]:

δQ,S(ε, η)A = 1
2
ε̄iΨi ,

δQ,S(ε, η)Ψi = /DAεi + 1
2
Bijε

j + 1
4
γ ·G−εijε

j + 2wAηi ,

δQ,S(ε, η)Bij = ε̄(i /DΨj) − ε̄kΛ(iεj)k + 2(1− w)η̄(iΨj) ,

δQ,S(ε, η)G−ab = 1
4
εij ε̄i /DγabΨj + 1

4
ε̄iγabΛi − 1

2
εij(1 + w)η̄iγabΨj ,

δQ,S(ε, η)Λi = −1
4
γ ·G−

←
/D εi − 1

2
/DBijεkε

jk + 1
2
Cεjεij

−1
8
( /DA)T · γ)εi − 1

8
wA( /DT ) · γεi − 3

4
(χ̄[iγaΨj])γ

aεkε
jk

−(1 + w)Bijε
jkηk + 1

2
(1− w)γ ·G−ηi ,

δQ,S(ε, η)C = −εij ε̄i /DΛj − 3ε̄iχjBk`ε
ikεj`

+1
8
(w − 1)ε̄iγ · T

←
/D Ψjε

ij + 1
8
ε̄iγ · T /DΨjε

ij + 2wεij η̄iΛj . (4.19)

The constraints (4.15) are, however, not consistent with any choice of w. E.g. the first
constraint, is a reality condition, and it is easy to check that this is only consistent if the
chiral weight of Bij is zero. This fixes w = 1. That is the appropriate value also to interpret
Gab as a covariant field strength. The full constraints are

0 = Bij − εikεjlB
kl ,

0 = /DΨi − εijΛj ,

0 = Da(G+
ab −G−ab + 1

2
ATab − 1

2
ĀTab)− 3

4
(εijχ̄iγbΨj − h.c.) ,

0 = −22Ā− 1
2
G+

µνT
µν − 3χ̄iΨ

i − C . (4.20)
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Note that the Bianchi identity shows the shift between the pure covariant field strength and
the G. Compare this with (4.11).

The chiral multiplet is so useful because the upper component is a scalar. In the rigid
supersymmetry case, it transforms to a total derivative. Therefore it can serve as an action.
That action corresponds in superspace to taking the full chiral superspace integral of the
chiral superfield. In order to do so in the superconformal context, one has to think of an
action of the form

I =

∫
d4x eC + . . .+ h.c. . (4.21)

The Weyl weight of the determinant of the vielbein is −4, so C should have Weyl weight 4.
It should also have chiral weight 0. Both these requirements lead to a chiral multiplet with
w = 2. The + . . . in (4.21) are terms that should change the transformation of C that is
covariant, i.e. ε̄ /DΛ to a total derivative. So these terms contain explicit gauge fields. The
full expression has been obtained in [48].

4.2.3 Hypermultiplets

Hypermultiplets are defined in the background of the Weyl multiplet and possibly also in
the background of the vector multiplet. The latter is the case if one considers hypermulti-
plets that transform non-trivially under the gauge transformations of the vector multiplets.
Auxiliary fields to close the algebra (in the sense explained before that ‘open’ means closed
including the trivial symmetries) exist for the simplest quaternionic manifolds, or can be
introduced if one uses the methods of harmonic superspace. However, we can avoid this.
We do not need auxiliary fields any more at this point. This is because the hypermultiplets
are at the end of the hierarchy line. We are not going to introduce any further multiplet
in the background of the hypermultiplets, as these do not introduce new gauge symmetries.
When we considered the vector multiplets, the construction had to take into account that
the multiplets can be used for various possible actions (including hypermultiplets or not).

The algebra thus closes only modulo ‘equations of motion’. The closure of the super-
symmetry algebra will impose equations that we will interpret as equations of motion, even
though we have not defined an action yet. Later we will see how an action can be constructed
that gives precisely these equations as Euler-Lagrange equations.

Rigid transformations in 5 dimensions. We start with 4r scalar fields and 2r spinors.
The scalars are denoted by qX with X = 1, . . . , 4r and the spinors by ζA with A = 1, . . . , 2r.
We use the formulation in 5 dimensions, and first for rigid supersymmetry. For details on
spinor properties and our conventions, we refer to [29]. We consider general transformations
for the scalars under the two supersymmetries with parameters εi, i = 1, 2:

δQ(ε)qX = −iε̄iζAfX
iA(q) , (4.22)

where the ‘vielbeins’ fX
iA(q) satisfy a reality condition

ρABEij(f
X
jB)∗ = fX

iA , (4.23)
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defined by matrices Eij and ρAB that satisfy

E E∗ = −1l2 , ρ ρ∗ = −1l2r . (4.24)

One may choose a standard antisymmetric form for ρ and identify E with ε by a choice
of basis. The transformations on variables with an A index are by the reality condition
restricted to G`(r,H) = SU∗(2r)× U(1).

To realize the supersymmetry algebra (2.5) on the scalars we need the supersymmetry
transformation of the fermions ζA. They should therefore be of the form

δQ(ε)ζA = 1
2
i/∂qXf iA

X (q)εi − ζBωXB
A(q)

[
δ(ε)qX

]
, (4.25)

where the f that appear here have indices in opposite position as in (4.22), indicating that
they are the inverse matrices as 4r × 4r matrices

f iA
Y fX

iA = δY
X , f iA

X fX
jB = δj

iδB
A . (4.26)

The last term in the fermion transformation is necessary to cancel the variation of the f
coefficients in the commutator on qX . This leads to an integrability condition:

DY f
X
iA ≡ ∂Y f

X
iA − ωY A

B(q)fX
iB + ΓX

Y Z(q)fZ
iA = 0,

DY f
iA
X ≡ ∂Y f

iA
X + f iB

X ωY B
A(q)− ΓZ

Y X(q)f iA
Z = 0, (4.27)

where ΓX
ZY (q) = ΓX

Y Z(q) is any symmetric function of the scalars. We will identify these
equations as expressing a covariant constancy of the vielbeins.

This can then be interpreted geometrically. ωXB
A(q) are seen as gauge fields for the

G`(r,Q). Obviously, we can interpret ΓX
Y Z(q) as an affine connection. Also complex struc-

tures can be defined as (using vector sign for the three complex structures and using the
three sigma matrices)

~JX
Y ≡ −if iA

X ~σi
jfY

jA ⇒ JX
Y

i
j ≡ i ~JX

Y · ~σi
j = 2f jA

X fY
iA − δi

jδX
Y . . (4.28)

The complex structures satisfy, due to (4.26), the quaternion algebra (using here for conve-
nience indices x, y, z instead of the vector sign)

JxJy = −1l4rδ
xy + εxyzJz . (4.29)

This defines the space of the scalars to be a hypercomplex manifold. To get more insight in
their structure, we consider the integrability equation of (4.27), i.e. acting on it with another
derivative and antisymmetrizing. This equation involves the curvature of the manifold as
defined by the connection ΓXY

Z and the G`(r,H) curvature

RXY Z
W ≡ 2∂[XΓY ]Z

W + 2ΓV [X
W ΓY ]Z

V ,

RXY B
A ≡ 2∂[XωY ]B

A + 2ω[X|C|
AωY ]B

C . (4.30)
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The integrability conditions relate these two, and they are further determined by one tensor
WABC

D, symmetric in the lower indices (for details on the derivations, see appendix B in
[49])

RXY W
Z = fZ

iAf
iB
W RXY B

A

RXY B
A = −1

2
f iC

X f jD
Y εijWCDB

A, RXY W
Z = −1

2
fAi

X εijf
jB
Y fkC

W fZ
kDWABC

D. (4.31)

Exercise 4.5: Show that the previous formulae lead also to

RXY B
AfX

iCf
Y
jD = −1

2
εijWBCD

A or WBCD
A ≡ 1

2
εijfX

jBf
Y
iCf

Z
kDf

kA
W RXY Z

W .
(4.32)

The conclusion so far is that imposing the supersymmetry transformations on the bosons
lead to the identification of a hypercomplex manifold parametrized by these bosons qX .
The structure is determined by vielbeins f iA

X and connections ωXA
B and ΓZ

XY (the latter
symmetric in its lower indices) such that (4.26) and (4.27) are satisfied. This leads to the
identification of complex structures as in (4.28) and the curvature tensor (4.31).

Algebra on the fermions One can then check that with the given transformations and
identities (4.26) and (4.27) the supersymmetry algebra on the fermions closes according to
(2.5) modulo terms proportional to

ΓA ≡ /DζA +
1

2
WBCD

AζB ζ̄CζD, Dµζ
A ≡ ∂µζ

A + (∂µq
X)ζBωXB

A. (4.33)

There are more terms if the fields transform under the gauge group of a vector multiplet,
see [49]. Putting this equal to zero (demanding an on-shell algebra) gives an equation of
motion for the fermions. The supersymmetry transformation of this equation gives then also
an equation of motion for the bosons. As announced before, we thus have already physical
equations despite the absence of an action.

Intermezzo: Reparametrizations and covariant quantities. We could now wonder
in how far the parametrization of the scalars and the fermions has been important. There are
thus two kinds of reparametrizations. The first ones are the target space diffeomorphisms,
qX → q̃X(q), under which fX

iA transforms as a vector, ωXA
B as a one-form, and ΓXY

Z as
a connection. The second set are the reparametrizations which act on the tangent space
indices A,B, . . .. On the fermions, they act as

ζA → ζ̃A(q) = ζBUB
A(q) , (4.34)

where UA
B(q) is an invertible matrix, and the reality conditions impose U∗ = ρ−1Uρ, defining

G`(r,H). In general, such a transformation brings us into a basis where the fermions depend
on the scalars qX . In this sense, the hypermultiplet is written in a special basis where qX
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and ζA are independent fields. The supersymmetry transformation rules (4.22) and (4.25)
are covariant under (4.34) if we transform f iA

X (q) as a vector and ωXA
B as a connection,

ωXA
B → ω̃XA

B = [(∂XU
−1)U + U−1ωXU ]A

B . (4.35)

These considerations lead us to define the covariant variation of vectors with indices in the
tangent space, as ζA, or a quantity ∆X with coordinate indices:

δ̂ζA ≡ δζA + ζBωXB
AδqX , δ̂∆X = δ∆X + ∆Y ΓY Z

XδqZ , (4.36)

for any transformation δ (as e.g. supersymmetry, conformal transformations,. . . ).
Two models related by either target space diffeomorphisms or fermion reparametrizations

of the form (4.34) are equivalent; they are different coordinate descriptions of the same
system. Thus, in a covariant formalism, the fermions can be functions of the scalars. The
expression ∂Xζ

A makes only sense if one compares different bases. But in the same way also
the expression ζBωXB

A makes only sense if one compares different bases, as the connection
has no absolute value. The only covariant object is the covariant derivative

DXζ
A ≡ ∂Xζ

A + ζBωXB
A . (4.37)

The covariant transformations are also a useful tool to calculate any transformation on e.g.
a quantity WA(q)ζA:

δ
(
WA(q)ζA

)
= ∂X

(
WAζ

A
)
δqX +WA δζ

A
∣∣
q

= DX

(
WAζ

A
)
δqX +WA

(
δ̂ζA −DXζ

AδqX
)

= (DXWA) δqXζA +WA δ̂ζ
A . (4.38)

We will frequently use the covariant transformations (4.36).

Boson field equations. By varying the equations of motion of the fermions under super-
symmetry, we derive the corresponding equations of motion for the scalar fields:

δ̂(ε)ΓA =
1

2
if iA

X εi∆
X , (4.39)

where

∆X = 2qX − 1

2
ζ̄Bγaζ

D∂aqY f iC
Y fX

iAWBCD
A − 1

4
DYWBCD

Aζ̄EζDζ̄CζBf iY
E fX

iA , (4.40)

and the covariant laplacian is given by

2qX = ∂a∂
aqX +

(
∂aq

Y
) (
∂aqZ

)
ΓY Z

X . (4.41)

The equations of motion (4.33) and (4.40). These form a multiplet, as (4.39) has the
counterpart

δ̂(ε)∆X = −iε̄i /DΓAfX
iA + 2iε̄iΓB ζ̄CζDfY

BiRX
Y CD , (4.42)

where the covariant derivative of ΓA is defined similar to (4.33).
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Superconformal. To allow the generalization to superconformal couplings, the essential
question is whether the manifold has dilatational symmetry. This means, according to (2.30)
that there is a ‘closed homothetic Killing vector’ [50]. The dilatations act as16

δD(ΛD)qX = ΛDk
X
D (q), (4.43)

where kX
D satisfies (we generalize here already to d dimensions, as the modifications involve

only a normalization factor)

DY k
X
D ≡ ∂Y k

X
D + ΓX

Y Zk
Z
D =

d− 2

2
δY

X . (4.44)

The presence of this vector allows one to extend the transformations of rigid supersymmetry
to the superconformal group [50, 51, 49], with e.g. transformations under the SU(2) R-
symmetry group:

δSU(2)(~Λ)qX = ~Λ · ~kX =
2

d− 2
~Λ · kY

D
~JY

X . (4.45)

On a flat manifold, where D = ∂, the fields qX have Weyl weight 1. In general, one can
introduce the sections

AiA = kX
Df

iA
X . (4.46)

These transform under dilatations as

δ̂D(ΛD)AiA =
(
∂XA

iA − ωXB
AAiB

)
δD(ΛD)qX =

d− 2

2
ΛDA

iA . (4.47)

They thus scale under dilatations as most of the fields we are used to with just a factor
(weight), which is here (d− 2)/2. E.g. in 5 dimensions, its transformation laws are

δ̂AiB =
3

2
f iB

X δqX = −3

2
iε̄iζB +

3

2
ΛDA

iB − Λi
jA

jB. (4.48)

We can then derive the other (super)conformal transformations using the algebra. The
special conformal transformations on qX and ζA vanish, apart from the induced parts as
follows from (2.24). These implicit K-transformations imply e.g. that δK(ΛK)/∂qX 6= 0. The
algebra gives then for the S-supersymmetry [again apart from the implicit ones in ε(x)]

δS(ηi)ζA = −kX
Df

iA
X ηi . (4.49)

The bosonic conformal symmetries act as

δ̂Dζ
A =

d− 1

2
ΛDζ

A , δ̂SU(2)ζ
A = 0 . (4.50)

16Note that we give here only the intrinsic part of the dilatations, i.e. the ΛD term in (2.24), and not the
part included in the general coordinate transformation ξµ(x). Similarly for special conformal transformations,
we will write here only the intrinsic part represented as (kµφ) in that equation.
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Isometries and coupling to vector multiplets. So far the multiplet was defined with-
out a gauge group. Having in mind couplings to vector multiplets, one has to define the
multiplet in the algebra including the vector multiplet with its gauge transformations. To do
so, we first have to consider which transformations are possible. One may consider general
transformations

δG(α)qX = −g αIkI
X(q), (4.51)

where g is the coupling constant and the kI
X(q) parametrize the transformations. When we

have a metric, these vectors should be Killing vectors. As we have not discussed a metric
yet, we could define here some generalization of symmetries, but we just refer the interested
reader to [49]. The transformations constitute an algebra with structure constants fIJ

K ,

kI
Y ∂Y kJ

X − kJ
Y ∂Y kI

X = −fIJ
K kK

X . (4.52)

These Killing vectors should respect the hypercomplex structure. This is the requirement
vanishing of the commutator of DY k

X
I with the complex structures:(

DXk
Y
I

)
~JY

Z = ~JX
Y
(
DY k

Z
I

)
. (4.53)

Extracting affine connections from this equation, it can be written as(
LkI

~J
)

X

Y ≡ kZ
I ∂Z

~JX
Y − ∂Zk

Y
I
~JX

Z + ∂Xk
Z
I
~JZ

Y = 0 . (4.54)

The left-hand side is the Lie derivative of the complex structure in the direction of the vector
kI . Note that these equations will be modified for quaternionic-Kähler manifolds. In that
case, this is even not any more an independent equation, but follows from the fact that it is
a Killing vector for a metric of a quaternionic-Kähler manifold. for hyper-Kähler manifolds,
however, this is an extra constraint.

To define the transformations on the spinors one needs the matrix

tIA
B =

1

2
fY

iADY k
X
I f

iB
X . (4.55)

The transformation of the fermions is then in 5 dimensions

δ̂G(α)ζA = −gαItIB
A(q)ζB. (4.56)

To illustrate the concept of the background of vector multiplets and Weyl multiplet for
the hypermultiplet, we can give the full forms of (4.25), when the isometry with index I is
coupled to the gauge symmetry of the vector field with index I:

δQ(ε)ζA = 1
2
i /DqXf iA

X (q)εi−ζBωXB
A(q)

[
δ(ε)qX

]
+

1

3
γabTabk

Xf iA
X εi+

√
3

8κ2
hIkX

I f
iA
X εi , (4.57)

where Tab is one of the auxiliary fields of the Weyl multiplet, and this term is thus absent in
rigid supersymmetry. The covariant derivative includes now a term AI

µk
X
I .
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To 4 dimensions. In [52] it has been discussed how to translate the d = 5 results to a
convenient d = 4 formulation. We consider the same bosonic fields qX . The reduction to
4 dimensions is only nontrivial for the fermionic sector. It leads again to 2r spinors, whose
right-handed part is ζA, with A = 1, . . . , 2r and the left-handed ones (C-conjugates of the
former) are ζA. See the details in the appendix A.4. Thus, in absence of an SU(2) index on
these spinors, the chirality is indicated by the fact that it has the index A up or down. One
can start again by allowing arbitrary transformations for the scalars, and transformations of
the spinors to derivatives of the scalars and deduce again the conditions on quantities that
appear in these transformations. We would arrive again at (4.26) and (4.27). But as we
have already done all the work for d = 5 (for which in fact the formalism is easier) we can
also translate the results from what we already know.

We are lucky that the notations are compatible for bosonic quantities. The nontrivial
issue here is that in 4 dimensions we raise and lower indices by complex conjugation, while
in 5 dimensions we used the raising and lowering by means of the matrices ρAB and ρAB.
For the fermionic part we need some translation rules. Using as in appendix A.4 a tilde for
the 5-dimensional spinors, we have

ζA = PLζ̃
A , ζA = PRζ̃

BρBA = PRζ̃A ,

εi = PLε̃
i , εi = PRε̃

jεji = PRε̃i . (4.58)

This leads in 4 dimensions to17

δQ(ε)qX = −ifX
iAε̄

iζA + ifXiAε̄iζA,

δQ(ε)ζA = 1
2
if iA

X
/∂qXεi − ζBωXB

AδQ(ε)qX ,

δQ(ε)ζA = −1
2
ifXiA/∂q

Xεi + ζBωXA
BδQ(ε)qX . (4.59)

We use here the notation18

fXiA ≡ εijρABfX
jB = (fX

iA)∗. (4.60)

Remark how charge conjugation changes the position of SU(2) indices i and USp indices A,
but leaves the index X referring to the real scalar coordinates invariant. The object ωXA

B is,
however, ‘imaginary’ under this conjugation [see (A.31)], which leads to the sign difference
between the last terms of the supersymmetry variations of the chiral and antichiral fermions.

Some formulae for the fermions differ because of the chiral notations. We obtain the
supersymmetry algebra

[δQ(ε1), δQ(ε2)] ζ
A = ξµ∂µζ

A − 1
2
εijρABΓB ε̄1iε2j + 1

2
γµε̄

i
[1γ

µε2]iΓ
A , (4.61)

17Remark that a Majorana conjugated spinor of five dimensions gets due to (A.68) an extra factor γ5 in
4 dimensions.

18Note that this notation is different from [49, 53] where CAB , the matrix introduced in (4.87), is used
for raising and lowering symplectic indices. The conventions differ only for the case of non-positive definite
metrics. The convention that we take here is more appropriate for 4 dimensions as it allows us to keep the
rule that charge conjugation raises and lowers indices.
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with ξµ as in (2.6). The fermion field equation is now

ΓA ≡ /DζA − 1
2
WBC

DAζDζ̄
BζC ,

ΓA ≡ /DζA − 1
2
WBC

DAζ̄BζCζ
D , (4.62)

where e.g. WBC
DA = ρDEWBCE

A and WBC
DA is its complex conjugate, and the translation

for the field equation from d = 5 (tildes here) to d = 4 goes with

ΓA = PRΓ̃A , ΓA = PLΓ̃BρBA = PLΓ̃A . (4.63)

Exercise 4.6: Derive these expressions from (4.33) using the projections as defined
in (A.69) and (A.70). To translate ζ̄CζD from 5 dimensions to 4, one has to split
it in the two chiralities. Furthermore, one has to use that the charge conjugation
matrices differ by a factor γ5, and finally that Fierz identities in 4 dimensions
[see (A.64)] imply that the symmetric part ζ(B ζ̄CζD) vanishes.

Also the treatment of symmetries can be taken over from 5 dimensions. For the conformal
symmetries, we have to consider also the U(1) in the superconformal group. The scalars are
inert under this transformation, while the fermions have

δ̂Dζ
A = 3

2
ζA,

δ̂U(1)ζ
A = 1

2
iζA,

δ̂SU(2)ζ
A = 0. (4.64)

4.2.4 Tensor multiplet in d = 4

The tensor multiplet in d = 4 dimensions was obtained in [54]. We can immediately give
now the transformation rules in the background of conformal supergravity:

δLij =ε̄(iϕj) + εikεjl ε̄
(kϕl) ,

δϕi = 1
2
/DLij εj + 1

2
εij /̂E

I
εj − 1

2
Gεi + 2Lij ηj ,

δG =− ε̄i /Dϕ
i − ε̄i(3L

ij χj − 1
8
γabT+

abϕjε
ijεij) + 2η̄iϕ

i ,

δEµν =1
2
iε̄iγµνϕ

j εij − 1
2
iε̄iγµνϕj ε

ij + iLijε
jk ε̄iγ[µψν]k − iLijεjk ε̄iγ[µψν]

k .

(4.65)

Obviously, the result in rigid supersymmetry is the above one where the fields of the Weyl
multiplet, T and ψµ, has been put equal to zero, and the covariant derivatives are replaced
by ordinary derivatives.

A first step in building actions from this multiplet has been set in [54], but more appli-
cations can be found in [55].
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4.3 Construction of the superconformal actions.

We have now the building stones to proceed to constructions of general actions. First, I
will review how the conformal calculus works in a simple bosonic example. Then I can go
through the full construction of actions in the superconformal framework and their gauge
fixing to super-Poincaré theories.

4.3.1 Vector multiplets in 4 dimensions

As explained in section 4.1, the idea is to start by constructing an action invariant under
superconformal group. Later, one chooses gauges for the extra gauge invariances of the su-
perconformal group, such that the remaining theory has just the super-Poincaré symmetries.

The ‘R-symmetry group’ SU(2)× U(1) plays an important role:

• the gauge connection of U(1) will be the Kähler curvature. It acts on the manifold of
scalars in vector multiplets,

• the gauge connection of SU(2) promotes the hyper-Kähler manifold of hypermultiplets
to a quaternionic manifold.

Neglecting for now the hypermultiplets, we have to consider the basic supergravity mul-
tiplet and the vector multiplets. The physical content that one should have (from represen-
tation theory of the super-Poincaré group) can be represented as follows:

SUGRA vector multiplet
2

3
2

3
2

1 1 → n+ 1
+n ∗ 1

2
1
2

0 0

(4.66)

The supergravity sector contains the graviton, 2 gravitini and a so-called graviphoton. That
spin-1 field19 gets, by coupling to n vector multiplets, part of a set of n + 1 vectors, which
will be uniformly described by the special Kähler geometry. The scalars appear as n complex
ones zα, with α = 1, . . . , n.

To describe this, the idea is to start with n + 1 superconformal vector multiplets with
scalars XI with I = 0, . . . , n. One of these multiplets should then be the compensating one.
Its vector survives, but the missing fermions and scalars are the ones that have been used
to fix superfluous gauge symmetries of the superconformal algebra.

Remembering that vector multiplets are constrained chiral supermultiplets, we can form
new chiral superfields by taking an arbitrary holomorphic function of the vector multiplets.

19We use here and below freely the terminology ‘spin 1’ for vectors, spin- 1
2 for spinors, ..., though of course

only in 4 dimensions the representations of the little group of the Lorentz group can be characterized by
just one number, which is called ‘spin’. In higher dimensions, the representations should be characterized
by more numbers, but often the same fields, like graviton as a symmetric tensor, vectors, ... occur, and we
denote them freely with the terminology that is appropriate for the 4-dimensional fields.
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Consider the chiral multiplet with lowest component A = 1
2
iF (X) (the overall normalization

is for later convenience to get a result with the normalization that is currently most used in
the literature). The further components are then defined by the transformation law, which
gives, comparing with (4.13), Ψi = 1

2
iFIΩI

i , where I use here and below the notation

FI(X) =
∂

∂XI
F (X) , F̄I(X̄) =

∂

∂X̄I
F̄ (X̄) ,

FIJ =
∂

∂XI

∂

∂XJ
F (X) . . . . (4.67)

Calculating the transformation of Ψi one finds Bij and Fab, . . . . See

A = 1
2
iF

Ψi = 1
2
iFIΩI

i

Bij = 1
2
iFIY

I
ij − 1

4
iFIJΩ̄I

i ΩJ
j

G−ab = 1
2
iFIF−I

ab − 1
16

iFIJΩ̄I
i γabΩ

J
j ε

ij

Λi = −1
2
iFI /DΩjIεij − 1

2
igFIf

I
JKX̄

JΩK
i − 1

8
iFIJγ

abF−I
ab ΩJ

i

−1
4
iFIJΩJ

kY
I
ijε

jk + 1
96

iFIJKγ
abΩI

i Ω̄J
j γabΩ

K
k ε

jk

C = −iFIDaD
aX̄I − 1

4
iFIF+I

ab T
+ab − 3

2
iFI χ̄iΩ

iI + 1
2
igFIf

I
JKΩ̄iJΩjKεij

−ig2FIf
I
JKf

J
LMX̄

KX̄LXM − 1
8
iFIJY

ijIY J
ij + 1

4
iFIJF−I

ab F
−abJ

+1
2
iFIJΩ̄I

i
/DΩiJ − 1

2
igFIJf

I
KLX̄

KΩ̄J
i ΩL

j ε
ij + 1

8
iFIJKY

ijIΩ̄J
i ΩK

j

− 1
16

iFIJKε
ijΩ̄I

i γ
abF−J

ab ΩK
j + 1

48
iFIJKLΩ̄I

i ΩJ
l Ω̄K

j ΩL
k ε

ijεkl. (4.68)

The action is determined by the components of this multiplet as I symbolically wrote in
(4.21). For rigid supersymmetry, it is just the highest component of the multiplet, C. In
(conformal) supergravity one needs further ‘Noether terms’ in order that the transformation
is also a total derivative when the supersymmetry parameter is a local function. Moreover,
as already mentioned at the end of section 4.2.2, one needs a chiral multiplet with w = 2,
e.g. in order that C does not transform under the U(1), see (4.18), and that the dilatation
invariance is respected. Furthermore, the last terms in (4.19) have to be compensated.
Therefore, the ‘density formula’ is in this case [56]

e−1L = C − ψ̄i · γΛjε
ij +

1

8
ψ̄µiγ · T+γµΨjε

ij − 1

4
AT+

abT
+ab − 1

2
ψ̄µiγ

µνψνjBklε
ikεjl

+ψ̄µiψνjε
ijG−µν − ψ̄µiψνjε

ijAT+µν +
1

2
iεijεkle−1εµνρσψ̄µiψνjψ̄ρkγσΨl

+
1

2
iεijεkle−1εµνρσψ̄µiψνjψ̄ρkψσlA+ h.c. (4.69)

In order to get the Weyl weight w = 2 for the chiral multiplet, F (X) to be homogeneous
of weight 2, where the X fields carry weight 1. This implies the following relations for the
derivatives of F :

2F = FIX
I , FIJX

J = FI , FIJKX
K = 0. (4.70)
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Inserting then (4.68) in (4.69) leads to

e−1L = −iFIDaD
aX̄I + 1

4
iFIJF−I

ab F
−abJ + 1

2
iFIJΩ̄I

i
/DΩiJ

−1
8
iFIJY

ijIY J
ij + 1

8
iFIJKY

ijIΩ̄J
i ΩK

j

− 1
16

iFIJKε
ijΩ̄I

i γ
abF−J

ab ΩK
j + 1

48
iFIJKLΩ̄I

i ΩJ
` Ω̄K

j ΩL
k ε

ijεk`

+1
2
igFIf

I
JKΩ̄iJΩjKεij − 1

2
igFIJf

I
KLX̄

KΩ̄J
i ΩL

j ε
ij − ig2FIf

I
JKf

J
LMX̄

KX̄LXM

−1
4
iFIF+I

ab T
+ab − 3

2
iFI χ̄iΩ

iI − 1
4
iFIJ ψ̄i · γΩI

jY
ijJ

+1
2
igFIf

I
JKX̄

J ψ̄i · γΩK
j ε

ij − 1
2
iFIψ̄i · γ /DΩiI + 1

8
iFIJF−I

ab ψ̄i · γγabΩJ
j ε

ij

+ 1
12

iFIJKΩ̄J
l ΩK

j ψ̄i · γΩI
kε

ijεkl + 1
16

iFIψ̄µiγ · T+γµΩI
jε

ij − 1
8
iFT+

abT
+ab

−1
4
iFIψ̄µiγ

µνψνjY
ijI − 1

2
iFT+µνψ̄µiψνjε

ij + 1
2
iFIF−µνIψ̄µiψνjε

ij

− 1
16

iFIJ ψ̄µiψνjΩ̄
I
kγ

µνΩJ
` ε

ijεk` + 1
8
iFIJΩ̄I

kΩJ
l ψ̄µiγ

µνψνjε
ikεjl

−1
4
FIε

ijεk`e−1εµνρσψ̄µiψνjψ̄ρkγσΩI
` − 1

4
Fεijεk`e−1εµνρσψ̄µiψνjψ̄ρkψσ`

+h.c.. (4.71)

The first terms of the action (4.71) are kinetic terms for the scalars X, the vectors, and the
fermions Ω. The following term says that Yij is an auxiliary field that can be eliminated
by its field equation. The first 4 lines are the ones that we would encounter also in rigid
supersymmetry, see (E.1). For these terms, the relations (4.70) have not been used, and this
part is thus the general result for rigid supersymmetry. The other lines are due to the local
superconformal symmetry. For those interested in rigid symmetry, I repeat that in that case
the covariant derivatives reduce to e.g.

DaX
I = ∂aX

I − gWK
a X

JfJK
I ,

DaΩI
i = ∂aX

I − gWK
a ΩJ

i fJK
I ,

F I
ab = 2∂[aW

I
b] + gWK

b W
J
a fJK

I . (4.72)

For the gauging I assumed here that F is an invariant function, i.e.

δGF ≡ gFIα
KXJfJK

I = 0, (4.73)

although one may allow that F transforms in a quadratic function with real coefficients [56,
57]:

δGF = −gαICI,JKX
JXK , (4.74)

where CI,JK are real constants that enter then in an additional Chern–Simons term. We will
come back to this possibility in section 6.5. The statement of invariance of F leads, after
one derivative to X that

FIfJK
I = −FIJfLK

IXL. (4.75)

Simplifications In order to get a more useful form of the action, one has to make the
conformal covariant derivatives explicit. The principle is explained for the bosonic case in
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(4.2). This leads here to

2
CX̄I = ∂̂µD

µX̄I − ω µν
µ DνX̄

I − iAµD
µX̄I + 2f µ

µ X̄I − 1
2
ψ̄µiD

µΩiI

+ 1
32
ψ̄i

µγ
µγ · T+ΩjIεij − 1

2
Ω̄iIγ · φi − 3

4
ψ̄i · γχiX̄

I

−1
2
gεijψ̄i · γΩJ

j X̄
Kf I

JK − 1
2
gεijψ̄

i · γΩjJX̄Kf I
JK . (4.76)

This leads to the expression for the first term of (4.71)

− ieFI�
CX̄I = ieFIJDµX

IDµX̄J − 1
2
ieFIJDµX

J ψ̄µ
i ΩiI − 2ieFIf

µ
µ X̄I + 1

2
ieFIψ̄µiD

µΩiI

− 1
32

ieFIψ̄
i
µγ

µγ · T− 1
2
ΩjIεij + 1

2
ieFIΩ̄iIγ · φi + 3

4
ieFIψ̄

i · γχiX̄
I

+1
2
gieFIε

ijψ̄i · γΩJ
j X̄

Kf I
JK + 1

2
gieFIεijψ̄

i · γΩjJX̄Kf I
JK

+ieFIψ̄
i
[µγ

νψν]iDµX̄I − 1
2
ieFIψ̄

i
[µγ

νψν]iψ̄
µ
i ΩiI + total derivative. (4.77)

The other term that has to be written explicitly is the covariant derivative of the fermions.
This leads to

1
2
ieFIJΩ̄I

i
/DΩiJ = 1

2
ieFIJΩ̄I

i
/DΩiJ − 1

2
ieFIJΩ̄I

i γ
µγνψi

µDνX̄
J + 1

4
ieFIJΩ̄I

i γ
µγνψi

µψ̄νjΩ
jJ

−1
4
ieFIJΩ̄I

i γ · ψjY
ijJ − 1

8
ieFIJΩ̄I

i γµγ · F+Jψµ
j ε

ij

−1
2
gieFIJΩ̄I

i γ · ψjε
ijX̄KXLfJ

KL − ieFIJX̄
JΩ̄I

i γ · φi. (4.78)

Deleting total derivatives, the action is at this point

e−1L = iFIJDµX
IDµX̄J − 2iFIfµ

µX̄I + 1
4
iFIJF−I

ab F
−abJ − 1

8
iFT+

abT
+ab − 1

4
iFIF+I

ab T
+ab

−1
8
iFIJY

ijIY J
ij − ig2FIf

I
JKf

J
LMX̄

KX̄LXM

+iFIX̄
Iψ̄µiγ

µνφi
ν + 1

2
iFIJΩ̄I

i
/DΩiJ + 1

2
iFIψ̄µiγ

µνγρDρX̄
Iψi

ν + 1
2
iFIΩ̄iIγ · φi

+1
8
iFIψ̄µiγ

µνγ · F+Iεijψνj − 1
32

iFIψ̄
i
µγ

µγ · T+ΩjIεij + 3
4
iFIψ̄

i · γχiX̄
I

+1
2
giFIε

ijψ̄i · γΩJ
j X̄

Kf I
JK + 1

2
giFIεijψ̄

i · γΩjJX̄Kf I
JK + iFIψ̄

i
[µγ

νψν]iDµX̄I

−1
2
iFIψ̄

i
[µγ

νψν]iψ̄
µ
i ΩiI − 3

2
iFI χ̄iΩ

iI + 1
2
igFIf

I
JKΩ̄iJΩjKεij

−1
2
iFIJDµX

J ψ̄µ
i ΩiI − 1

2
iFIψ̄µiγ

µνDνΩiI

−1
2
iFIJΩ̄I

i γ
µγνψi

µDνX̄
J + 1

2
iFIF−µνIψ̄µiψνjε

ij

−1
8
iFIJΩ̄I

i γµγ · F+Jψµ
j ε

ij − 1
2
giFIJΩ̄I

i γ · ψjε
ijX̄KXLfJ

KL

−iFIJX̄
JΩ̄I

i γ · φi − 1
2
igFIJf

I
KLX̄

KΩ̄J
i ΩL

j ε
ij + 1

8
iFIJKY

ijIΩ̄J
i ΩK

j

− 1
16

iFIJKε
ijΩ̄I

i γ
abF−J

ab ΩK
j − 1

2
iFT+µνψ̄µiψνjε

ij

+1
2
igFIf

I
JKX̄

J ψ̄i · γΩK
j ε

ij + 1
8
iFIJF−I

ab ψ̄i · γγabΩJ
j ε

ij + 1
16

iFIψ̄µiγ · T+γµΩI
jε

ij

+ 1
12

iFIJKΩ̄J
` ΩK

j ψ̄i · γΩI
kε

ijεk` − 1
4
iFIψ̄µiγ

µνγρψi
νψ̄ρkΩkI

+1
8
iFIJΩ̄I

kΩJ
` ψ̄µiγ

µνψνjε
ikεj` + 1

4
iFIJΩ̄I

i γ
µγνψi

µψ̄νjΩ
jJ

+ 1
48

iFIJKLΩ̄I
i ΩJ

` Ω̄K
j ΩL

k ε
ijεk` − 1

16
iFIJ ψ̄µiψνjΩ̄

I
kγ

µνΩJ
` ε

ijεk`

−1
4
FIε

ijεk`e−1εµνρσψ̄µiψνjψ̄ρkγσΩI
` − 1

4
Fεijεk`e−1εµνρσψ̄µiψνjψ̄ρkψσ` + h.c. (4.79)
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We use then (4.11) and the values of the conformal gauge fields that follow from the con-
straints:

fµ
µ = − 1

12
R− 1

2
D +

{
1
8
ψ̄i · γχi + 1

24
ie−1εµνρσψ̄i

µγνDρψσi + 1
24
ψ̄i

µψ
j
νεijT

+µν + h.c.
}
,

φi
µ = 1

4
γµχ

i + 1
4

(
γνργµ − 1

3
γµγ

νρ
) (
Dνψ

i
ρ − 1

16
γ · T−εijγνψρj

)
. (4.80)

This leads to various simplifications. The leading terms of the Lagrangian are then

e−1L = −1
6
RNIJX̄

IXJ −DNIJX̄
IXJ −NIJDµX

IDµX̄J + 1
8
NIJY

ijIY J
ij

+g2NIJf
I
KLX̄

KXLfJ
MNX̄

MXN

+
{
−1

4
iF̄IJ F̂

+I
µν F̂

+µνJ − 1
4
NIJΩ̄iI /DΩJ

i − 1
2
NIJX̄

IXJ ψ̄i · γχi

+NIJX
I χ̄iΩ

iJ − 1
3
NIJX̄

JΩ̄I
i γ

µνDµψ
i
ν + 1

2
NIJ ψ̄

i
µ
/DX̄IγµΩJ

i

−1
6
iNIJX̄

IXJe−1εµνρσψ̄µiγνDρψ
i
σ

+1
4
iNIJX̄

Ie−1εµνρσψ̄µiγνψ
i
ρDσX

J + 1
12
NIJX̄

IXJ ψ̄a
i ψ

b
jT
−
abε

ij

− 1
16
NIJX

IXJT+
abT

+ab + 1
4
NIJX

IF̂+J
ab T

+ab

−1
6
NIJX̄

IΩ̄J
i γ

aψb
jT
−
abε

ij − 1
32

iFIJKΩ̄I
i γ

abΩJ
j X̄

KT−abε
ij

+1
4
FIJKDµX

IΩ̄J
i γ

µΩiK + 1
8
iFIJKY

ijIΩ̄J
i ΩK

j + h.c.
}

+ · · · , (4.81)

where we introduced
NIJ ≡ 2 ImFIJ = −iFIJ + iF̄IJ . (4.82)

We also repeat the meaning of the covariant derivatives

DaX
I ≡ (∂a − ba + iAa)XI + gf I

JKW
J
a X

K ,

DaΩI
i ≡

(
∂a + 1

4
ωa

bcγbc − 3
2
ba + 1

2
iAa

)
ΩI

i + Vai
jΩI

j + gf I
JKW

J
a ΩK

i ,

F̂µν
I = Fµν

I +
(
−εijψ̄

i
[µγν]Ω

Ij − 2εijψ̄
i
µψ

j
νX̄

I + h.c.
)
,

Fµν
I = ∂µWν − ∂νWµ + gW J

µW
K
ν fJK

I . (4.83)

4.3.2 Vector multiplets in 5 dimensions

XXX d = 5 rigid has only quadratic and cubic terms, see [58]. XXX

4.3.3 Hypermultiplets

While the actions of vector multiplets were constructed using tensor calculus manipulations,
for the hypermultiplets we use another procedure. The main difference is that we have
already the field equations in this case. We thus want to construct an action such that
these field equations are obtained as Euler-Lagrange equations of the action. E.g. (in 5
dimensions) we define the non-closure functions ΓA to be proportional to the field equations
for the fermions ζA as

δShyper

δζ̄A
= 2CABΓB . (4.84)
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In general, the tensor CAB could be a function of the scalars and bilinears of the fermions.
If we try to construct an action with the above Ansatz, it turns out that the tensor has to
be anti-symmetric in AB and

δCAB

δζC
= 0 , (4.85)

DXCAB = 0 . (4.86)

This means that the tensor does not depend on the fermions and is covariantly constant.
We then identify also the bosonic field equations. It will turn out that the signature is

determined by the Hermitian metric dA
B defined such that

CAB ≡ ρACd
C

B = −CBA. (4.87)

By redefinitions of the basis [56] one may diagonalize d while simultaneously bringing ρ to
a canonical form

d =

(
1l2p 0
0 −1l2(r−p)

)
, ρ =


0 1
−1 0

0 1
−1 0

. . .

 . (4.88)

These matrices should be covariantly constant. As we use a basis where they are actually
constant, this implies

DXρAB = −ωXA
CρCB − ωXB

CρAC = −ωXAB + ωXBA. (4.89)

Thus the USp-connection is symmetric in such bases. There is even one further condition,
which can be taken to be

dA
CωXB

C = ωXC
AdC

B. (4.90)

This is trivial in case d = 1l, but not in general.
The subgroup of G`(r,H) that preserves d is USp(2p, 2r−2p). We define then the metric

of the manifold to be
gXY = f iA

X CABεijf
jB
Y = fXiAd

A
Bf

iB
Y . (4.91)

Exercise 4.7: Check that for the simplest hypermultiplet with nH = 1, one can take
ρAB = εAB and for fX

iA as non-zero elements

f 12
1 = f 21

1 = i
1√
2
, −f 12

2 = f 21
2 =

1√
2
,

f 11
3 = −f 22

3 = i
1√
2
, f4

11 = f 22
4 =

1√
2
. (4.92)

This leads to gXY = δXY and zero connections ΓZ
XY and ωXA

B and hence also
zero WABC

D. Check also that the 2-form complex structures are, with α = 1, 2, 3,

(Jγ)αβ = −εαβγ, (Jγ)α4 = −(Jγ)4α = δγ
α. (4.93)
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As we defined the raising and lowering of symplectic indices with the matrix ρ, and
defined fX

iA as the inverse of f iA
X in (4.26), we have

fXiA = f jB
X ρBAεji = f jB

X CBCεji(d
−1)C

A = gXY f
Y
iC(d−1)C

A. (4.94)

Therefore, on f the lowering of an index X with the metric is only valid when we compensate
at the same time with the matrix d. E.g.

fX
iA gXY = fY iB d

B
A , gXY f iA

Y = dA
Bf

XiB . (4.95)

Gauging hypermultiplet isometries. Having introduced a metric, the symmetries should
respect the metric. In other words, they should be isometries, which is expressed by the
Killing equation

D(XkY )I = 0 . (4.96)

As mentioned before, see (4.53), these have to be triholomorphic Killing vectors. Then,

moment maps ~PI can be defined by

∂X
~PI = −1

2
~JXY k

Y
I . (4.97)

In rigid supersymmetry this allows for Fayet–Iliopoulos terms as integration constants in
this equation. But when we impose conformal symmetry in view of coupling to supergravity,
then the moment maps are determined to be

~PI = −1
6
kX ~JX

Y kZ
I gY Z . (4.98)

The preservation of the metric, encoded in the hermitian matrix dB
A, imply on the

transformation matrices tIA
B, defined in (4.55), the restriction

dC
BtIA

B = tI
C

Bd
B

A . (4.99)

This implies that the gauged isometries are contained in USp(2p, 2r − 2p).

Remark on the conformal symmetry. Due to the fact that we have now a metric
available, we can rewrite the homothetic Killing equation (4.44) and similar as in (2.43)
introduce a scalar function such that

kDX = gXY k
Y
D = ∂XkD (4.100)

This scalar function can then be used to generate the metric.

gXY = DX∂Y kD. (4.101)
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To 4 dimensions. We can multiply (4.84) at both sides with a chiral projection PR. Using
the rules (4.63) we should now have for the action Shyper

δShyp

δζ̄A
= −2dA

BΓB . (4.102)

We also want the action to generate the field equations for the scalars that we have seen
before. This leads to

Shyp =
∫

d4x
(
− 1

2
gXYDaq

XDaqY −
(
ζ̄A /DζBdA

B + h.c.
)

+ 1
2
WBC

DAdE
Aζ̄EζDζ̄

BζC

−g
(
2X̄ItI

BAζ̄CζBd
C

A + 2if iA
X kX

I ζ̄BΩjIεij + h.c.
)
− gPIi

kY ijIεjk

−2g2X̄IXJkX
(Ik

Y
J)gXY

)
. (4.103)

This satisfies (4.102) and also

δShyp

δqX
= gXY ∆Y +

(
2ζ̄AΓBωXB

CdA
C + h.c.

)
. (4.104)

The covariant derivatives in (4.103) read

Dµq
X = ∂µq

X + gW I
µk

X
I ,

Dµζ
A = ∂µζ

A + ∂µq
XωXB

AζB + 1
4
ωµ

bcγbcζ
A + gW I

µ tIB
AζB . (4.105)

Exercise 4.8: Take our simple example, with vielbeins defined in (4.92). A triholo-
morphic Killing vector is e.g.

k1 = q2, k2 = −q1, k3 = q4, k4 = −q3 . (4.106)

When the last two signs are interchanged, the vector is still a Killing vector, but
is not triholomorphic.

The last one allows us to define a mass term. Indeed, consider the gauging by
a trivial vector multiplet, where the scalar field X is fixed to a mass parameter
m/g (to cancel the factor g2 in the last line of (4.103)). Remark that this is
still a vector multiplet, and if there are other vector multiplets, we take the
prepotential F independent of this constant vector multiplet. In particular, also
the corresponding field Y ij in that vector multiplet vanishes.

In the simple one multiplet case, the matrix tIA
B is i(σ3)A

B. The action (4.103)
reduces to (X = 1, . . . , 4 and A = 1, 2)

Shyp =

∫
d4x

(
− 1

2
∂aq

X∂aqX−2ζ̄A/∂ζ
A+4im

(
ζ̄1ζ2 − ζ̄1ζ2

)
−2m2qXqX

)
. (4.107)
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Local superconformal result in 4 dimensions. After gauge covariantization and using
the values of the conformal gauge fields as in (4.80), the final result of the action is in 4
dimensions

e−1Lhyp,conf = −1
2
gXYDaq

XDaqY +
(
− ζ̄A /Dζ

BdA
B + h.c.

)
+ 1

4
Dk2

D − 1
12
Rk2

D

−1
4
ψ̄i

aγ
abcψbjDcq

XJX
Y

i
jkDY + 1

2
WBC

DAζ̄EζDζ̄
BζCdE

A

+
{

1
2
iζ̄Aγ

a /DqXψaif
iB
X dA

B + 1
12
ψ̄i

aγ
abcDbψcik

2
D − 1

3
iAiB ζ̄Aγ

abDaψbid
A

B

+1
8
k2

Dψ̄
i
aγ

aχi − 2iAiB ζ̄Aχid
A

B + 1
12

iAiB ζ̄Aγaψ
j
bT

+abεijd
A

B

− 1
48
k2

Dψ̄
i
aψ

j
bεijT

+ab + 1
8
ζ̄Aγ · T+ζBd

AB − g
(

iX̄IkX
I ζ̄Aγ

aψj
aεijf

iB
X dA

B

+2X̄ItI
BAζ̄CζBd

C
A + 2ikX

I f
iA
X ζ̄BΩjIεij − ψ̄ajγ

aΩI
iP

ij
I − X̄Iψ̄i

aγ
abψj

bPIij

)
−2g2X̄IXJkX

(Ik
Y
J) + h.c.

}
− gPIijY

ij , (4.108)

where we remember the definition (4.46), and the covariant derivatives are:

Dµq
X ≡ ∂µq

X − bµk
X
D − Vµi

jkX
j
i + gW I

µk
X
I ,

Dµζ
A ≡ Dµζ

A − 1
2
if iA

X
/DqXψµi − iAiAφµi − igX̄IkX

I f
iA
X εijψ

j
µ ,

Dµζ
A ≡ ∂µζ

A + ∂µq
XωXB

AζB − 3
2
bµζ

A − 1
2
iAµζ

A + 1
4
ωµ

abγabζ
A

+gW I
µ tIB

AζB . (4.109)

5 Gauge fixing of superconformal symmetries

We have obtained the superconformal actions. We are now in the position to make the step
to super-Poincaré symmetry. We thus have to break the superfluous symmetries.

A gauge symmetry means that there is a degree of freedom in the set of fields that is in
fact absent from the action. Indeed, the gauge invariance can be written as the equation

∂S

∂φi
δφi = 0 , (5.1)

where φi stands here for all the fields. If one can redefine the basis of fields such that all fields
are inert apart from one field, then this equation says that this field does not occur in the
action. In principle this can always be done, but the field redefinitions are often non-local. If
there is one field that has the same number of degrees of freedom than the gauge symmetry
itself, one can often make such redefinitions. However, this procedure is often cumbersome
while the result is just the same as taking a ‘gauge choice’ for this symmetry. The example
presented in section 2.3 can illustrate these remarks.

In this section we want to consider the geometries that result after the gauge fixings.
But before starting on the geometry, let us first discuss the gauge fixing of special conformal
transformations. A natural gauge choice for K transformations is

K-gauge: bµ = 0 . (5.2)
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Note that if one imposes such a gauge condition, it does not imply that one should forget
about K transformations. The correct conclusion is that now the K transformations are
dependent on the other ones, in such a way that the gauge condition is respected. Though
the principles that we discuss here are general, we will concentrate in this chapter on d = 4
dimensions.

In this case, comparing (3.10) and (3.70), we obtain

Λa
K = −1

2
eµa
[
∂µΛD + 1

2

(
ε̄iφµi − 3

4
ε̄iγµχi − η̄iψµi + h.c.

)]
. (5.3)

Such a rule is called a decomposition law.
E.g. the first term implies that what one denoted above as special conformal transfor-

mations, is a contribution to local dilatations of the action where bµ is omitted.
XXX Here example pure N = 2, d = 4.

5.1 Projective Kähler geometry

We now first concentrate on the bosonic part of the action, and in particular on the part
related to the scalars of the vector multiplets. This part defines special Kähler geometry, but
we will first be present it in a more general way so that it even applies to N = 1 supergravity
and explains the concept of a projective Kähler geometry. Let us write the relevant terms
of the Lagrangian as

e−1LN = −gµνNIJ̄(X, X̄)∂µX
I∂νX̄

J̄ + 1
2
aN(X, X̄)R , N(X, X̄) ≡ −NIJ̄(X, X̄)XIX̄ J̄

(5.4)
This is similar to the result in (4.81), but with some modifications. First, the matrix NIJ̄ is
not necessary the NIJ of (4.82), but satisfies as the latter the equation

NIJ̄ = − ∂

∂XI

∂

∂X̄ J̄
N . (5.5)

This equation implies first of all that NIJ̄ is a Kähler metric, with Kähler potential −N , and
second that XI is a closed homothetic Killing vector of this metric, see (2.30) with w = 1,
which is satisfied due to the consequences of the previous equation:

∂

∂XK
NIJ̄ =

∂

∂XI
NKJ̄ , XK ∂

∂XK
NIJ̄ = 0 , (5.6)

and their complex conjugates. For N = 2 vector multiplets, these homogeneity properties
follow from (4.70).

Therefore there can be a conformal symmetry. In fact, (5.4) would be local conformal
invariant if a = 1/3. This also agrees with (4.81). However, that equation has also a term
DN . We will come back to this later, but one can already easily check that eliminating the
auxiliary field D from the sum of (4.81) and (4.108) modifies the coefficient a in (5.4) to
a = 1. Therefore we keep a arbitrary, the value a = 1/3 corresponds to what one finds for
N = 1 supergravity, while we have a = 1 in N = 2 supergravity. We will thus continue here
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with (5.4) and show how a ‘projective Kähler manifold’ emerges from this Kähler manifold
with the closed homothetic Killing vector. A more extensive discussion of this construction
appears in [59].

The presence of a complex structure and a closed homothetic Killing vector implies in
general a U(1) symmetry. Here, this is the phase transformation of the vector XI , and we
know this U(1) transformation already from its presence in the superconformal algebra. For
the fields of the vector multiplet, see table 4, i.e.

δU(1)X
I = −iΛAX

I , δU(1)X̄
Ī = iΛAX̄

Ī . (5.7)

In order to promote this symmetry to a gauge symmetry, it should be gauged by a gauge
field, which is the field Aµ that we encountered in the Weyl multiplet, see e.g. table 3.
Therefore we have to replace the derivatives in (5.4) by covariant derivatives

∂µX
I → DµX

I = (∂µ + iAµ)XI , (5.8)

which is what we had in (4.83), where we have already put (5.2), and we take for now the
Abelian theory (or neglect the gauge terms proportional to g).

The field equation for the auxiliary field Aµ is algebraic and it allows us to solve for Aµ

giving it the value

Ãµ =
i

2N

[
XINIJ̄(∂µX̄

J̄)− (∂µX
I)NIJ̄X̄

J̄
]

= − i

2N

(
∂µX

J̄∂J̄N − ∂µX
I∂IN

)
. (5.9)

The first term of (5.4) is then

Lscalar√
g

= −gµνNIJ̄(X, X̄)DµX
IDνX̄

J̄

= −NIJ̄∂µX
I∂µX̄ J̄ +

1

4N

[
∂µX̄

J̄∂J̄N − ∂µX
I∂IN

]2
= ∂µX

I∂µX̄ J̄

[
∂I∂J̄N − 1

N
(∂IN)(∂J̄N)

]
+

1

4N
[∂µN ∂µN ]

= N∂µX
I∂µX̄ J̄∂I ∂̄J̄ log |N |+ 1

4N
[∂µN ∂µN ] . (5.10)

As in the example in section 2.3, we take the gauge fixing such that the second term of (5.4)
reduces to the Einstein-Hilbert action. Hence, we take

D-gauge: N =
1

aκ2
. (5.11)

The resulting scalar manifold is thus the submanifold of the scalars defined by this condition.
It will be parametrized by n complex fields zα (and complex conjugates z̄ᾱ). We define

XI = Y ZI(z) , X̄I = Ȳ Z̄I(z̄) , (5.12)
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where ZI(z) are n+ 1 non-degenerate20 arbitrary holomorphic functions of the zα, and Y is
the (n+1)th complex variable. The latter will be determined by the condition (5.11) and by
a gauge choice for U(1) in terms of the Z, Z̄ variables21, such that we get functions Y (Z, Z̄).

Notice that the transition from XI to ZI does not respect the holomorphicity. In other
words, the complex structure that is relevant in the submanifold is not the same as that in
the embedding manifold. If we denote by ΦY the map in the embedding manifold M̃

ΦY : M̃ −→ M̃
ZI −→ XI = ZIY (Z, Z̄) , (5.13)

then the old complex structure J on M̃ induces a new complex structure, denoted as J ′, by
the commutativity of the diagram

TM̃ TΦY−−−→ TM̃

J ′

y yJ

TM̃ −−−→
TΦY

TM̃

The map TΦY then sends holomorphic vectors with respect to J ′ to holomorphic vectors
with respect to J . In this sense, it is a holomorphic map.

As N gets a fixed value, a function of N is not convenient as a Kähler potential for the
restricted manifold. We will show now how to construct a Kähler potential.

Defining

K(z, z̄) = − 1

aκ2
ln

[
a
N

Y Ȳ

]
= − 1

aκ2
ln
[
−aZI(z)NIJ̄(z, z̄)Z̄ J̄(z̄)

]
, (5.14)

we can use the homogeneity properties to reduce the action on the surface (5.11) to

e−1LN = −∂µz
α∂µz̄β̄∂α∂β̄K +

1

2κ2
R . (5.15)

Proof.
With the coordinates as in (5.12), the last part of (5.6) implies that NIJ̄ depends only

on z and z̄, and not on Y . The condition (5.6) implies that when we derive ZINIJ̄ Z̄
J̄ with

respect to z we can forget derivatives on NIJ̄ Z̄
J̄ , and hence

aκ2∂αK = −NIJ̄ Z̄
J̄∂αZ

I

NKL̄ZKZ̄L̄
,

aκ2∂α∂β̄K = ∂αZ
I∂β̄Z̄

J̄Y Ȳ

[
NIJ

N
+
NIK̄X̄

K̄XLNLJ̄

N2

]
= −∂αZ

I∂β̄Z̄
J̄Y Ȳ ∂I∂J̄ lnN . (5.16)

20The matrix ∂αZI has to be of rank n and the matrix (ZI , ∂αZI) has to be of rank n + 1.
21Note that in practice, we will not need to specify a U(1) gauge choice in this derivation. The phase of

Y disappears automatically because it is the only quantity that transforms under U(1).
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Using D̃µ for (5.8) with A replaced by Ã, we have

D̃µX
I = Y ∂µz

αDαZ
I + 1

2
XI∂µ lnN , DαZ

I ≡ [∂α + (∂αK)]ZI . (5.17)

Notice that D̃µX
INIJ̄X̄

J̄ is real, which eliminates the linear terms in Aµ − Ãµ in the La-
grangian.

Plugging this in the Lagrangian (and for future use re-installing the term with the aux-
iliary field) one obtains

e−1Lscalar = 1
4
N−1 (∂µN)2 +N

(
Aµ − Ãµ

)2

− Y Ȳ NIJDᾱZ̄
I DβZ

J ∂µz̄
ᾱ ∂µzβ . (5.18)

Thus, before any gauge fixing we can write the action as

e−1Lscalar = 1
4
N−1 (∂µN)2 +N

(
Aµ − Ãµ

)2

−N
(
∂β̄∂αK

)
∂µz

α ∂µzβ̄ , (5.19)

where Ãµ is the value of Aµ that we wrote in (5.9), and which for future use we write also
in terms of the z variables:

Ãµ = −1
2
iaκ2 (∂αK ∂µz

α − ∂ᾱK ∂µz̄
ᾱ) + 1

2
i∂µ ln

Y

Ȳ
. (5.20)

This proves (5.15) after N is put equal to a constant and use of the field equation for Aµ.

Comments
Note that the normalization of the Kähler potential (5.14) depends on the value a, which

we have discussed in the beginning of this section. This leads to the familiar factors 3 that
appear in these formulae for N = 1.

When we now restrict to N = 2,

NIJ̄ → NIJ , a = 1 . (5.21)

where NIJ was defined in (4.82). The gauge fixing for dilatations is the condition

D-gauge: N = −XINIJX
J = i(X̄IFI − F̄IX

I) = |Y |2e−κ2K = κ−2 . (5.22)

In the full theory, (5.22) is not invariant under all gauge transformations, e.g. under
supersymmetry. But to simplify the case here, the S-gauge condition is taken as the Q-
supersymmetry variation of this gauge, such that the ‘decomposition law’ is just ΛD = 0.
Using the homogeneity properties of the functions F , (4.70), it is easy to see that the
transformation under a chiral supersymmetry of (5.22) leads to

S-gauge: XINIJΩiJ = 0 . (5.23)

This implies another decomposition law expressing η in terms of a field-dependent ε. The
resulting combination of the original Q-supersymmetry transformations and those induced
by S-supersymmetry is the Poincaré supersymmetry.
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Positivity.
Note that there are positivity conditions restricting the domain of the scalars, and the

form of the matrix N . First of all in order that the gauge condition (5.28) can be satisfied,

ZINIJ Z̄
J < 0 , (5.24)

and thus NIJ(z, z̄) should have at least one negative eigenvalue for all values of the scalars
in the domain.

On the other hand, to have positive kinetic energy of the physical scalars, one has to
impose positivity of (5.16). For this one needs the non-triviality condition that the matrix
∂αX

I has to be of rank n.

Remaining problems: fixing SU(2) and a field equation.
I have neglected the fact that there is still the local SU(2). I could do so because the

scalars of the vector multiplets are invariant under SU(2). But for the full super-Poincaré
gravity, I have to take that into account. A second problem is the field equation of the
field D that sits in the Weyl multiplet. If I would have written the full action that I have
constructed so far, it would contain a term∫

d4x eDN . (5.25)

where D is that field of the Weyl multiplet. Its field equation would thus imply N = 0, and
I cannot impose the gauge that I was proposing.

Both problems are solved by introducing another ‘compensating’ multiplet involving
scalars that do transform under SU(2). These can then be used to fix the SU(2). In the con-
text of what has been introduced here, the obvious candidate is a hypermultiplet. But other
possibilities exist as well. I will explain how this solves also the problem of the inconsistent
field equation after the hypermultiplet action has been introduced. For following further the
aspects of vector multiplet couplings only, you may just neglect the term (5.25), as will be
explained later.

The scheme that extends the scheme (4.5) is thus:

Weyl multiplet: eµ
a, bµ, ψ

i
µ, Vµi

j, Aµ, Tab, χ
i, D

+

vector multiplet: z, Ωi, Wµ, Yij

+

second compensating multiplet: Aα
i , ζ

α, Fα
i

↓ gauge fixing KaD, U(1), Si, SU(2)

N = 2 super-Poincaré gravity eµ
a ψi

µ, Wµ, Vµi
j, Aµ, Tab, χ

i, D, Yij, F
α
i . (5.26)

In this scheme appears thus just the one vector multiplet that leads only to the graviphoton
and includes no other propagating fields. For the second compensating multiplet, I wrote the
scheme with as second compensating multiplet a hypermultiplet, including auxiliary fields
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Fα
i . (We will not further discuss auxiliary fields for the hypermultiplets in these lectures). In

the remaining set of fields of the N = 2 super-Poincaré theory, the first ones are the physical
graviton, the gravitinos and the graviphoton Wµ. All the others are auxiliary fields, and
the full set includes 40+40 off-shell degrees of freedom. There are two alternative choices
known for the second compensating multiplet. These multiplets are the so-called ’nonlinear
multiplet’ and the ’linear multiplet’. In each case one gets a different set of auxiliary fields
for the N = 2 super-Poincaré theory, with the same number of field components.

One denotes by gauged N = 2 supergravity the situation where the gravitinos transform
under a local SU(2), and where this induces then also a cosmological constant (anti-de Sitter
supergravity). This is obtained in the present formalism if the scalar compensating multiplet
transforms under the U(1) gauge group that is gauged by the first compensating multiplet.
Also the full automorphism group SU(2) can be gauged by having the second compensating
multiplet transforming under an SU(2) group. In both situations, the gauge fixing on the
scalars of this multiplet then mixes the SU(2) factor of the superconformal group with the
group gauged by vector multiplets. The first compensating multiplet can even be part of a
non-compact SO(2, 1) gauge group [60] leading to a massive vector multiplet.

5.2 Interpretation as Sasakian cone

The obtained metric is a cone [61, 51]. We see this as follows. We have split the n + 1
complex variables {X} in {Y, zα}, and can then split Y in Y = |Y |eiθ. The modulus appears
in N , which we can use as a real coordinate. To obtain a canonical parametrization of a
cone we define r2 = N . We thus have

• r is scale which is a gauge degree of freedom for translations

• θ is the U(1) degree of freedom;

• the n complex variables zα.

The metric (5.19) now takes the form

ds2 = dr2 + r2
[
A+ dθ + 1

2
i (∂αK(z, z̄) dzα − ∂ᾱK(z, z̄) dz̄ᾱ)

]2 − r2∂α∂ᾱK(z, z̄) dzαdz̄ᾱ ,
(5.27)

where A is the one-form gauging the U(1) group, and K(z, z̄) is a function of the holomorphic
prepotential F (X). When U(1) is not gauged (Aµ = 0), the base of the cone (the manifold
with fixed N) is a Sasakian manifold with a U(1) invariance22. Here, in supergravity, we
gauge U(1), which implies that the auxiliary field Aµ can be redefined such that the whole
expression in square brackets is A, and it drops out by its field equation. With fixed r
(gauge fixing the superfluous dilatations), the remaining manifold is Kähler, with the Kähler
potential K determined by F (X). That gives the special Kähler metric. The Kähler manifold
is thus the submanifold of the (n + 1)-complex-dimensional manifold defined by a constant

22This has been remarked first in a similar situation with hypermultiplets in N = 2 in [51], and has been
looked at systematically in [61].
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value of r or N . This is a real condition, but the U(1) invariance implies that the other real
variable θ has disappeared.

We will adopt the dilatational gauge-fixing condition

D-gauge: N = 1, (5.28)

which thus can be written as
|Y |2 = eK. (5.29)

One can conveniently chose the U(1) gauge

U(1)-gauge: Y = Ȳ (5.30)

leading to
Y = eK/2. (5.31)

5.3 The resulting bosonic action and examples

I recapitulate now what we have found. First, I write a general formulation for the bosonic
sector of a theory with scalar fields zα, and vector fields labelled by an index I. If there are
no Chern–Simons terms (these do occur for non-Abelian theories if δF 6= 0), one can write
a general expression

L0 = −e gαβ̄Dµz
αDµz̄β − V (z) (5.32)

L1 = 1
2
e Im

(
NIJ(z)F+I

µν F
+µν J

)
= 1

4
e(ImNIJ)F I

µνF
µνJ − 1

8
(ReNIJ)εµνρσF I

µνF
J
ρσ .

gαβ̄ is the (positive definite) metric of the target space, while ImN is a (negative definite)
matrix of the scalar fields, whose vacuum expectation value gives the gauge coupling con-
stants, while that of ReN gives the so-called theta angles. V is the potential.

The embedding of this hypersurface can be described in terms of n complex coordinates
zα by letting XI be proportional to some holomorphic sections ZI(z) of the projective space
CIPn [62, 63, 64]. The n-dimensional space parametrized by the zα (α = 1, . . . , n) is a Kähler
space; the Kähler metric gαβ̄ = ∂α∂β̄K(z, z̄) follows from the Kähler potential

K(z, z̄) = − ln
[
iZ̄I(z̄)FI(Z(z))− iZI(z) F̄I(Z̄(z̄))

]
, where (5.33)

XI = eK/2ZI(z) , X̄I = eK/2Z̄I(z̄) .

The resulting geometry is known as special Kähler geometry [65, 1, 66].
I have not yet commented on Kähler transformations. Their origin sits in the split (5.12).

At that point this splitting is not unique and correspondingly there are transformations

Y ′ = Y eΛK(Z), Z ′I = ZI e−ΛK(Z). (5.34)

Under the gauge condition N = 1 they imply, by (5.14) a transformation

K′(z, z̄) = K(z, z̄) + ΛK(z) + Λ̄K(z̄). (5.35)



February 2, 2007 – 09 : 51 DRAFT LectParis 76

If we take a U(1) gauge Y = Ȳ , then this leaves a combination of the U(1) and the Kähler
transformation (5.34):

2iΛA = ΛK(Z)− Λ̄K(Z̄) (5.36)

as decomposition law. The remaining Kähler transformation can e.g. be used to choose one
of the ZI , say Z0, equal to 1. In any case, one can choose the parametrization of the n
physical scalars zα (with α = 1, . . . , n) at random, as stressed in [62, 63, 64].

A convenient choice of inhomogeneous coordinates zα are the special coordinates, defined
by

zα =
Xα

X0
, or Z0(z) = 1 , ZA(z) = zα . (5.37)

In the general form of the spin-1 action (5.32), the matrix N is given by

NIJ(z, z̄) = F̄IJ + i
NINNJK XNXK

NLM XLXM
. (5.38)

Exercise 5.1: Check the following useful relation:

ImNIJX̄
J = −1

2

NIJX
J

NLM XLXM
. (5.39)

The kinetic energy terms of the scalars are positive definite in a so-called ’positivity domain’.
This is given by the conditions gαβ̄ > 0 and e−K > 0. Then it follows that ImNIJ < 0 [67].
Note that the fact that the positivity domain is non-empty, restricts the functions F that
can be used.

There is one global aspect [68, 69] which is important, and as far as I know it is the only
instant where the fermion sector comes in. As we have seen, the fermions transform under the
superconformal U(1) factor, and hence, by (5.36), under the (finite) Kähler transformations:

Ωi → e−
1
4(ΛK(Z)−Λ̄K(Z̄))Ωi . (5.40)

Then one argues in the same way as for the magnetic monopole (as nicely explained in [68,
69]): the fermion should remain well defined when going e.g. around a sphere. If fields
transform as ψ → Uψ, then the gauge field Aµ, normalized so that it transforms as ∂µ+Aµ →
U−1(∂µ+Aµ)U , has a field strength Fµν = ∂µAν−∂νAµ, of which the integral over an arbitrary
2-cycle should be

[F ] ≡
∫
Fµν dx

µ dxν = 2πin ; n ∈ Z . (5.41)

The properly normalized gauge field is then

Aα = −1
4
∂αK ; Aᾱ = 1

4
∂ᾱK , (5.42)

and the curvature,

Fαβ̄ = −Fβ̄α = 1
2
gαβ̄ , K =

i

2π
gαβ̄dzα ∧ dz̄β̄ . (5.43)
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is proportional to the Kähler 2-form. We thus find

c1 = 1
2
[K] ∈ Z . (5.44)

We find that the Kähler form should be of even integer cohomology. If there had been
no fermions present in the theory, the same argument applied just to the bosonic fields
would have allowed an arbitrary integer cohomology. In the mathematical literature Kähler
manifolds of which the Kähler form is of integer cohomology are called Hodge manifolds.
With a slight abuse of language we will call Hodge–Kähler manifold a Kähler manifold with
Kähler form of even integer cohomology.

We give here some examples of functions F (X) and their corresponding target spaces:

F = −iX0X1 SU(1, 1)

U(1)
(5.45)

F = (X1)3/X0 SU(1, 1)

U(1)
(5.46)

F = −4
√
X0(X1)3

SU(1, 1)

U(1)
(5.47)

F = 1
4
iXIηIJX

J SU(1, n)

SU(n)⊗ U(1)
(5.48)

F =
dABCX

AXBXC

X0
‘very special’ (5.49)

The first three functions give rise to the manifold SU(1, 1)/U(1). However, the first one is
not equivalent to the other two as the manifolds have a different value of the curvature [70].
The latter two are, however, equivalent by means of a symplectic transformation, as I will
show in section 6.2. In the fourth example η is a constant non-degenerate real symmetric
matrix. In order that the manifold has a non-empty positivity domain, the signature of this
matrix should be (− + · · ·+). The last example, defined by a real symmetric tensor dABC ,
with A,B,C = 1, . . . n, defines a class of special Kähler manifolds, which are denoted as
‘very special’ Kähler manifolds. The corresponding supergravity theories are those that can
be obtained from dimensional reduction of d = 5 supergravity–vector multiplet couplings.

Exercise 5.2: We go through the example (5.48) in some detail. We get easily the
second derivative

FIJ = 1
2
iηIJ , NIJ = ηIJ . (5.50)

We will now specify to

ηIJ =

(
−1 0
0 1

)
. (5.51)

We thus write the formulae for n = 1, but they can be easily generalized for
arbitrary n by taking the lower-right entry to be a unit n × n matrix. From
(5.33) we get

e−K(z,z̄) = Z0(z)Z̄0(z̄)− Z1(z)Z̄1(z̄) . (5.52)
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The right-hand side should be positive. A convenient parametrization is thus
Z0 = 1, Z1 = z. Indeed, then ∂zZ

I is of rank 1, while the 2× 2 matrix (ZI , ∂I
z )

is of rank 2. The domain for z is then |z|2 < 1.

This leads to

∂zK =
z̄

1− zz̄
, gzz̄ = ∂z∂z̄K =

1

1− zz̄
, (5.53)

You may check that the indefinite signature of (5.51) was necessary to have a
positive metric.

The kinetic terms of the two vectors are determined by the matrix (5.38)

NIJ =
1

2
i

(
1 0
0 −1

)
+

i

z2 − 1

(
1 −z
−z z2

)
= − i

1− z2

(
1
2
(1 + z2) −z
−z 1

2
(1 + z2)

)
.

(5.54)
The imaginary part is negative definite as it should be for positive kinetic terms
of the vectors.

5.4 Hypermultiplet action

The construction of special Kähler geometry that we have outlined here can be used as well
for the quaternionic spaces (and for the real ones). We have constructed earlier the action of
a hypermultiplet coupled to superconformal N = 2 Weyl multiplet (and possibly to vector
multiplets). We use r = nH + 1 hypermultiplets, and will decouple one quaternion (4 real
fields) from the others. One real field will be a scale degree of freedom23, three are SU(2)
degrees of freedom, and the remaining ones form nH quaternions. As in the metric of the
vector multiplets, there is a connection to Sasakian manifolds. The 4(hH + 1) dimensional
manifold is a cone. The cone has a radial parameter and the dilatations scale from one to
another value on the cone. Fixing that scale leads to a 3-Sasakian manifolds (of dimensions
4nH + 3), if one puts the gauge fields of the SU(2) invariance to zero, rather than using
their field equations. Using their field equations, and eliminating the three gauge degrees of
freedom, leads to the quaternionic manifold of dimension 4r.

There is a result of Swann [71] that implies that every quaternionic manifold can be
obtained in this way. The condition that a hyper-Kähler manifold can be formulated in a
conformal way is equivalent to the condition that there is a cone. Therefore, those hyper-
Kähler that satisfy this condition are one-to-one related with the hyper-Kähler manifolds
that can be made quaternionic by an SU(2) gauging. The result of Swann has been made
explicit by the construction that we will now explain [72]. The procedure is the same whether
applied for d = 4, d = 5 or d = 6.

We will now use the notation X̂ to denote the 4r = 4(nH + 1) scalar fields in all the
hypermultiplets. The notation X will then be reserved for the 4nH scalars that remain after
the gauge fixing. First, we choose in the hyper-Kähler manifold one coordinate, denoted

23When vector multiplets and hypermultiplets are simultaneously coupled, there is one overall dilatational
gauge degree of freedom. An auxiliary field of the superconformal gauge multiplet gives a second relation,
such that as well the compensating field of the vector multiplet as that of the hypermultiplet are fixed.
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by w0 in the direction of the dilatation vector (homothetic Killing vector) k̂X̂
D . Further we

choose 3 coordinates according to the SU(2) vector field (4.45). Our new basis is therefore
of the form

{qX̂} = {w0, wα, qX}. (5.55)

This choice is thus taken such that

k̂X̂
D (w, q) = {(d− 2)w0, 0, 0} , ~̂kX̂(w, q) = {0, ~kα, 0} . (5.56)

Note that we use the index α here for the choice of coordinates and the vector sign for the
3 directions of the SU(2) vectors.

Similarly, the coordinates on the target space are now generically denoted by Â, and
these can be split in 2 + 2nH . Mathematically, this can be done because the distinction of
w0 and wα splits the structure group G`(nH + 1,H) to SU(2) × G`(nH ,H). We can thus
write

{Â} = {i, A}. (5.57)

Here, i is an SU(2)-index taking values 1 and 2. We thus have for the fermions

{ζÂ} = {ζ i, ζA}. (5.58)

In our approach this splitting is done such that only the ζ i transform under S-supersymmetry.
The constraints of dilatation invariance and general properties of the quaternionic viel-

beins and metric imply that the metric takes the form [72]

dŝ2 ≡ ĝX̂Ŷ dqX̂dqŶ

= −(dw0)2

w0
+ w0

{
hXY (q)dqXdqY

−gαβ(w, q)[dwα + Aα
X(w, q)dqX ][dwα + Aα

X(w, q)dqX ]
}
, (5.59)

were we used the notations

Aα
X(w, q) ≡ f̂α

ij f̂
ij
X = −f̂α

iAf̂
iA
X , ĝαβ(w, q) ≡ w0gαβ . (5.60)

After the gauge fixing, the final metric on the 4nH-dimensional space is w0hXY . The metric
gαβ is invertible in the 3-dimensional space of the wα, and is used there to raise and lower α
indices.

Quaternionic geometry. The results of [72] imply that for all values of w0

gXY (w, q) ≡ w0hXY (q) = ĝXY + gαβA
α
XA

β
Y (5.61)

defines a quaternionic-Kähler metric. It has also been proven that any quaternionic-Kähler
metric can be obtained in this way.

Similarly to the metric, also all other geometrical quantities of the big space can be de-
composed in several parts, one of which defines the geometric quantities of the quaternionic-
Kähler space. An important example is that in the connection ω̂XÂ

B̂, there is a part ωXi
j,

which will play the role of SU(2) connection in the quaternionic-Kähler manifold. Such a
connection was absent in the hyper-Kähler manifold, and is characteristic of quaternionic-
Kähler manifolds.
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5.5 The gauge fixing of the total action

We concentrate here on 4 dimensions. The principles are the same for d = 5 and for a large
part also for d = 6.

The total action is the sum of the local superconformal action of the vector multiplet
and the hypermultiplet. The former is (4.79), of which the most relevant terms have been
rewritten in (4.81). The hypermultiplet action is (4.108). We assume that in both cases
the geometric ingredients, the special Kähler geometry for the vector multiplets, and the
quaternionic-Kähler geometry for the hypermultiplets, has been chosen such that there is
in each sector one multiplet with negative kinetic energy and all the others have positive
kinetic energies. The vector and hypermultiplet with negative kinetic energy will now be
used for gauge fixing and for solving some equations of motion. Both actions contain also
the fields of the Weyl multiplet. Dependent fields in this Weyl multiplet have already been
solved for in the final actions that we presented. But there are also the auxiliary fields. This
is the starting point for the figure 1, which can guide us through the following steps.

Figure 1: Summary of the gauge-fixing procedure. The underlined terms of the upper box will
be eliminated. The method that is used is indicated in the middle box. There, EOM stands
for elimination by an equation of motion. Other fields are eliminated by gauge conditions.
This leads to the field content indicated in the lower box.'
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As mentioned in (5.2), the dilatation gauge field bµ can be eliminated by a gauge choice
for the special conformal transformations K. As well the Weyl multiplet as the vector
multiplets contain moreover auxiliary fields (Tab, Vµi

j and Y ij) which should be eliminated
from the action by their respective field equations. The field equation of the auxiliary field
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D is combined with the dilatation gauge choice to eliminate the modulus of the scalars
of the compensating multiplets, |Y | and w0. One may choose the order in which these two
equations are used. In the figure, we indicated to eliminate w0 by the dilatation gauge choice
and |Y | by the D field equation for simplicity, but that can be interchanged at random. A
similar remark holds for the elimination of the fermionic components of the compensating
multiplets by the S-gauge and the use of the equation of motion of χi. The U(1) gauge
eliminates the phase of the scalar of the compensating vector multiplet. Here is the only
difference with 5 dimensions. In that case the superconformal algebra does not contain a
U(1), but the scalar of the vector multiplet is also real, such that this step is not necessary.
Similarly the quaternionic phases of the scalars of the compensating hypermultiplet are fixed
by gauge choices of the SU(2). The only remaining field of the compensating multiplets is
the vector field Wµ. This field becomes the graviphoton in the final super-Poincaré action.
The result is the coupling of nH hypermultiplets and nV vector multiplets to N = 2, d = 4
Poincaré supergravity.

Remark that the fixing of gauge symmetries leads to a change in the definitions of co-
variant derivatives. Indeed, the fields that we use in the Poincaré supergravity are chosen
such that they do not transform any more under the broken symmetries. Moreover, the pa-
rameters of the broken symmetries will be expressed in terms of the independent parameters
by the so-called decomposition laws. The new transformation laws of the fields are obtained
by replacing the parameters of the broken symmetries by means of these expressions.

We now give some details.

5.5.1 Equations of motion

The fields D and χ appear in the action as Lagrange multipliers. Their field equations imply
the following conditions:

D : N + 1
4
k2

D = 0,

χi : 1
2

(
−N − 1

4
k2
)
γaψ

a
i +NIJX̄

IΩJ
i + 2ikDX̂ f̂

X̂
iÂ
ζÂ = 0. (5.62)

The total action leads to the following equation of motion for the SU(2) gauge field V a
i
j,

and the other auxiliary fields Y ij and Tab:

V a
i
j =

1

2k2
D

gX̂Ŷ {∂
aqX̂ + gW aIkX̂

I }kŶ
i
j

+
1

2k2

[
1
12

(−N + 5k2
D)ψ̄biγ

abcψj
c + 1

4
NIJΩ̄I

i γ
aΩJj

+1
3
NIJX̄

IΩ̄J
i γ

abψj
b − 1

3
ikDX̂ f̂

X̂
iÂ
ζÂγabψj

b − h.c.; traceless
]
, (5.63)

NIJY
J
ij = −1

2
iFIJKΩ̄J

i ΩK
j − 4gPIij.

1
8
NIJX

IXJT+
ab = 1

12

(
−N − 1

4
k2
)
ψ̄i

aψ
j
bεij + 1

6

(
1
2
ikX̂f

iÂX̂ ζ̄Â −NIJX
JΩ̄iI

)
γaψ

j
bεij

+1
4
NIJX

IF̂+J
ab + 1

32
iF̄IJKΩ̄iIγabΩ

jJXKεij + 1
8
ζ̄ÂγabζB̂d

ÂB̂.
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5.5.2 Gauge choices and decomposition laws

We have already commented on the gauge choice for the special conformal transformations,
see (5.2). For the dilatations, we have already mentioned in the simple example (2.11) that
our aim is to have a standard kinetic term for gravity. Hence, we just collect the terms with
the scalar curvature and obtain (with units such that κ2 = 1)

D-gauge: 1
6
N − 1

12
k2

D = 1
2
. (5.64)

Combining this with the field equation for D, (5.62), we obtain

N = 1, k2
D = −4. (5.65)

Using the basis (5.56) and (5.59) we thus have at the quaternionic side

w0 = 1. (5.66)

The condition that fixes the dilation gauge is physically the requirement that the kinetic
terms of the scalars and the spin-2 field are not mixed. The total action does contain terms
of the form γµν∂µψ

i
ν , multiplied with fermion fields of the vector and hypermultiplet. These

imply thus a mixing of the kinetic terms of spin 3/2 and 1/2. We choose in analogy to the
bosonic sector the S-gauge condition such that such a mixing does not occur. Hence, we put
to zero the coefficient of γµν∂µψ

i
ν .

S-gauge: NIJX̄
IΩJ

i − ikDX̂ f̂
X̂
iÂ
ζÂ = 0. (5.67)

This coincides with the requirement that the D-gauge is invariant under ordinary supersym-
metry, which simplifies the decomposition laws. Combining this with the field equation of
the auxiliary field χi (5.62) leads to:

NIJX̄
IΩJ

i = 0, kDX̂ f̂
X̂
iÂ
ζÂ = 0. (5.68)

In the coordinates (5.55) and (5.57) for the hypermultiplet, we have (see [53]):

kX̂ f̂
X̂
iÂ

= 2w0g00f̂
0
iÂ

= 2iεijδ
j

Â

√
1
2
w0. (5.69)

Therefore, (5.68) says that
ζ i = 0. (5.70)

We already discussed the geometry of the vector multiplet and used the U(1) gauge (5.30).
The SU(2) allows us similarly to fix the phases of the compensating quaternion in the
hypermultiplet. We choose wα constant:

SU(2)-gauge: wα = wα
0 . (5.71)
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Decomposition rules. The above gauge choices imply that the parameters of the gauge-
fixed symmetries are functions of the remaining gauge symmetries. We mentioned this
already for the K parameter in (5.3). By the fact that the S gauge has been chosen to be
the supersymmetry transformation of the D gauge implies that the parameter of the latter
can just be put equal to zero.

ΛD = 0. (5.72)

There is a more complicated result for the parameter of the special supersymmetry, η.
Varying the S gauge leads to

ηi = 1
4
iFIJKX̄

KΩI
j ε̄

jΩJ
i − 1

16
ζ̄Âγabζ

B̂γabεjεijdÂB̂ − gX̄IPIijε
j − 1

4
NIJΩ̄jIγaΩJ

i γaεj. (5.73)

Varying the condition (5.71) leads to an expression for the SU(2) parameter Ui
j:

Ui
j = 2ωXi

j
(
δGq

X + δQq
X
)

+ 2gαIPI i
j. (5.74)

This expression determines that any gauge symmetry has now a contribution from the SU(2)
R-symmetry. This is an important fact in quaternionic geometry.

The gauge fixing of U(1) and the corresponding decomposition law was already given in
(5.36).

5.5.3 Action for Poincaré supergravity.

We give here some important terms of the final result:

S = 1
2
eR−

(
∂β̄∂αK

)
∂µz

α ∂µzβ̄ − 1
16

(
FIJ + F̄IJ

)
e−1εµνρσFµν

IFρσ
J

+
(
−ζA /DζBdA

B − 1
4
NIJΩ̄iI /DΩJ

i − 1
2
ψ̄iaγ

abcDbψ
i
c

+
(
− 1

8
NIJ F̂

+I
µν F̂

+µνJ + h.c.
)

+ · · · (5.75)

Remark that the covariant derivatives are the previously introduced superconformal covari-
ant derivatives, where the auxiliary fields have to be replaced by the values that they got
from their field equations.

6 Special Kähler geometry.

6.1 Dualities in general.

A prerequisite to understand the following development, is a study of the symplectic trans-
formations. These are the duality symmetries of 4 dimensions, the generalizations of the
Maxwell dualities. They were first discussed in [73, 74, 75, 76]. Consider the kinetic terms
of the vector fields, L1 in (5.32), for an arbitrary number (m) of vectors. NIJ are cou-
pling constants or functions of scalars. Remember that the complex conjugate of F+ is F−.
Defining

Gµν
+I ≡ 2i

∂L
∂F+I

µν

= NIJF+J µν , (6.1)
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the Bianchi identities and field equations can be written as

∂µ ImF+I
µν = 0 Bianchi identities

∂µ ImGµν
+I = 0 Equations of motion. (6.2)

This set of equations is invariant under GL(2m,R):(
F̃+

G̃+

)
= S

(
F+

G+

)
=

(
A B
C D

)(
F+

G+

)
. (6.3)

The Gµν are related to the Fµν as in (6.1). Now we limit the transformations to those that
preserve such a relation. Therefore, we should have

G̃+ = (C +DN )F+ = (C +DN )(A+BN )−1F̃+

→ Ñ = (C +DN )(A+BN )−1 . (6.4)

As G̃+µν should be the derivative of a transformed action to describe the field equations, this
requirement imposes that the matrix Ñ should be symmetric. For a general N this implies
(using rescalings of the field strengths)

ATC − CTA = 0 , BTD −DTB = 0 , ATD − CTB = 1l . (6.5)

These equations express that

S =

(
A B
C D

)
∈ Sp(2m,R) , (6.6)

as the explicit condition is

ST ΩS = Ω where Ω =

(
0 1l
−1l 0

)
. (6.7)

Thus the remaining transformations are real symplectic ones in dimension 2m, where m is
the number of vector fields.

A 2m component column V which transforms under the symplectic transformations as

Ṽ = SV is called a symplectic vector. The prime example is thus V =

(
F+

G+

)
. The invariant

inner product of two symplectic vectors V and W is

〈V,W 〉 ≡ V T ΩW . (6.8)

The symplectic transformations thus transform solutions of (6.2) into solutions. However,
they are not invariances of the action. Indeed, writing

L1 = 1
2

Im
(
NIJ F

+I
µν F

+µν J
)

= 1
2

Im
(
F+IG+I

)
, (6.9)
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we obtain

Im F̃+IG̃+I = Im
(
F+G+

)
+ Im

(
2F+(CTB)G+ + F+(CTA)F+ +G+(DTB)G+

)
. (6.10)

If C 6= 0, B = 0 the Lagrangian is invariant up to a four–divergence, as ImF+F+ =
−1

4
εµνρσFµνFρσ and the matrices A and C are real. For B 6= 0 the Lagrangian is not

invariant.
If sources are added to the equations (6.2), the transformations can be extended to the

dyonic solutions of the field equations by letting the magnetic and electric charges

(
qI
m

qe I

)
transform as a symplectic vector too. The Schwinger-Zwanziger quantization condition re-
stricts these charges to a lattice. Invariance of this lattice restricts the symplectic transfor-
mations to a discrete subgroup Sp(2m,Z).

Finally, the transformations with B 6= 0 will be non–perturbative. This can be seen from
the fact that they do not leave the purely electric charges invariant, or from the fact that
(6.4) shows that these transformations invert N , which plays the role of the gauge coupling
constant.

The important properties for the matrix N is that it should be symmetric and ImN < 0
in order to have positive kinetic terms. These properties are preserved under symplectic
transformations defined by (6.4).

The simplest case is with one Abelian vector. Take N = S, a complex field. The action
is

L = 1
4
(ImS)FµνF

µν − 1
8
(ReS)εµνρσFµνFρσ . (6.11)

The set of Bianchi identities and field equations is invariant under symplectic transforma-
tions, transforming the field S as

S̃ =
C +DS

A+BS
where AD −BC = 1 . (6.12)

If the rest of the action, in particular the kinetic term for S, is also invariant under this
transformation, then this is a symmetry. These transformations form an Sp(2; R) = S`(2,R)
symmetry. The S`(2,Z) subgroup is generated by(

1 0
1 1

) (
0 1
−1 0

)
S̃ = S + 1 S̃ = − 1

S
. (6.13)

Note that ImS is invariant in the first transformation, while the second one replaces ImS by
its inverse. ImS is the coupling constant. Therefore, the second transformation, cannot be
a perturbative symmetry. It relates the strong and weak coupling description of the theory.

For another example, namely S and T dualities in this framework, see [77].
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6.2 Symplectic transformations in N = 2

In N = 2 the tensor N is determined by the function F as explained in section 5.3. The
definition of N can be written in a clarifying way as follows

∂γ̄F̄I = NIJ∂γ̄X̄
J , FI = NIJX

J . (6.14)

One regards (∂γ̄F̄I , FI) as an n + 1 by n + 1 matrix to see how this defines the matrix N .
From this definition it is easy to see that N transforms in the appropriate way if we define

V =

(
XI

FI

)
, Uα =

(
∂αX

I

∂αFI

)
(6.15)

(and their complex conjugates) as symplectic vectors. They thus transform as in (6.3). With
this identification in mind, we can reconsider the kinetic terms of the scalars. Then it is
clear that the Kähler potential (5.33), and the constraint (5.22) are symplectic invariants.
This will lead to a new formulation of special geometry in section 6.3.

The equation
X̃I = AI

JX
J +BIJFJ(X) (6.16)

expresses the dependence of the new coordinates X̃ on the old coordinates X. If this trans-
formation is invertible 24, the F̃I are again the derivatives of an new function F̃ (X̃) of the
new coordinates,

F̃I(X̃) =
∂F̃ (X̃)

∂X̃I
. (6.17)

The integrability condition which implies this statement is equivalent to the condition that S
is a symplectic matrix. In the supergravity case, one can obtain F̃ due to the homogeneity:

F̃ (X̃(X)) =
1

2
V T

(
CTA CTB
DTA DTB

)
V . (6.18)

Hence we obtain a new formulation of the theory, and thus of the target-space manifold, in
terms of the function F̃ .

We have to distinguish two situations:

1. The function F̃ (X̃) is different from F (X̃). In that case the two functions describe
equivalent classical field theories. We have a pseudo symmetry. These transforma-
tions are called symplectic reparametrizations [78]. Hence we may find a variety of
descriptions of the same theory in terms of different functions F .

2. If a symplectic transformation leads to the same function F , then we are dealing with
a proper symmetry. This invariance reflects itself in an isometry of the target-space
manifold.

24The full symplectic matrix is always invertible, but this part may not be. In rigid supersymmetry, the
invertibility of this transformation is necessary for the invertibility of N (due to the positive definiteness of
the full metric), but in supergravity we may have that the X̃I do not form an independent set, and then F̃
cannot be defined. See below.
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Henceforth these symmetries are called ‘duality symmetries’, as they are generically accom-
panied by duality transformations on the field equations and the Bianchi identities. The
question remains whether the duality symmetries comprise all the isometries of the target
space, i.e. whether

Iso(scalar manifold) ⊂ Sp(2(n+ 1),R) . (6.19)

We investigated this question in [79] for the very special Kähler manifolds, and found that in
that case one does obtain the complete set of isometries from the symplectic transformations.
For generic special Kähler manifolds no isometries have been found that are not induced by
symplectic transformations, but on the other hand there is no proof that these do not exist.

E.g. the symplectic transformations with

S =

(
1l 0
C 1l

)
(6.20)

do not change the XA and give F̃ = F + 1
2
CABX

AXB. So these give proper symmetries for
any symmetric matrix CAB. The symmetry of C is required for S to be symplectic. From the
explicit construction it is clear that such addition of real quadratic terms to the prepotential
do not change the action. Therefore, we should also modify the distinction between pseudo
symmetries and proper symmetries that we mentioned earlier. When the prepotential only
changes in this way, then the corresponding symmetry is still a proper symmetry.

That the full supersymmetric theory allows such symplectic transformations can be seen
also in another way. I mentioned before that the vector multiplets are chiral multiplets,
with w = 1 that satisfy constraints (4.20). One of these constraints is the Bianchi identity
for the vector. The functions FI(X) transform also in a chiral way under supersymmetry,
and thus define also chiral multiplets, which have Weyl weight w = 1. Now it turns out
that the same conditions on these multiplets are in fact the field equations. One of these
is the field equations of the vectors. Thus the symplectic vectors V (6.24) are the lowest
components of a symplectic vector of chiral multiplets. If these symplectic vectors satisfy the
constraints, then this implies as well that we have vector multiplets, as the field equations.
This is thus a supersymmetric generalization of the symplectic set-up of section 6.1. For
the supergravity case this has been worked out in [80]. In this way, even the equations for
models in a parametrization without prepotential can be obtained. Such situations will be
explained shortly.

I will finish this section with an example of a manifold with isometries. Consider (5.46).
If we apply the symplectic transformation

S =

(
A B
C D

)
=


1 0 0 0
0 0 0 1/3
0 0 1 0
0 −3 0 0

 (6.21)

one arrives, using (6.18), at (5.47). So this is a symplectic reparametrization, and shows the
equivalence of the two forms of F as announced earlier.
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On the other hand consider

S =


1 + 3ε µ 0 0
λ 1 + ε 0 2µ/9
0 0 1− 3ε −λ
0 −6λ −µ 1− ε

 (6.22)

for infinitesimal ε, µ, λ. Then F is invariant. On the scalar field z = X1/X0, the transfor-
mations act as

δz = λ− 2εz − µz2/3 . (6.23)

They form an SU(1, 1) isometry group of the scalar manifold. The domain were the metric
is positive definite is Im z > 0. This shows the identification of the manifold as the coset
space in (5.46), (5.47).

6.3 Characteristics of a special geometry.

Special Kähler geometry [1] is defined by the couplings of the scalars in the locally super-
symmetric theory, i.e. in the coupled Einstein–Maxwell theory. For other applications one
is interested in a definition of special geometry independent of supersymmetry. A first step
in that direction has been taken by Strominger [66]. He had in mind the moduli spaces of
Calabi–Yau spaces. His definition is already based on the symplectic structure, which we
also have emphasized. However, being already in the context of Calabi–Yau moduli spaces,
his definition of special Kähler geometry omitted some ingredients that are automatically
present in any Calabi–Yau moduli space, but have to be included as necessary ingredients in
a generic definition. Another important step was obtained in [81]. Before, special geometry
was connected to the existence of a holomorphic prepotential function F (z). The special
Kähler manifolds were recognized as those for which the Kähler potential can be determined
by this prepotential, in a way to be described below. However, in [81] it was found that one
can have N = 2 supergravity models coupled to Maxwell multiplets such that there is no
such prepotential. These models were constructed by applying a symplectic transformation
to a model with prepotential. This fact raised new questions: are all the models without
prepotential symplectic dual to models with a prepotential? Can one still define special
Kähler geometry starting from the models with a prepotential? Is there a more convenient
definition which does not involve this prepotential? These questions have been answered
in [82], and are reviewed here.

6.3.1 Symplectic formulation

This is thus a reformulation of the geometry that we have seen in section 5.3, using the
symplectic formalism. The dilatational gauge fixing (the fixing of r above), is done by the
condition (5.22). This condition is chosen in order to decouple kinetic terms of the graviton
from those of the scalars. Using again symplectic vectors

V =

(
XI

FI

)
, (6.24)
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this can be written as the condition on the symplectic inner product:

< V, V̄ >= XIF̄I − FIX̄
I = i . (6.25)

To solve this condition, we define

V = eK(z,z̄)/2v(z) , (6.26)

where v(z) is a holomorphic symplectic vector,

v(z) =

(
ZI(z)
∂

∂ZIF (Z)

)
. (6.27)

The upper components here are arbitrary functions (up to conditions for non-degeneracy),
reflecting the freedom of choice of coordinates zα. The Kähler potential is

e−K(z,z̄) = −i〈v, v̄〉. (6.28)

The kinetic matrix for the vectors is given by

NIJ =
(
DᾱF̄I(X̄) FI

) (
DᾱX̄

J XJ
)−1

, (6.29)

where the matrices are (n+ 1)× (n+ 1) and

DᾱF̄I(X̄) = ∂ᾱF̄I(X̄) + 1
2
(∂ᾱK)F̄I(X̄) , DᾱX̄

J = ∂ᾱX̄
J + 1

2
(∂ᾱK)X̄J . (6.30)

Before continuing with general statements, it is time for an example. Consider the
prepotential

F = −iX0X1. (6.31)

This is a model with n = 1. There is thus just one coordinate z. One has to choose a
parametrization to be used in the upper part of (6.27). Let us take a simple choice: Z0 = 1
and Z1 = z. The full symplectic vector is then (as e.g. F0(Z) = −iZ1(z))

v =


Z0

Z1

F0

F1

 =


1
z
−iz
−i

 . (6.32)

The Kähler potential is then directly obtained from (6.28), determining the metric:

e−K = 2(z + z̄) ; gzz̄ = ∂z∂z̄K = (z + z̄)−2 . (6.33)

The kinetic matrix for the vectors is diagonal. From (6.29) follows

N =

(
−iz 0
0 −i1

z

)
. (6.34)
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Therefore the action contains

e−1L1 = −1
2

Re
[
z
(
F+0

µν

)2
+ z−1

(
F+1

µν

)2]
. (6.35)

The domain of positivity for both metrics is Re z > 0.
Before continuing, let us extend the Kähler-covariant derivatives introduced in (6.30) for

future use:

DαV = ∂αV + 1
2
(∂αK)V, DᾱV = ∂ᾱV − 1

2
(∂ᾱK)V = 0,

DᾱV̄ = ∂ᾱV̄ + 1
2
(∂ᾱK)V̄ , DαV̄ = ∂αV̄ − 1

2
(∂αK)V̄ = 0,

Dαv = ∂αv + (∂αK)v, Dᾱv = ∂ᾱv = 0,

Dᾱv̄ = ∂ᾱv̄ + (∂ᾱK)v̄, Dαv̄ = ∂αv̄ = 0, (6.36)

where the indicated vanishing of expressions is due to the definitions. We also use definitions

Uα ≡ DαV = eK/2Dαv, Ūᾱ ≡ DᾱV̄ = eK/2Dᾱv̄. (6.37)

They satisfy e.g.
〈Uα, Ūβ̄〉 = −igαβ̄. (6.38)

Exercise 6.1: These covariant derivatives are covariant for the remaining Kähler
transformations after the decomposition law (5.36). Check this statement.

6.3.2 Absence of a prepotential in examples

The tensor calculus lead to the formulation of special geometry in terms of a prepotential
F (X). In the above symplectic formulation appears then its derivatives FI(X) = ∂

∂XIF (X).
The latter FI turn out to be more fundamental than F (X) itself. We will show now that one
can take alternative symplectic bases where FI are not derivatives of a scalar prepotential
F (X). We will show this first by an example, and then give some general properties before
exhibiting another class of examples that are relevant in string theory.

Let us come back to the example (6.31), on which we perform a symplectic mapping:

ṽ = Sv =


1 0 0 0
0 0 0 −1
0 0 1 0
0 1 0 0

 v =


1
i
−iz
z

 . (6.39)

After this mapping, z is not any more a good coordinate for (Z̃0, Z̃1), the upper two compo-
nents of the symplectic vector z. This means that the symplectic vector cannot be obtained
from a prepotential. We cannot obtain the symplectic vector from a form (6.27). No function

F̃ (Z̃0, Z̃1) exists.
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The Kähler metric is still the same, (6.33), and one can again compute the vector kinetic
matrix, either directly from (6.29), as the denominator is still invertible, or from (6.4):

Ñ = (C +DN )(A+BN )−1 = −iX1(X0)−11l = −iz1l . (6.40)

In this parametrization, the action is thus

e−1L1 = −1
2

Re
[
z
(
F+0

µν

)2
+ z

(
F+1

µν

)2]
. (6.41)

This action is not the same as the one before, but is a ‘dual formulation’ of the same theory,
being obtained from (6.35) by a duality transformation. The straightforward construction
in superspace or superconformal tensor calculus does not allow to construct actions without
a superpotential. However, in [80] it has been shown that the field equations of these models
can also be obtained from the superconformal tensor calculus. One just has to give up the
concept of a superconformal invariant action.

Going to a dual formulation, one obtains a formulation with different symmetries in
perturbation theory. The example that we used here appears in a reduction to N = 2 of two
versions of N = 4 supergravity, known respectively as the ‘SO(4) formulation’ [83, 84, 85]
and the ‘SU(4) formulation’ of pure N = 4 supergravity [86].

Finally let us note that we still could apply (6.29) because the matrix(
XI DαX̄

I
)

(6.42)

is always invertible if the metric gαᾱ = ∂α∂ᾱK(z, z̄) is positive definite. Therefore, the inverse
exists, and NIJ can be constructed. However, the matrix(

XI DαX
I
)

(6.43)

is not invertible in the formulation (6.39). If that matrix is invertible, then a prepotential
exists [82].

It turns out that the following 3 conditions are equivalent:

1. (6.43) invertible;

2. special coordinates are possible;

3. a prepotential F (X) exists.

An important example of the phenomenon of the absence of a prepotential is the descrip-
tion of the manifold

SU(1, 1)

U(1)
⊗ SO(r, 2)

SO(r)⊗ SO(2)
. (6.44)

This is the only special Kähler manifold that is a product of two factors [87]. Therefore it
is also determined that in the classical limit of the compactified heterotic string, where the
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dilaton does not mix with the scalars of the other vector multiplets, the target space should
have that form. The first formulation of these spaces used a function F of the form [67]

F =
dABCX

AXBXC

X0
. (6.45)

In fact, such a form of F is what one expects for all couplings which can be obtained from
d = 5 supergravity [88]. Such manifolds are called ‘very special Kähler manifolds’. In such
a formulation for (6.44) the SO(r, 2) part of the duality group sits not completely in the
perturbative part of the duality group, i.e. one needs B 6= 0 in the duality group to get the
full SO(2, r). However, from the superstring compactification one expects SO(2, r; Z) as a
perturbative (T -duality) group.

By making a symplectic transformation this can indeed be obtained [81]. After that
symplectic transformation one has a symplectic vector (XI , FI) satisfying

XI ηIJ X
J = 0 ; FI = S ηIJ X

J , (6.46)

where ηIJ is a metric for SO(2, r). The first constraint comes on top of the constraint (5.22),
and thus implies that the variables z cannot be chosen between the XI only. Indeed, S
occurs only in FI .

6.3.3 Definitions

After this extension of the formulation, the reader may ask the question what is then really
special Kähler geometry. This was the question put in [82], and lead to some definitions.
We will give here first a definitions using the prepotential, and then a second one using only
the symplectic vectors. We will discuss then the equivalence. We will afterwards discuss a
more mathematically inspired definition [89].
Definition 1 of (local) special Kähler geometry.

A special Kähler manifold is an n-dimensional Hodge–Kähler manifold with on any chart
n+1 holomorphic functions ZI(z) and a holomorphic function F (Z), homogeneous of second
degree, such that, with (6.27), the Kähler potential is given by

e−K(z,z̄) = −i〈v, v̄〉 , (6.47)

and on overlap of charts, the v(z) are connected by symplectic transformations Sp(2(n+1),R)
and/or Kähler transformations.

v(z) → ef(z)Sv(z) . (6.48)

The transition functions should satisfy the cocycle condition on overlap of regions of three
charts.

In the examples of section 6.3.2 this definition turns out not to be applicable in an
arbitrary symplectic frame. Therefore we will not give a second definition, but we will then
comment how they are anyway equivalent.
Definition 2 of (local) special Kähler geometry.
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A special Kähler manifold is an n-dimensional Hodge–Kähler manifold, that is the base
manifold of a Sp(2(n + 1)) × U(1) bundle. There should exist a holomorphic section v(z)
such that the Kähler potential can be written as (6.47) and it should satisfy the condition

〈Dαv,Dβv〉 = 0 . (6.49)

Note that the latter condition guarantees the symmetry of NIJ . This condition did not
appear in [66], where the author had in mind Calabi–Yau manifolds. As we will see below,
in those applications, this condition is automatically fulfilled. For n > 1 the condition can
be replaced by the equivalent condition

〈Dαv, v〉 = 0 . (6.50)

For n = 1, the condition (6.49) is empty, while (6.50) is not. In [80] it has been shown that
models with n = 1 not satisfying (6.50) can be formulated.
Equivalence of the two definitions.

It is thus legitimate to ask about the equivalence of the two definitions. Indeed, we saw
that in some cases definition 2 is satisfied, but one cannot obtain a prepotential F . However,
that example, as others in [81], was obtained from performing a symplectic transformation
from a formulation where the prepotential does exist. In [82] it was shown that this is true
in general. If definition 2 is applicable, then there exists a symplectic transformation to
a basis such that F (Z) exists. However, in the way physical problems are handled, the
existence of formulations without prepotentials can play an important role. For example,
these formulations were used to prove that one can break N = 2 supersymmetry partially
to N = 1 [90] and not necessarily to N = 0, as it was thought before. This is an extremely
important property for phenomenological applications.

On page 91, we gave equivalent conditions for the symplectic basis such that there exists
a prepotential. The last of these statements can now be shown how this follows from the
second definition. One first notices that (XI/X0) is independent of z̄, such that from the
functions FI(z, z̄), one can define holomorphic functions

FI(X) ≡ X0 FI

X0

(
z

(
XA

X0

))
. (6.51)

The constraints (6.49) then imply(
XI

∂αX
I

)
∂[IFJ ]

(
XJ ∂αX

J
)

= 0 , (6.52)

from which it follows that in any patch FJ = ∂
∂XJF (X) for some F (X).

6.3.4 Symplectic equations and the curvature tensor

Let us first summarize the symplectic inner products that we found. They can be simply
written in terms of the 2(n+ 1)× 2(n+ 1) matrix

V =
(
Uα V̄ Ūα V

)
, (6.53)
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where Ūα = gαβ̄Ūβ̄, as

VT ΩV = iΩ. (6.54)

Thus, the matrix V is also invertible. Covariant derivatives on these equations lead to new
ones, like

〈V,DαUβ〉 = 〈V̄ ,DαUβ〉 = 〈Ūγ̄,DαUβ〉 = 0,

〈DαUβ, Uγ〉+ 〈Uβ,DαUγ〉 = 0. (6.55)

Note that DαUβ contains also Levi-Civita connection. Due to these equations and the
invertibility of (6.53), DαUβ must be proportional to a Ūγ, and, as from its definition it
is already symmetric in (αβ), we can define a third rank symmetric tensor

DαUβ = CαβγŪ
γ, Cαβγ ≡ −i〈DαUβ, Uγ〉. (6.56)

Exercise 6.2: Check that if there is a prepotential, then one can write

Cαβγ = iFIJKDαX
IDβX

JDγX
K , (6.57)

where the covariant derivatives may be replaced by ordinary derivatives due to
(4.70).

The curvature of the manifold can then be obtained from the commutator of covariant deriv-
atives. As mentioned already, the connections contain Levi-Civita and Kähler connections,
so the commutator will lead to a sum of the curvature of the Kähler manifold as function of
the Levi-Civita connection of gαβ̄ and the curvature of the Kähler connection. The latter is
the original U(1) from the superconformal algebra when it is pulled back to the spacetime.
It acts as δV = −iΛAV , and as one can see in (6.36), its gauge field has as (holomor-
phic, antiholomorphic) components (−1

2
i∂αK, 1

2
i∂ᾱK). Its curvature is therefore RK

αβ̄
= igαβ̄.

Therefore, the commutator of covariant derivatives should be of the form[
Dα, D̄β̄

]
V = iRK

αβ̄V = −gαβ̄V, hence − D̄β̄Uα = −gαβ̄V. (6.58)

On Uγ we get (see e.g. (2.60) and (A.5) for conventions)[
Dα,Dβ̄

]
Uγ = iRK

αβ̄Uγ −Rδ
γαβ̄Uδ. (6.59)

To make the calculation of the left-hand side, one lemma that we still need is that Cαβγ

is covariantly holomorphic:

iD̄δ̄Cαβγ = 〈D̄δ̄DαUβ, Uγ〉+ 〈DαUβ, D̄δ̄Uγ〉 = 0. (6.60)

Both terms vanish separately. For the first term, use (6.59) and (6.58) and e.g. 〈Uα, Uβ〉 = 0.
The second term is by these relations immediately zero.
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Now everything is ready for a short proof. With (6.56) and this covariant holomorphicity
of C we get

D̄β̄DαUγ = Cαγεg
εε̄C̄ε̄β̄δ̄g

δ̄δUδ. (6.61)

On the other hand
DαD̄β̄Uγ = gγβ̄Uα. (6.62)

Subtracting the two gives

−Rδ
γαβ̄Uδ − gαβ̄δ

δ
γUδ = gγβ̄δ

δ
αUδ − Cαγεg

εε̄C̄ε̄β̄δ̄g
δ̄δUδ. (6.63)

We can drop the Uδ, e.g. by taking a symplectic product of this relation with Ūφ. This
establishes the form of the curvature tensor [67]

Rδ
βαγ̄ = −gαγ̄δ

δ
β − gβγ̄δ

δ
α + Cαβεg

εε̄C̄ε̄β̄δ̄g
δ̄δ. (6.64)

Exercise 6.3: Check that this can also be written as

Rα
βγ

δ = −δβαδγ
δ − δγ

αδβ
δ + e2KWβγε W̄εαδ , (6.65)

where

Wαβγ = iFIJK

(
Z(z)

) ∂ZI

∂zα

∂ZJ

∂zβ

∂ZK

∂zγ
. (6.66)

Having all this machinery, we want to derive a few more relations that are often used in
special Kähler geometry.

Define the 2(n+ 1)× (n+ 1) matrix U as the left part of V , (6.53),

U =
(
Uα V̄

)
=

(
DαX

I X̄I

DαFI F̄I

)
=

(
xI

fI

)
, (6.67)

where the last equation defines (n+ 1)× (n+ 1) matrices. The matrix xI is invertible. Then
the definition of N in (6.29) is now written as

NIJ = f̄I(x̄)−1
J . (6.68)

This leads to

U =

(
1
N̄

)
x. (6.69)

Check that the dimensions fit for this matrix equation to make sense. Now we introduce the
(n+ 1)× (n+ 1) matrix

G =

(
gαβ̄ 0
0 1

)
= iUT ΩŪ , (6.70)
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with Ω the symplectic metric as in (6.7). This equation holds due to the gauge fixing and
definitions of the metric in special geometry. Combining the previous equations leads to
G = −2xT (ImN )x̄, or in full(

gαβ̄ 0
0 1

)
= i

(
〈Uα, Ūβ̄〉 〈Uα, V 〉
〈V̄ , Ūβ̄〉 〈V̄ , V 〉

)
= −2

(
DαX

I

X̄I

)
ImNIJ

(
Dβ̄X̄

J XJ
)
. (6.71)

The following consequence is often used:

− 1
2
(ImN )−1|IJ = DαX

Igαβ̄Dβ̄X̄
J + X̄IXJ . (6.72)

Another immediate consequence of these equations is

ŪG−1UT = Ūβ̄g
β̄αUT

α + V V̄ T = −1

2

(
1
N

)
(ImN )−1

(
1 N̄

)
= −1

2
M+

1

2
iΩ, (6.73)

in terms of the matrix M introduced in [91]:

M≡
(

ImN−1 ImN−1 ReN
ReN ImN−1 ImN + ReN ImN−1 ReN

)
. (6.74)

6.3.5 A mathematically inspired definition

We now present the definition that has been given by Freed [89]. We start by defining ‘rigid
special Kähler geometry’, that is the geometry of the scalars in rigid vector multiplets. In the
mathematics literature this is called ‘affine special Kähler geometry’. Then special Kähler
geometry for supergravity is called ‘projective special Kähler geometry’, because it is defined
from the former as a projectivization, which is in fact the gauge fixing of dilatations and the
U(1) from the superconformal group.
Definition of rigid special Kähler geometry.

The definition can be shortly formulated as

A rigid special Kähler manifold is a Kähler manifold with Kähler form Φ and
complex structure J such that there is a real, flat, torsion free, symplectic con-
nection ∇ that preserves J seen as a 1-form, that is

∇
(
(dφi)Ji

j
)

= 0, i, j = 1, . . . , 2n, (6.75)

where φi denote the (real) coordinates of the manifold.

Now we analyse this definition to see the relation with what has been presented before. First,
it is mentioned that we start from a Kähler manifold. This means that the manifold as real
manifold has even dimension. There is a hermitian metric with Levi-Civita connection Di

such that DiJj
k = 0. We can take then complex coordinates zα, z̄ᾱ, with α, ᾱ = 1, . . . , n,

such that the metric has only non-zero coefficients gαβ̄ = gβ̄α, and in these coordinates the
complex structure has the form

Jα
β = iδβ

α, Jᾱ
β̄ = −iδᾱ

β̄, Jα
β̄ = Jᾱ

β = 0. (6.76)
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The Kähler 2-form is then defined as

Φ = 1
2
Ji

kgkjdφ
i ∧ dφj = igαβ̄dzα ∧ dz̄β̄ . (6.77)

This defines a symplectic structure on the Kähler manifold.
Then the definition involves another connection ∇. It is mentioned that it is flat, i.e. its

curvature tensor vanishes. If the connection components of this connection are denoted as
Aij

k, the conditions are

torsionless : Aij
k = Aji

k ,

symplectic : ∂iJjk + 2Ai[j
`Jk]` = 0 ,

flat : ∂[iAj]k
` + Am[i

`Aj]k
m = 0 ,

(6.75) : ∂[iJj]
k + A`[i

kJj]
` = 0 . (6.78)

The statement that it is a symplectic connection means that ∇Φ = 0. These statements
imply that there is a ‘flat frame’ such that the Kähler 2-form takes the form (the − sign is
for convenience, to agree with normalizations already chosen)

Φ = −dxI ∧ dfI , I = 1, . . . , n, (6.79)

where we have denote the real coordinates in this frame as xI and fI . As the connection is
also torsionless, it means that

∇dφi = Ai
jkdφj ∧ dφk = 0 , (6.80)

when we denote the connection coefficients as Ai
jk. Combining this with (6.75) gives that

the projection to holomorphic quantities is closed under ∇:

∇πi
(1,0) = 0 , πi

(1,0) = 1
2

[
dφi + (dφj)Jj

i
]
. (6.81)

As ∇ is flat, this means that πi
(1,0) is also ∇-exact. In the flat frame ∇ connection reduces

to an ordinary differential. Therefore we can write (splitting an upper index i in an upper I
and a lower I)

πI
(1,0) = dXI , π(1,0)I = dFI , (6.82)

where in the complex frame, XI and FI are holomorphic, as one can easily verify taking
an antiholomorphic derivative and using (6.76). Obviously, one can repeat the same for the
projections to antiholomorphic quantities, and this leads to

dxI = dXI(z) + dX̄I(z̄) , dfI = dFI(z) + dF̄I(z̄) . (6.83)

We now compare (6.77) and (6.79) using these expressions, leading to

− Φ = −igαβ̄dzα ∧ dz̄β̄ = dXI ∧ dFI + dXI ∧ dF̄I + dX̄I ∧ dFI + dX̄I ∧ dF̄I . (6.84)

The first term in the last expression is quadratic in holomorphic variables, and should thus
vanish by itself:

dXI(z) ∧ dFI(z) = 0 . (6.85)
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This is similar to the statement (6.49) that we saw before in a definition of special geometry.
The last term is similar for the antiholomorphic parts. The metric is thus obtained as

gαβ̄ = i∂α∂β̄

(
XIF̄I − FIX̄

I
)
. (6.86)

It can be shown that if this metric is positive definite, ∂αX
I should be invertible [82]. There-

fore, in this case XI(z) can be inverted, and hence also FI(z) can be written as FI(X(z)).
Therefore we have then

dFI(z) =
∂FI(X)

∂XJ
dXJ(z) , (6.87)

and (6.85) becomes the integrability condition that

FI(X) =
∂F (X)

∂XI
, (6.88)

for some scalar F (X). This is the prepotential function from which we started the derivation
of the action of vector multiplets in section 4.3.1. We then obtain that in rigid special
geometry if ∂XI

∂zα is invertible, the metric is

gαβ̄ = i
(
F̄IJ − FIJ

) ∂XI

∂zα

∂X̄I

∂z̄β̄
, FIJ =

∂2F (X)

∂XI∂XJ
, (6.89)

in agreement with (4.79).
When one turns from the ∇-flat basis to the basis zα, z̄ᾱ, the non-vanishing connection

coefficients of ∇ are
Aγ

αβ = Γγ
αβ , Aγ̄

αβ = gγ̄γCαβγ(z) , (6.90)

and their complex conjugates, where Γγ
αβ are the Levi-Civita connections for the Kähler

metric
Γγ

αβ = gγγ̄∂αgβγ̄ , (6.91)

and Cαβγ(z) are defined by (6.90). One can prove that they are holomorphic, completely
symmetric and that

D[δCα]βγ = ∂[δCα]βγ − Γε
β[δCα]εγ − Γε

γ[δCα]βε = 0 . (6.92)

The curvature tensor is then similar to (6.64)

Rδ
βαγ̄(Γ) = Cαβεg

εε̄C̄ε̄β̄δ̄g
δ̄δ , (6.93)

in order that A in (6.90) leads to a vanishing curvature. In case that the symplectic basis
allows a prepotential, we have

Cαβγ = iFIJK∂αX
I∂βX

J∂γX
K . (6.94)

Conversely, one can show that if a Kähler manifold has a curvature tensor of the form
(6.93) where the coefficients Cαβγ are holomorphic, symmetric and satisfy (6.92), then one
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can construct the connection ∇ with the properties as in the definition that we give above.
Hence, in that case the manifold is a rigid special Kähler manifold.
Definition of (projective) special Kähler geometry.

The extra ingredient with respect to rigid special Kähler geometry is the closed homo-
thetic Killing vector, i.e. a vector satisfying (2.30). In presence of a complex structure that is
preserved by the connection, this implies the presence of an isometry, which is kj

DJj
i. These

two operations are related to the dilatations and U(1) transformations in the way that we
developed special geometry from superconformal methods.

The first part, defining a projective Kähler manifold, is independent of whether we are
discussing special geometry. Hence, this would apply also for N = 1.

We demand that the existence of a holomorphic closed homothetic Killing vector on a
Kähler manifold M̃. This means that there is a vector with components HI(X) and their
complex conjugates, where XI denote the holomorphic coordinates, with DIH

J = δJ
I . The

action of H generates equivalence classes. The projective Kähler manifold is the manifold
of equivalence classes M = M̃/C× if C× denotes the action by the operation generated by
H. This is a Kähler manifold too. To prove this, one first chooses homogeneous coordinates
such that HI = XI . One can compare this now with start of section 5.1, where this Kähler
potential was denoted as −N . The condition that this vector is a closed homothetic Killing
vector amounts to the second equation in (5.6). where NIJ̄ is the Kähler metric in M̃. After
a suitable Kähler transformation, this implies that the Kähler potential K̃ = −N from which
NIJ̄ is derived, is homogeneous of first degree both in X and X̄.

We define a metric from K̃ = ± log±K̃, where ± is the sign of K̃. In comparison to
section 5.1 we have now put κ = 1 and a = 1, and there we assumed that K̃ = −N is
negative.

gIJ̄ = ∂I∂J̄K̃ = ∂I∂J̄K̃ = ± 1

K̃
∂I∂J̄K̃ ∓ 1

K̃2
∂IK̃∂J̄K̃ . (6.95)

This metric has zero modes XI . Orthogonal to it, it is non-degenerate if g̃ is non-degenerate
and it has the signature of g̃ orthogonal to XI . Note that the remaining signature of g̃ is
the sign of K̃.

We can then define variables Y and zα that form together an alternative basis for the
XI as in (5.12). The metric on the manifold M is taken to be

gαβ̄ = ∂α∂β̄K(z, z̄), K(z, z̄) = ± log± K

Y Ȳ
, ± = signK. (6.96)

The Kähler class of this manifold is then equal to the Chern class of the line bundle build
from this manifold by the action of H (i.e. locally M×C×). The Chern class of a line bundle
is integer, and therefore the Kähler form is integer. Such manifolds are called Kähler-Hodge
manifolds in the literature. What we have proven here is that a projective Kähler manifold
is a Kähler-Hodge manifold. See [59] for more detailed explanations.

What we have explained here is applicable to any Kähler manifold with closed homothetic
Killing vector. When one starts with a rigid special Kähler manifold, the resulting projective
Kähler manifold is the special Kähler manifold that we obtain as target manifold in N = 2
supergravity in d = 4 coupled to vector multiplets.
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6.4 Electric and magnetic charges and the attractor phenomenon

The attractor mechanism in special geometry [92, 93] is the fact that black hole type solutions
are such that the scalars take at the horizon of charged black holes fixed values that are
determined by these charges irrespective of the initial condition, i.e. the values of the scalars
at infinite distance from the black hole. We restrict here to 4 dimensional theories.25

6.4.1 The spacetime ansatz and an effective action

A static spacetime metric26 has the general form

ds2 = −e2Udtdt+ e−2Uγmndxmdxn, i.e. g00 = −e2U , gmn = e−2Uγmn,

∂tU = ∂tγmn = 0. (6.97)

This leads to

SEinstein =

∫
d4x1

2

√
gR(g) =

∫
d4x

√
γ
(

1
2
R(γ)− ∂mU∂

mU +Dm∂
mU
)
. (6.98)

The last term can be omitted as it is a total space derivative. Indeed, here γmn is used to
raise and lower indices, and to define the covariant derivative Dm.

Note, however, that the field equation obtained from (6.98) and other matter terms is
not sufficient to satisfy all Einstein equations. Let us consider this in detail. The Einstein
tensor is

Gµν = 2(
√
g)−1 δSEinstein

δgµν
= Rµν − 1

2
gµνR . (6.99)

For the static metric, one obtains

G00 = e4U
(

1
2
R(γ) + 2Dm∂

mU − ∂mU∂mU
)
,

Gmn = (γmnγ
rs − 2δr

mδ
s
n)
(
−1

2
Rrs(γ) + ∂rU∂sU

)
. (6.100)

We consider now only the bosonic sector. The Einstein equations are

Gµν = Tµν , (6.101)

where Tµν is the energy-momentum tensor. We split it in the scalar part and the spin 1 part:

Tµν = T (0)
µν + T (1)

µν ,

T (0)
µν = −2(

√
g)−1 δS

(0)

δgµν
, T (1)

µν = −2(
√
g)−1 δS

(1)

δgµν
. (6.102)

25The attractor phenomenon in 5 (and 6) dimensional N = 2 theories has been considered in [94, 95, 96]
26’Static’ means that it admits a global, nowhere zero, timelike hypersurface orthogonal Killing vector

field. A generalization are the ’stationary’ spacetimes, which admit a global, nowhere zero timelike Killing
vector field. In that case the components g0m could be nonzero. For simplicity we look here to the static
spacetimes.
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Schematically, we have

S(0) = −
∫

d4x
√
ggµν∂µz∂ν z̄ . (6.103)

Of course there are many scalars in the Kähler manifold, but generalizing to zα with a Kähler
metric gαβ̄ is obvious in this section, and we will thus omit it for simplicity of the formulae.

The scalar energy-momentum tensor is

T (0)
µν = −gµνg

ρσ∂ρz∂σz̄ + 2∂µz∂ν z̄ . (6.104)

For our metric ansatz, this gives

T
(0)
00 = e4Uγmn∂mz∂nz̄ , T (0)

mn =
(
−γmnγ

rs + 2δr
(mδ

s
n)

)
∂rz∂sz̄ . (6.105)

In the spin-1 action,

S(1) =

∫
d4x

[
1
4

√
g(ImNIJ)F I

µνF
µνJ − 1

8
(ReNIJ)εµνρσF I

µνF
J
ρσ

]
, (6.106)

the metric appears only in the term with ImN . This leads to

T (1)
µν = − ImNIJ

(
−1

4
gµνF

I
ρσF

Jρσ + F I
µρF

J
νσg

ρσ
)
. (6.107)

If we now use the spacetime metric (6.97), the nonzero terms are

T
(1)
00 = − ImNIJ

(
1
2
e2UF I

0mγ
mnF J

0n + 1
4
e6UF I

mnγ
mpγnqF J

pq

)
T (1)

mn = − ImNIJ

(
1
2
e−2UγmnF

I
0pγ

pqF J
0q − 1

4
e2UγmnF

I
pqγ

pp′γqq′F J
p′q′

−e−2UF I
0mF

J
0n + e2UF I

mpγ
pqF J

nq

)
(6.108)

We can use the magnetic vectors

F I
m = 1

2
γmn(

√
γ)−1εnpqF I

pq, (6.109)

which has the useful consequences

F I
mn =

√
γεmnpγ

pqF I
q ,

F I
mnγ

mpγnqF J
pq = 2F I

r γ
rsF J

s , F I
mpγ

pqF J
nq = γmnF

I
r γ

rsF J
s − F I

nF
J
m. (6.110)

Using this, we can again write the energy-momentum tensor in a similar form as for the
gravity field and for the scalars: We find

T
(1)
00 = e6UγmnVmn , T (1)

mn = e2U (γmnγ
rs − 2δr

mδ
s
n)Vrs , (6.111)

where
Vmn = −1

2
ImNIJ

(
e−4UF I

0mF
J
0n + F I

mF
J
n

)
. (6.112)
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The Einstein equations thus reduce to the following two equations

−1
2
Rmn(γ) + ∂mU ∂nU + ∂(mz∂n)z̄ − e2UVmn = 0 , (6.113)

Dm∂
mU − e2UγmnVmn = 0 . (6.114)

We will propose the following effective action

Seff =

∫
d3x

√
γ
[
−∂mU γ

mn∂nU − ∂mz γ
mn∂nz̄ − e2UγmnVmn

]
. (6.115)

The field equation of this action for U is (6.114) if we keep Vmn fixed during the variation.
Of course, as U does not appear in the scalar part of the action, the latter is not determined
by this requirement. We will prove that the field equations for the scalars can also be derived
from this action for a specific parametrization of Vmn. This will be clarified in section 6.4.2.
Only then it will be clear how to use this effective action.

The action (6.115) has to be supplemented with the extra constraint (6.113), which is
not derivable from the effective action.

6.4.2 Maxwell equations and the black hole potential

(6.112) is expressed in components of the field strengths F I
µν . However, we can write it in

terms of the symplectic vectors of field strengths and field equations. To do so, we use the
real form of (6.1). Using (A.12), this is

GIµν = ReNIJF
J
µν + 1

2
ImNIJgµµ′gνν′(

√
g)−1εµ′ν′ρσF J

ρσ . (6.116)

If we denote the 3-dimensional duals as a generalization of (6.109):

F I
m = 1

2
γmn(

√
γ)−1εnpqF I

pq, GIm = 1
2
γmn(

√
γ)−1εnpqGIpq, (6.117)

we obtain from (6.116) and ε0npq = −εnpq (as we use ε0123 = 1, see (A.6))(
F I

0m

GI0m

)
= −e2UMΩ

(
F J

m

GJm

)
, (6.118)

where M was given in (6.74) and Ω is the symplectic metric (6.7). These matrices contain
indices I and J at appropriate positions automatically for (6.118) to make sense. This leads
to

Vmn =
1

2

(
F I

m GIm

)
ΩMΩ

(
F J

n

GJn

)
. (6.119)

Explicitly we have

ΩMΩ =

(
−I −RI−1R RI−1

I−1R −I−1

)
, R = ReN , I = ImN . (6.120)

U does not appear in this expression for Vmn. This implies that if we consider Vmn as a
function of F I

m, GIm and the scalars implicitly present in (6.120) and insert it as such in the
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effective action (6.115) then it is still valid that this action generates the right field equation
for U . We now check that in this way it also generates the same scalar field equations as
those obtained from the original action S(0) and S(1), where the vector fields W I

µ where the
other independent variables. Hence these field equations that should be reproduced are

0 = ∂µ
√
ggµν∂ν z̄ + 1

4

√
g∂z(ImNIJ)F I

µνF
µνJ − 1

8
∂z(ReNIJ)εµνρσF I

µνF
J
ρσ . (6.121)

Specifying the metric (6.97) and the expressions for the field strengths in terms of F I
m and

GIm, this becomes

0 = ∂m
√
γγmn∂nz̄ +

1

2

√
γe2Uγmn

(
F I

m GmI

)
Ω∂zMΩ

(
F J

n

GnJ

)
, (6.122)

where the indices I and J appear again in appropriate positions on the submatrices of
Ω∂zMΩ. The latter is indeed the field equation obtained from the effective action

Seff(U, z) =

∫
d3x

√
γγmn

[
−∂mU ∂nU − ∂mz ∂nz̄ −

1

2
e2U
(
F I

m GIm

)
ΩMΩ

(
F J

n

GJn

)]
.

(6.123)
The (U, z) in the left-hand side indicates that it should be considered as an effective action
for varying with respect to these variables, while γmn, F I

m and GIm should be considered
as background. We saw already that the field equations of the original action for γmn lead
to the constraint (6.114). We will now check what the field equations of the vector sector
impose.

The field equations from (6.106) with independent vectors W I
µ are equivalent to the field

equations and Bianchi identities

εµνρσ∂ν

(
F I

ρσ

GIρσ

)
= 0 . (6.124)

Using our preferred variables, this gives

∂m
√
γγmn

(
F I

n

GIn

)
= 0, ∂[me2UMΩ

(
F I

n]

GIn]

)
= 0. (6.125)

One way of solving these equations is to put

F I
m = ∂mH

I , GIm = ∂mHI ,

∂m
√
γγmn∂nH

I = ∂m
√
γγmn∂nHI = 0 . (6.126)

We remain then with Bianchi identities of the form(
∂[me2UM

)
Ω∂n]

(
HI

HI

)
= 0 , (6.127)

which can be solved by assuming that all functions (U , the scalars and the harmonic HI and
HI) depend only on one coordinate such that the ∂m and ∂n for m 6= n in the above equation
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cannot both be nonvanishing. We denote this one coordinate as τ . Thus U(τ), z(τ), HI(τ)
and HI(τ).

A convenient metric is e.g. [97]

γmndxmdxn =
c4

sinh4 cτ
dτ 2 +

c2

sinh2 cτ
(dθ2 + sin2 θdφ2) . (6.128)

Details on this parametrization are given in an appendix of [98]. This parametrization has
the property

√
γγττ = sin θ, which will be useful.

Harmonic means now just H ′′ = 0, where a prime is now a derivative w.r.t. τ . So we can
take

H =

(
HI

HI

)
= Γτ + h, h =

(
hI

hI

)
, Γ =

(
pI

qI

)
. (6.129)

We have here introduced the magnetic and electric charges in the symplectic vector Γ. We
come back to their definition in section 6.4.3.

In this parametrization, the action gets the form (up to a constant)

Seff = U ′2 + e2UVBH − z′z̄′ , (6.130)

where the ’black hole potential is

VBH = Vττ = 1
2
ΓT ΩMΩΓ. (6.131)

The Einstein equations lead to 2 independent equations:

c2 − U ′2 − z′z̄′ + e2UVBH = 0. − U ′′ + e2UVBH = 0 . (6.132)

The second one is the one that can be obtained from the effective action. The first one is an
extra constraint.

6.4.3 Field strengths and charges

We consider field configurations with electric and/or magnetic charges in 4 dimensions. This
means that there are 2-cycles S2 surrounding the sources such that∫

S2

F I
µνdxµ ∧ dxν = 8πpI ,

∫
S2

GIµνdxµ ∧ dxν = 8πqI . (6.133)

Exercise 6.4: Check that the solution that we gave above, leads indeed to the iden-
tification of the charges here and in (6.129)

There is also the field strength that occurs in the gravitino transformation, see e.g. (3.70),
which is the value of the auxiliary field Tµν of the Weyl multiplet. When we restrict now to
the bosonic part in its value, determined in (5.63), we obtain

T−µν = 2TIF
−I
µν (6.134)

TI =
NIJX̄

J

X̄LNLMX̄M
= −2 ImNIJX

J = i
(
FI − N̄IJX

J
)
, X̄ITI = N = 1,
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where use has been made of (5.39).
The integral of this quantity gives (we assume here and below that the FI(z) and XI(z)

are sufficiently constant in the integration region such that they can be taken in and out of
the integral) [99]

Z ≡ i

16π

∫
S2

T−µνdxµ ∧ dxν =
1

8π

∫
S2

(
XIG−µν − FIF

−I
µν

)
dxµ ∧ dxν (6.135)

=
1

8π

∫
S2

(
XIGIµν − FIF

I
µν

)
dxµ ∧ dxν = XIqI − FIp

I .

Note that the combination with the selfdual field strengths vanishes due to FI = NIJX
J .

The object Z is called the central charge, because its value appears in the commutator of
two supersymmetries, as can be seen from (3.73), (3.74).

However, when we take the covariant derivatives of the final expression, then we have to
use DαFI = N̄IJDαX

J , and therefore only the selfdual parts remain. This gives thus

DαZ = DαX
IqI −DαFIp

I (6.136)

=
1

8π

∫
S2

(
DαX

IG+
Iµν −DαFIF

+I
µν

)
dxµ ∧ dxν

=
2i

8π

∫
S2

DαX
I ImNIJF

+I
µν dxµ ∧ dxν .

The latter quantities are the objects that appear also in the transformation laws of the
physical gauginos. Indeed, the fermions of the conformal multiplets transform according to
(4.10) in quantities Fab, whose bosonic part is now

F−I
µν =

(
δI
J − X̄ITJ

)
F−J

µν . (6.137)

The physical fermions are the ones that satisfy the S-gauge condition (5.68), which means
that they vanish under projection with TI . We find indeed TIF−I

µν = 0.
In a symplectic notation, we can define the vector

Γ =

(
pI

qI

)
. (6.138)

Then we have Z = 〈V,Γ〉 = V T ΩΓ and DαZ = 〈Uα,Γ〉. This leads immediately to a simple
expression for the ‘black hole potential’ [100, 97]

VBH ≡ ZZ̄ +DαZg
αβ̄Dβ̄Z̄ = 1

2
ΓT ΩMΩΓ, (6.139)

which can be derived easily from (6.73), but was already found in [91]. Similarly one derives
using the same identity

V Z̄ + Ūβ̄g
β̄αDαZ = −1

2
(MΩ + i1l) Γ. (6.140)
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6.4.4 Attractors

The attractor solution [92, 93, 100] is the solution near the horizon. This is thus the large
τ behaviour of what we mentioned above. In that case supersymmetry is preserved, which
is expressed as DαZ = 0. This extremizes the black hole potential. So it is consistent with
constant zα as solution of the field equation for the scalars. In this case (6.140) simplifies.
Taking the imaginary part, gives

− 2 Im(V Z̄) = Γ. (6.141)

These are the attractor equations. The BH potential reduces to

VBH,BPS = |Z|2. (6.142)

Then we determine U by the constraint

U̇2 = e2UVBH,BPS, i.e. U̇ = ±eU (6.143)

The VBH,BPS being constant, this automatically implies the other field equation

Ü = e2UVBH,BPS. (6.144)

To finish the solution, we may write

e−U = ∓|Z|τ + constant. (6.145)

6.5 Gauge transformations as isometries

I now consider in more detail the gauge group gauged by the vectors of the vector multiplets
in 4 dimensions. As the scalars are by supersymmetry connected to the gauge vectors, the
gauge transformations of the XI are fixed to be in the adjoint representation. I will indicate
the parameters by αI . In the context of the tensor calculus we thus have

δGX
I = gαJXKfKJ

I . (6.146)

We will now first consider general isometries of the metric, possibly not gauged. We will
indicate these by an index Λ. Such isometries act on the scalars defining the ‘Killing vector’
kα

Λ:
δGz

α = −gαΛkα
Λ(z). (6.147)

We assume here already that the Killing vectors are holomorphic such that the complex
structure is preserved. is not necessary . Also the compensator field can transform. To
respect the dilatational structure, the form should be

δGY = −gαΛY rΛ(z), (6.148)

for some holomorphic function rΛ(z). Notice that this transformation does not leave the
gauge choice (5.30) invariant, as we have δΛA

Y = −iΛAY . Hence, such a gauge choice
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is only invariant under a linear combination of these G-transformations and of the original
conformal U(1). In other words, there is a ‘decomposition law’ that says that for the resulting
transformations after imposing this gauge choice are those with

ΛA = 1
2
igαΛ [rΛ(z)− r̄Λ(z̄)] . (6.149)

The Kähler potential is in a U(1)-invariant way defined as in (5.29), and thus we obtain

δGK(z, z̄) = −gαΛ [kα
Λ(z)∂αK(z, z̄) + kᾱ

Λ(z̄)∂ᾱK(z, z̄)] = −gαΛ [rΛ(z) + r̄Λ(z̄)] . (6.150)

We see here that the possibility of (6.148) corresponds to the fact that the isometries do
not necessarily leave the Kähler potential invariant. It is sufficient that the Kähler potential
transforms with a Kähler transformation (5.35) depending on a holomorphic function.

This equation can be expressed as the reality condition of a function

P 0
Λ ≡ ikα

Λ(z)∂αK(z, z̄)− irΛ(z)

= −ikᾱ
Λ(z̄)∂ᾱK(z, z̄) + ir̄Λ(z̄)

= 1
2
i [kα

Λ(z)∂αK(z, z̄)− kᾱ
Λ(z̄)∂ᾱK(z, z̄)− rΛ(z) + r̄Λ(z̄)] . (6.151)

This is the so-called‘moment map’ function P 0
Λ (the upper index 0 is useless here, but is

introduced in the context of other triple moment maps that appear for quaternionic-Kähler
manifolds).

The Killing vectors can be obtained from the moment map, as one can easily check:

∂αP
0
Λ(z, z̄) = −ikᾱ

Λ(z, z̄)gαᾱ(z, z̄), ∂ᾱP
0
Λ(z, z̄) = ikα

Λ(z, z̄)gᾱα(z, z̄). (6.152)

In the context of the symplectic sections, which we introduced in (6.36), one can check that

gαΛkα
ΛDαv(z) = gαΛkα

Λ [∂αv(z) + v(z)∂αK]

= −δGv(z) + gαΛ
(
rΛ − iP 0

Λ

)
v(z). (6.153)

One can then use (6.28) and its derivative

〈Dαv, v̄〉 = 0. (6.154)

to obtain
ge−KαΛ

[
P 0

Λ + irΛ
]

= 〈δGv, v̄〉. (6.155)

Subtracting the complex conjugate shows that

δG〈v, v̄〉 = ige−KαΛ [rΛ + r̄Λ] . (6.156)

Thus the rΛ part does not preserve symplectic products and does not belong to a symplectic
transformation. The invariance group of the special Kähler manifolds contains the symplectic
transformations and Kähler transformations. We should in general thus have

δGv = gαΛ [TΛv + rΛv] , (6.157)
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The matrix TΛ should be an infinitesimal symplectic transformation while rΛ is a holomorphic
scalar function, for which we have taken already the normalization that is clear from the
previous equations. We thus obtain

P 0
Λ = eK〈TΛv, v̄〉. (6.158)

In terms of the V (z, z̄) (using the U(1) gauge fixing such that (5.31) is satisfied) we have

δGVgf = gαΛ
[
−kα

ΛDα + 1
2
rΛ − 1

2
r̄Λ − iP 0

Λ

]
V

= gαΛ
[
TΛV + 1

2
(rΛ − r̄Λ)V

]
,

P 0
Λ = 〈TΛV, V̄ 〉. (6.159)

The subscript gf indicates that this is after gauge fixing. We know the effect of this gauge
fixing: it is the compensating U(1) transformation (6.149). Thus, the r-dependent part can
be seen as the result of this compensating transformation. The transformation without the
U(1) part is thus

δGV = −gαΛ
[
kα

ΛDα + iP 0
Λ

]
V = gαΛTΛV. (6.160)

Exercise 6.5: Check the following relation that appears in the potential:

kα
Λgαβ̄k

β̄
Σ = ikα

Λ〈Uα, Ūβ̄〉k
β̄
Σ = i〈TΛV, TΣV̄ 〉+ P 0

ΛP
0
Σ. (6.161)

When there are different transformations denoted by the index Λ, they satisfy an algebra.
Thus, the commutator of two transformations (6.147) should give another one, or

kβ
Λ∂βk

α
Σ − kβ

Σ∂βk
α
Λ = −fΛΣ

Γkα
Γ (6.162)

Imposing the same relation for (6.148) leads to the condition

kα
Λ∂αrΣ − kα

Σ∂αrΛ = −fΛΣ
ΓrΓ. (6.163)

Using (6.150), we obtain

2kα
[Λk

β̄
Σ]gαβ̄ + ifΛΣ

ΓP 0
Γ = 0. (6.164)

This condition is often called the ‘equivariance’ condition.
Up till here, this holds for any isometry indicated by Λ. Now we specify to the gauged

isometries, a subgroup of the full set of isometries. The index Λ is then fixed to the range I as
we need vectors to gauge them. For the reasons mentioned in the beginning of this section,
the transformation of XI is fixed as in (6.146). The transformations on the symplectic
sections should be embedded in the symplectic group or in the Kähler transformations. As
it was mentioned after (6.159), the r-dependent parts in δGV can be seen as originating
from the compensating U(1) transformations. Hence, the transformation (6.146) should
be identified with the symplectic part (6.160). The symplectic transformations should be
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infinitesimal transformations of the form of (6.5), with moreover B = 0 to be symmetries of
the action. This means that AI

J = δI
J − αKfKJ

I and then (6.5) determine that

TKV =

(
−fKJ

I 0
CK,IJ fKI

J

)(
XJ

FJ

)
, (6.165)

where CK,IJ is symmetric in the last two indices. In order that these matrices satisfy the
algebra, we have to require that

fKL
MCM,IJ = 2fJ [K

MCL],IM + 2fI[K
MCL],JM . (6.166)

Note that the transformation of XIFI is

δG(XIFI) = αKCK,IJX
IXJ . (6.167)

If the XI are independent XIFI = F (X), and the latter thus transforms in a real quadratic
function, which does not contribute to the action.

The gauge transformation of XI and FI can also be obtained from (6.160):

δGX
I = −gαJ

(
kα

JDα + iP 0
J

)
XI

δGFI = −gαJ
(
kα

JDα + iP 0
J

)
FI . (6.168)

It is clear from (6.165) that δGX
I vanishes if we replace the parameter αI by XI . Therefore

we find
XJkα

JDαX
I + iP 0

JX
JXI = 0. (6.169)

The same operation on the expression for δGFI from (6.165) and from (6.168) gives two
expressions that have to be identified:

XKCK,IJX
J +XKfKI

JFJ +XJkα
JDαFI + iP 0

JX
JFI = 0. (6.170)

Multiplying this with XI and using (6.169) gives

XIXJCJ,IKX
K = −XIXJkα

JDαFI +XJkα
JFIDαX

I = XJkα
J 〈V,DαV 〉 = 0. (6.171)

This leads to the equation found in the context of a prepotential in [56] that the completely
symmetric part of CI,JK should vanish if the XI are independent:

C(I,JK)X
IXJXK = 0. (6.172)

6.6 Realizations in Calabi–Yau moduli spaces.

The realizations of special Kähler geometry that are mostly studied in physics these days
are those of Calabi–Yau 3-folds.

To obtain local special Kähler manifolds, one considers the moduli space of Calabi–Yau
3-folds (see the lectures of P. Candelas XXX in this school). In this case the Hodge diamond
of the manifold is
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h00 = 1
0 0

0 h11 = m 0
h30 = 1 h21 = n h12 = n h03 = 1

0 h22 = m 0
0 0

h33 = 1

These manifolds have h21 = n complex structure moduli, which play the role of the variables
zα of the previous section. There are 2(n + 1) 3-cycles cΛ, with intersection matrix QΛΣ =
cΛ ∩ cΣ. The canonical form is obtained with so-called A and B cycles, and then Q takes
the form of Ω in (6.7). Symplectic vectors are identified again as vectors of integrals over
the 2(n+ 1) 3-cycles:

v =

∫
cΛ

Ω(3,0) , Dαv =

∫
cΛ

Ω(2,1)
α . (6.173)

Ω(3,0) is the unique (3, 0) form that characterizes the Calabi–Yau manifold. Ω
(2,1)
α is a basis

of the (2, 1) forms, determined by the choice of basis for zα. That these moduli spaces give
rise to special Kähler geometry became clear in [101, 102, 103, 104, 105, 78]. Details on the
relation between the geometric quantities and the fundamentals of special Kähler geometry
have been discussed in [106, 82].

The defining equations of special Kähler geometry are automatically satisfied. E.g. one
can easily see how the crucial equation (6.49) is realized:

〈Dαv,Dβv〉 =

∫
cΛ

Ω
(2,1)
(α) ·QΛΣ ·

∫
cΣ

Ω
(2,1)
(β)

=

∫
CY

Ω
(2,1)
(α) ∧ Ω

(2,1)
(β) = 0 . (6.174)

The symplectic transformations correspond now to changes of the basis of the cycles used to
construct the symplectic vectors. The statement that a formulation with a prepotential can
always be obtained in special Kähler geometry by using a symplectic transformation, can
now be translated to the statement that the geometry can be obtained from a prepotential for
some choice of cycles. It is not yet clear whether the moduli spaces of Calabi–Yau manifolds
have any parametrization without the existence of a prepotential. So far, this has never been
seen, and it could be that in this subclass of special Kähler manifolds this phenomenon does
not occur.

7 Action and main transformation laws from general

considerations

The superconformal method gives a constructive way to obtain the full supergravity theories
and understand their structure. Many aspects of the final result can be obtained also by
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some simple considerations on the supersymmetry algebra and invariance of the action. We
consider here the case of d = 4.

The gravitino is normalized by that its supersymmetry transformation starts as a gauge
field δψµ = ∂µε+ . . ..

The leading (kinetic) terms of the action are

e−1Lkin = 1
2
R− ψ̄i

µγ
µνρDνψρi. (7.1)

7.1 Vector multiplet and algebra

We use
δzα = 1

2
ε̄iλα

i , δλα
i = /∂zαεi. (7.2)

Thus the supersymmetry algebra has leading term

[δ1, δ2] = 1
2
ε̄i2/∂ε1i + h.c.. (7.3)

The leading terms in the action are taken to be

Lkin,special = −gαβ̄∂µz
α∂µz̄β̄ − 1

2
gαβ̄λ̄

α
i
/∂λβ̄i. (7.4)

This is invariant for constant g and constant ε, proving the normalization of the fermion
kinetic term. Keeping ε spacetime dependent shows that there is a gravitino Noether term

LNoether,gaugino = 1
2
gαβ̄λ̄

α
i γ

µ(/∂z̄β̄)ψi
µ + h.c.. (7.5)

Vectors. We introduce vectors with kinetic terms

L1 = 1
2

Im
(
NIJ(z)F+I

µν F
+µν J

)
= 1

4
(ImNIJ)F I

µνF
µνJ − 1

8
(ReNIJ)εµνρσF I

µνF
J
ρσ. (7.6)

We now add a central charge to the algebra

[δQ(ε1), δQ(ε2)] = . . .+ δG
(
εij ε̄2iε1jX + h.c.

)
, (7.7)

where δG is the gauge transformation, which is so far only relevant on the vector.
We first consider the λ terms in δW I

µ such that this algebra is obtained, and the ψµX
terms follow also from the general rule of transformations of gauge fields:

δQ(ε)W I
µ = 1

2
(DαX

I)εij ε̄iγµλ
α
j + 1

2
(DᾱX̄

I)εij ε̄
iγµλ

ᾱj + εij ε̄iψµjX
I + εij ε̄

iψj
µX̄

I . (7.8)

The transformation of λ in (7.2) shows that the first term also leads to the commutator in
(7.7).

Take e.g. only an imaginary NIJ , we can check the terms with constant scalars and
∂λFµν terms. The kinetic terms of the vectors lead to

δL = 1
2

ImNIJF
J
µν(DᾱX̄

I)εij ε̄
iγν∂µλ

ᾱj + h.c.. (7.9)

To cancel this term we need a transformation of the gaugino (to be used in the kinetic term
of the gaugino)

δλα
i = /∇zαεi − 1

2
gαβ̄Dβ̄X̄

I ImNIJF
−J
µν γ

µνεijε
j. (7.10)
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7.2 Gravitino and gauge fields

Calculating the variation of the action proportional to Fµν and Rµν(Q) will lead to the
transformation of the gravitino proportional to gauge fields. We use

δF I
µν = εij ε̄iRµνjX

I . (7.11)

We consider all scalar fields constant, and as such drop terms like εµνρσFµνRρσ(Q). the most
difficult part is that

γµγ
abγµνρF−ab = −8F−νρ, (7.12)

where it has been used that F− is anti-selfdual to combine two terms in the calculation.
This leads to the result

δQ(ε)ψi
µ = Dµ(ω)εi + 1

4
γ · F−Iεijγµεj(ImN )IJX

J . (7.13)

7.3 Hypermultiplet

The same algebra (7.3) is obtained from the (leading part of the) transformations

δQ(ε)qX = −ifX
iAε̄

iζA + ifXiAε̄iζA,

δQ(ε)ζA = 1
2
if iA

X
/∂qXεi,

δQ(ε)ζA = −1
2
ifXiA/∂q

Xεi. (7.14)

The kinetic terms of the scalars and spinors in hypermultiplets should be related as in

Lhyper = −1
2
gXYDµq

XDµqY − 2ζ̄A /DζA + . . . (7.15)

This gives a cancellation in leading order (constant metric and vielbein). For local super-
symmetry it shows that there is a Noether term

LNoether,hyper = −iζ̄Aγµ(/∂qX)ψi
µfXiA + h.c.. (7.16)

7.4 Algebra and gravitino transformation

We calculate the algebra of gauge transformations on the hyperscalars. We obtain (using
only the left supersymmetry chirality)

[δG, δQ]qX = ig∇Y f
X
iAε̄

iζAkY
I − igfY

iA∇Y k
X
I ε̄

iζA − ifX
iAε̄

iδGζ
A. (7.17)

The derivatives are at first ordinary derivatives, but the Levi-Civita connection cancels
between the two covariant derivatives. For the gauge transformation of the hyperini, use
[49, (2.94)]. Note that this mentions δ̂. The difference with δ cancels with the Sp(nH)
connection in the derivative of the vielbein. For ∇Y k

X
I one uses [49, (B.81)], and

fY
iALY

X
B

C = fX
iBδ

C
A , fY

iAJ
x
Y

X = −i(σx)i
jfX

jA (7.18)
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The L term then cancels with the transformation of the hyperino. We remain with

[δG, δQ]qX = −ifX
jA

[
−νig(σx)i

jP x
I − kY

I ωY i
j
]
ε̄iζA. (7.19)

This gives the algebra of supersymmetry and gauge transformations:

[δG(αI), δQ(ε)] = δQ
(
ε′i = −εj

(
iνg(σx)j

iP x
I + kY

I ωY j
i
))
. (7.20)

This proves the normalization of the term in the gravitino transformation

δQψ
i
µ = −iνg(σx)j

iP x
I W

I
µε

j. (7.21)

7.5 Gauging and potential

We can add fermionic mass terms of the general form

e−1Lferm.mass = −gSijψ̄µiγ
µνψνj + 1

2
ggαβ̄N

α
ijλ̄

β̄iγµψj
µ + 2gN iAεij ζ̄Aγ

µψj
µ + h.c..(7.22)

One can then check that variations of the actions with one derivative and linear in fermions
cancel if there are transformations of the fermions like

δψi
µ = . . .− gγµS

ijεj,

δλα
i = . . .+ gNα

ijε
j,

δζA = . . .+ gN iAεijε
j. (7.23)

As the determinant of the vierbein transforms as

δe = 1
2
eε̄iγµψµi + h.c., (7.24)

we determine the potential from the variations of the terms in (7.22) as

g−2V = −6SijSij + 1
2
gαβ̄N

α
ijN

β̄ij + 2N iANiA. (7.25)

7.6 Determining the shifts

To calculate the terms in Nα
ij related to the moment maps, we consider for now kα

I = 0 and
calculate the terms in the variation of the action with λ and one spacetime derivative. The
relevant parts of the action are

L = −1
2
∇µq

XgXY∇µqY − 1
2
gαβ̄λ̄

α
i
/∇λβ̄i + xζ̄Ak

X
I f

iA
X DᾱX̄

Iλᾱjεij, (7.26)

where x is to be determined, and we write the terms relevant for εi variations. The variation
of the first term is the variation of the gauge field Wµ in the covariant derivative. This gives

δL = −1
2
∂µq

XkXIDᾱX̄
Iεij ε̄

iγµλ
ᾱj + 1

2
gαβ̄

(
∂µN

α
ij

)
ε̄jγµλβ̄i

+
ix

4

(
JXY k

i + gXY δk
i
)
ε̄k(/∂qY )λᾱjεijk

X
I DᾱX̄

I (7.27)
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A ∂µε term has been neglected to get to the second term, but that is provided by the second
term of (7.22).

This gives x = −2i and

gαβ̄∂YN
α
ij = −Dβ̄X̄

IkX
I JXY ij = −2Dβ̄X̄

I∂Y PIij. (7.28)

(Note that we have here only leading terms, thus ∂ = ∇). We thus obtain

Nα
ij = −2gαβ̄Dβ̄X̄

IPIij. (7.29)

Similarly we can calculate the terms with ζ∂q. The terms that contribute are

− 2ζ̄A /DζA + 2gN iAεij ζ̄Aγ
µψj

µ + gMAB ζ̄AζB + iζ̄Aγ
µ(/∂qX)ψµif

iA
X , (7.30)

where MAB still has to be determined. We find the equation

− 2g∂XN iAεij − igMABfXjB + 2igf iA
X Sij. (7.31)

Assume now
N iA = −if iA

X kX
I X̄

I , (7.32)

then using again [49, (B.81)], and similar equations as (7.18), we obtain

MAB = −2tAB
I X̄I , Sij = −PIijX̄

I . (7.33)

As a further check we now consider the ε∂ψ terms in the variation of the action. The
terms in the action that contribute are

L = −ψ̄i
µγ

µνρDνψρi − gSijψ̄
i
µγ

µνψj
ν + 2gN iAεij ζ̄Aγ

µψj
µ − iζ̄Aγµ(/∂qX)ψi

µfXiA

−1
2
gXYDµq

XDµqY . (7.34)

The last term is relevant for the covariantization and transformation of vectors [last term in
(7.8)] We obtain for the variations

δL = 2gψ̄i
µγ

µνεj∂νSij + igN iAεijfXkA

[
ε̄k(/∂qX)γµψj

µ − ε̄jγµ(/∂qX)ψk
µ

]
−(∂µq

X)kIXεij ε̄
iψj

µX̄
I . (7.35)

With (7.32) we have
2igN iAεijfXkA = [2∇XPIkj + kIXεkj] X̄

I . (7.36)

The last term arranges the cancellation with the second line in (7.35). This is consistent
with (7.33).
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Table 5: Multiplets and fields of the super-Poincaré theories
spin pure SG vector mult. hypermult. field indices
2 1 ea

µ µ, a = 0, . . . , 4
3
2

2 ψi
µ i = 1, 2

1 1 n AI
µ I = 0, . . . , n

1
2

2n 2r λx
i , ζA A = 1, . . . , 2r

0 n 4r φx, qX x = 1, . . . , n; X = 1, . . . , 4r

8 Quaternionic and very special geometry.

This section will first deal with matter couplings in 5 dimensions. Then we will relate the
theories in 4 and 5 dimensions with some maps.

We consider general couplings with n vector multiplets and r scalar multiplets. Table 5
gives their content, the names that we use for the fields, and the corresponding range of
indices. In the superconformal method, these are obtained in a different way. One starts
with the Weyl multiplet, and adds vector multiplets and hypermultiplets in representations of
the superconformal algebra. As well for the vector multiplets as for the hypermultiplets, one
starts by adding one more multiplet than appears in the final super-Poincaré theory. These
‘compensating multiplets’ contain the degrees of freedom that will be gauge-fixed. This is
schematically represented in table 6. It is indicated how the superfluous symmetries are fixed,

Table 6: Multiplets and fields in the superconformal construction
spin Weyl vector hyper gauge fix auxiliary

2 ea
µ

3
2

ψi
µ

Vµi
j, Tab auxiliary

1 n+ 1
1
2

χi 2(n+ 1) 2(r + 1) 2: S χi with 2 others
0 D n+ 1 4(r + 1) 1: dilatations, 3: SU(2) D and 1 other

and how some of the fields of the Weyl multiplet serve as Lagrange multipliers eliminating
degrees of freedom of the spin 1/2 and scalar fields. The field Vµi

j will be eliminated by its
field equation, and will play the role of SU(2) curvature of the quaternionic manifold defined
by the hyperscalars. The field Tab will become a function of the field strengths of the vectors
in the vector multiplet (dressed by the scalars), and plays the role of gauge field that enters
in the gravitino transformation (related to the central charge).

8.1 Very special real and quaternionic-Kähler manifolds

The manifolds of supergravity–matter couplings in d = 5 are similar to those that are
known from N = 2 in 4 dimensions. Table 5 would be nearly identical for 4 dimensions,
except that each vector multiplet then contains two scalars. The supersymmetry defines a
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complex structure, and the manifold is Kählerian. In N = 1 supergravity, general Kähler
manifolds are possible. In N = 2 they are restricted to a category that is called ‘special
Kähler manifolds’ [1]. The quartets of scalars in hypermultiplets are connected by 3 complex
structures and the manifold is quaternionic-Kähler [107]. Another recent review containing
the fundamental facts of these manifolds is given in [108].

8.1.1 Very special real manifolds

We first consider the vector multiplets [88]. In 5 dimensions, these have real scalars (one of
the scalars of 4 dimensions sits in the 5d-vector). We define ’very special real manifolds’ [79]
as those that appear in these couplings of vector multiplets to 5-dimensional supergravity.
It is clear from the above, that they can be described in superconformal tensor calculus by
starting with n+ 1 scalars, which we denote hI , as in table 6. Then we impose a dilatational
gauge choice. This defines an n-dimensional hypersurface in the (n+ 1)-dimensional space.

The locally supersymmetric action of the vector multiplets in 5 dimensions contains
always a Chern–Simons term of the form CIJKA

IdAJdAK . In order for this to be gauge-
invariant, the CIJK have to be constant. This tensor is completely symmetric in its indices,
and supersymmetry implies that the full action is determined by these constants (up to the
choice of coordinates on the manifold). Thus the set of numbers CIJK are all one needs to
specify a very special real manifold [88]. For an arbitrary set, one still has to verify whether
they allow a non-empty domain with positive-definite metric on the scalar manifold.

The dilatational gauge choice that is most appropriate is the condition

CIJKh
I(φ)hJ(φ)hK(φ) = 1 . (8.1)

φx are coordinates on this manifold such that the embedding h(φ) satisfies the condition.
The metric on the scalar manifold is then

gxy = −3(∂xh
I)(∂yh

J)CIJKh
K . (8.2)

8.1.2 Quaternionic-Kähler manifolds

Let us now look at the other side. The hypermultiplets were introduced in section 4.2.3.
The scalar fields define a 4r-dimensional manifold with coordinates qX , and the tangent
space contains vectors are labelled with indices (iA). We showed how the supersymmetry
algebra leads to a hypercomplex structure. In order that we can construct an action, we
need an invariant metric, and this promotes the manifold to a hyper-Kähler manifold. The
requirement of conformal symmetry further restricts the manifold. The gauge fixing then
leads to a projection on a submanifold, which turns out to be quaternionic-Kähler.

Quaternionic-Kähler manifolds entered physics in [107], and [109] contains a lot of inter-
esting properties. There were two workshops on quaternionic geometry where mathematics
and physics results were brought together [110, 111]. Other recent papers that review the
properties of quaternionic manifolds are [108, 112, 49].
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Quaternionic manifolds Quaternionic manifolds have a torsionless connection ΓZ
XY =

ΓZ
Y X . On the tangent space there is a connection

ΩX jB
iA ≡ fY

jB

(
∂Xf

iA
Y − ΓZ

XY f
iA
Z

)
= −ωXj

iδB
A − ωXB

Aδj
i , (8.3)

where ωXj
i is traceless. If this ΩX jB

iA, for each X, would be a general 4r × 4r matrix,
then we would say that the holonomy is not restricted (or sits in G`(4r)). The splitting
as in the right-hand side of this equation implies that the holonomy group is restricted to
SU(2) × G`(r,H). We can use (8.3) to write a statement of covariant constancy of the
vielbein:

∂Xf
iA
Y − ΓZ

XY f
iA
Z + f jA

Y ωXj
i + f iB

Y ωXB
A = 0 , (8.4)

with composite gauge fields for SU(2) and G`(r,H). These conditions promote the almost
quaternionic structure to a quaternionic structure, and the manifolds is ‘quaternionic’. If
the SU(2) connection is zero, they are called ‘hypercomplex’, which is the case before the
gauge fixing (or in rigid supersymmetry).

The integrability condition of (8.4), (multiplied by a vielbein) is

RZ
WXY = fZ

iAf
jA
W RXY j

i + fZ
iAf

iB
W RXY B

A = −JW
ZαRXY

α + fZ
iAf

iB
W RXY B

A , (8.5)

where respectively the metric curvature RZ
WXY ≡ 2∂[XΓZ

Y ]W + 2ΓZ
V [XΓV

Y ]W , the SU(2) cur-

vature RXY
α ≡ 2∂[XωY ]

α + 2ω[X
βωY ]

γεαβγ, and the G`(r,Q) curvature RWXB
A appear.

Quaternionic-Kähler manifolds. Quaternionic-Kähler manifolds (which include ‘hyper-
Kähler manifolds’ in the case that the SU(2) curvature vanishes) by definition have a metric.

For r > 1 one can prove that these manifolds are Einstein, and that the SU(2) curvatures
are proportional to the complex structures:

RXY =
1

4r
gXYR , Rα

XY = 1
2
νJα

XY , ν =
1

4r(r + 2)
R . (8.6)

(with RXY = RZ
XZY ). For r = 1 this is part of the definition of quaternionic-Kähler

manifolds. Hyper-Kähler manifolds are those where the SU(2) curvature is zero, and these
are thus also Ricci-flat.

Supergravity In supergravity we find all these constraints from requiring a supersymmet-
ric action. Moreover, we need for the invariance of the action that the last equation of (8.6)
is satisfied with ν = −1. This implies that the scalar curvature is R = −4r(r + 2). This
excludes e.g. the compact symmetric spaces.

8.1.3 The family of special manifolds

We now place these manifolds in the context of the manifolds that are obtained for super-
symmetries with 8 real supercharges. Note that a higher number of supercharges would
restrict the possibilities for the scalar manifolds to a discrete number of symmetric spaces.
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We first consider vector multiplets in 5 or 4 dimensions with N = 2. Vector multiplets in
6 dimensions do not contain scalars. When reducing to 3 dimensions, the vectors become
dual to scalars (we can perform duality transformations as we are just considering kinetic
terms here, and we can thus restrict to Abelian vectors). Therefore the multiplet in 3 dimen-
sions is dual to a multiplet with only scalars: the hypermultiplet. For hypermultiplets, the
spacetime dimension is not really relevant as there are no vectors, and thus the results for
hypermultiplets are the same for any dimension. In the picture it is convenient to consider
them in 3 dimensions because of the dimensional reduction that we just described. With
real scalars in the vector multiplets in 5 dimensions, these geometries are real geometries,
those in 4 dimensions are Kählerian, and the hypermultiplets lead to 3 complex structures.
Furthermore, we can distinguish between theories that appear in rigid supersymmetry, and
those in supergravity. This leads to the overview in the upper part of table 7. The geometries

Table 7: Geometries from supersymmetric theories with 8 real supercharges, and the connec-
tions provided by the r-map and the c-map.

D = 5 vector multiplets D = 4 vector multiplets hypermultiplets
rigid affine affine

(affine) very special real special Kähler hyperkähler
local (projective) (projective)

(projective) very special real special Kähler quaternionic-Kähler

very special real special Kähler

very special Kähler

quaternionic

special 
  quaternionic

very special
quaternionic

r-map

c-map

that are related to rigid supersymmetry have been called ‘affine’ in the mathematics litera-
ture [89, 113], while those for supergravity are called ‘projective’ (and these are the default,
in the sense that e.g. special Kähler refers to the geometry that is found in supergravity).
The analogous manifolds with 3 complex structures got already a name in the literature:
the ones that occur in rigid supersymmetry are the hyperkähler manifolds, while those in
supergravity are the quaternionic-Kähler manifolds27

27Mathematicians include hyperkähler as a special case of what they call ‘quaternionic-Kähler’, while
physicists reserve the name quaternionic to the manifolds that have non-vanishing SU(2) curvature, which
excludes the hyperkähler ones. Furthermore, we will restrict ourselves to the quaternionic-Kähler manifolds
of negative scalar curvature, as those are the only ones that appear in supergravity. For manifolds with
continuous isometries, this implies that they are non-compact.
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The name ‘projective’ versus ‘affine’ can be understood from the construction of the
manifolds in supergravity using superconformal tensor calculus. We saw already (see table 6)
how the real very special manifolds are obtained starting from (n + 1) vector multiplets.
Before any gauge fixing, these are just real manifolds with a dilatational invariance. This
manifold has therefore a cone structure, with CIJKh

IhJhK as the radial coordinate. The
physical scalars of the supergravity theory are thus defined modulo this dilatational scaling,
and the manifolds that occur in supergravity can be seen as a projective space of dimension n.

Similarly, to construct special Kähler geometry, one starts in 4 dimensions with the
couplings as they occur in rigid supersymmetry, demanding the presence of a superconformal
symmetry. Again, the manifold has a cone structure, and the dilatational gauge condition
selects a submanifold at fixed radius. In this case, the superconformal group contains a U(1)
invariance and the manifold at fixed radius is a ‘Sasakian manifold’ of dimension 2n + 1, if
this U(1) is not gauged. In conformal supergravity the U(1) is local and eliminates one more
scalar. The gauge field of this U(1), which is an auxiliary field in the superconformal tensor
calculus (similar to Vµi

j in table 6), becomes by its field equation the U(1) connection on the
Kähler manifold. The final manifold in super-Poincaré has then non-trivial U(1) curvature
(and will be a Hodge-Kähler manifold).

The construction for quaternionic manifolds is similar, as has been demonstrated recently
in 4 dimensions in [114]. One starts then from hyperkähler cones. The dilatational gauge
choice leads to a tri-Sasakian manifold of dimensions 4r+3 for ungauged SU(2). The SU(2)
gauge fields of the Weyl multiplet get by their field equations the value Vµi

j = ∂µq
XωXi

j,
using the SU(2) connection that we had in the previous section. The SU(2) curvature is
thus non-zero as required by (8.6).

Dimensional reduction gives a mapping between these manifolds. These mappings have
been called the c-map (from special Kähler to special quaternionic) [78], and the r-map (from
very special real to very special Kähler) [115]. They are represented in the lower part of
table 7. Dimensional reduction of a manifold in 5 dimensions gives a 4-dimensional theory.
But the 4-dimensional theories that can be obtained in this way, are only a subset of all
4-dimensional theories. The table shows the structure in the names given to various classes
of manifolds. Very special Kähler manifolds are a subset of all special Kähler manifolds.
The quaternionic manifolds that are in the image of the c-map are the special quaternionic
manifolds, and those in the image of the c◦r-map are the very special quaternionic manifolds.
It is remarkable that nearly all the homogeneous quaternionic manifolds are very special
quaternionic manifolds [115] (The only non-special homogeneous quaternionic manifolds are
the quaternionic projective spaces).

8.2 Old on c-map

The c map [78] gives a mapping from a special Kähler to a quaternionic manifold. It is
induced by reducing an N = 2 supergravity action in d = 4 spacetime dimensions to an
action in d = 3 spacetime dimensions, by suppressing the dependence on one of the (spatial)
coordinates. The resulting d = 3 supergravity theory can be written in terms of d = 3 fields
and this rearranges the original fields such that the number of scalar fields increases from
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2n to 4(n+ 1). This map is also obtained in string theory context by changing from a type
IIA to a type IIB string or vice-versa.

This leads to the notion of ‘special quaternionic manifolds’, which are those manifolds
appearing in the image of the c map. They are a subclass of the quaternionic manifolds.
Similarly, very special real manifolds are the manifolds defined by coupling (real) scalars to
vector multiplets in 5 dimensions [88] (characterized by a symmetric tensor dABC). Very
special Kähler manifolds [79] are induced as the image under the r map (dimensional reduc-
tion from 5 to 4 dimensions) and very special quaternionic manifolds as the image of the c◦r
map.

How the vector multiplets in d = 5 with n− 1 real scalars are related to d = 4 multiplets
with n complex scalars is schematically shown in table 8, and the relation with d = 3

Table 8: The r map induced by dimensional reduction from d = 5 to d = 4 supergravity. The
number of fields of integer spins is indicated.

d = 5 spins 2 1 0
numbers 1 n n− 1

d = 4 spins
2 1
1 1 n
0 1 n n− 1

hypermultiplets with n+ 1 quaternions is shown in table 9.

Table 9: The c map as dimensional reduction from d = 4 to d = 3 supergravity. The number
of fields of various spins is indicated and names are assigned to the scalar fields in d = 3.
.

d = 4 spins 2 1 0
numbers 1 n+ 1 2n

d = 3 spins
2 1
0 2 2(n+ 1) 2n

φ, σ AI , BI zA, z̄A

8.3 Homogeneous and symmetric spaces.

Homogeneous and symmetric spaces are the most known manifolds. These are spaces of
the form G/H, where G are the isometries and H is its isotropy subgroup. The group G is
not necessarily a semi-simple group, and thus not all the homogeneous spaces have a clear
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name. The symmetric spaces are those for which the algebra splits as g = h + k and all
commutators [k, k] ⊂ h. The homogeneous special manifolds are classified in [115].

It turns out that homogeneous special manifolds are in one-to-one correspondence to
realizations of real Clifford algebras with signature (q + 1, 1) for real, (q + 2, 2) for Kähler,
and (q + 3, 3) for quaternionic manifolds. Thus, the spaces are identified by giving the
number q, which specifies the Clifford algebra, and by specifying its representation. If q is
not a multiple of 4, then there is only one irreducible representations, and we thus just have
to mention the multiplicity P of this representation. The spaces are denoted as L(q, P ). If
q = 4m then there are two inequivalent representations, chiral and antichiral, and the spaces
are denoted as L(q, P, Ṗ ). If we use n as the complex dimension of the special Kähler space,

Table 10: Homogeneous manifolds. In this table, q, P , Ṗ and m denote positive integers or
zero, and q 6= 4m. SG denotes an empty space, which corresponds to supergravity models
without scalars. Furthermore, L(4m,P, Ṗ ) = L(4m, Ṗ , P ), while L(0, n) = L(n, 0). The
horizontal lines separate spaces of different rank. The first non-empty space in each column
has rank 1. Going to the right or down a line increases the rank by 1. The manifolds
indicated by a ? did not get a name. The number n is the complex dimension of the Kähler
space, and is related to the other dimensions as in (8.7), where the n is also given for the
general cases in the last two rows.

n real Kähler quaternionic

L(−3, P ) P USp(2P+2,2)
USp(2P+2)⊗SU(2)

SG4 0 SG U(1,2)
U(1)⊗U(2)

L(−2, P ) 1 + P U(P+1,1)
U(P+1)⊗U(1)

SU(P+2,2)
SU(P+2)⊗SU(2)⊗U(1)

SG5 1 SG SU(1,1)
U(1)

G2

SU(2)⊗SU(2)

L(−1, P ) 2 + P SO(P+1,1)
SO(P+1)

? ?

L(4m,P, Ṗ ) ? ? ?

L(q, P ) X(P, q) H(P, q) V (P, q)

the dimension of these manifolds is (Ṗ = 0 if q 6= 4m)

n = 3 + q+ (P + Ṗ )Dq+1 ,


dimR[very special real L(q, P, Ṗ )] = n− 1

dimR[special Kähler L(q, P, Ṗ )] = 2n

dimR[quaternionic-Kähler L(q, P, Ṗ )] = 4(n+ 1).

(8.7)

where Dq+1 is the dimension of the irreducible representation of the Clifford algebra in q+ 1
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dimensions with positive signature, i.e.

Dq+1 = 1 for q = −1, 0 , Dq+1 = 2 for q = 1 , Dq+1 = 4 for q = 2 ,

Dq+1 = 8 for q = 3, 4 , Dq+1 = 16 for q = 5, 6, 7, 8 , Dq+8 = 16Dq . (8.8)

The very special manifolds are defined by coefficients CIJK as we will see below. For the
homogeneous ones, we can write them as

CIJK hIhJhK = 3
{
h1
(
h2
)2 − h1

(
hµ
)2 − h2

(
hi
)2

+ γµij h
µ hi hj

}
. (8.9)

We decomposed the indices I = 1, . . . , n into I = 1, 2, µ, i, with µ = 1, . . . , q + 1 and
i = 1, . . . , (P + Ṗ )Dq+1. Here, γµij is the (q + 1, 0) Clifford algebra representation that we
mentioned. Note that these models have predecessors in 6 dimensions, with q+1 tensor mul-
tiplets and (P + Ṗ )Dq+1 vector multiplets. The gamma matrices are then the corresponding
coupling constants between the vector and tensor multiplets.

Considering further the table 10, we find in the quaternionic spaces the homogeneous
ones that were found in [116], together with those that were discovered in [115] (the ones
with a ? except for the series L(0, P, Ṗ ), which were already in [116], and denoted there as
W (P, Ṗ )).

Observe that the classification of homogeneous spaces exhibits that the quaternionic
projective spaces have no predecessor in special geometry, and that the complex projective
spaces have no predecessor in very special real manifolds. Similarly, only those with q ≥
−1 can be obtained from 6 dimensions [with the scalars of tensor multiplets describing
SO(1, q + 1)/SO(q + 1)] and L(−1, 0) corresponds to pure supergravity in 6 dimensions.

There are still symmetric spaces in the range q ≥ −1. These are shown in table 11. For

Table 11: Symmetric very special manifolds. Note that the very special real manifolds
L(−1, P ) are symmetric, but not their images under the r map. The number n is the dimen-
sion as in table 10.

n real Kähler quaternionic

L(−1, 0) 2 SO(1, 1)
[

SU(1,1)
U(1)

]2
SO(3,4)
(SU(2))3

L(−1, P ) 2 + P SO(P+1,1)
SO(P+1)

L(0, P ) 3 + P SO(1, 1)⊗ SO(P+1,1)
SO(P+1)

SU(1,1)
U(1)

⊗ SO(P+2,2)
SO(P+2)⊗SO(2)

SO(P+4,4)
SO(P+4)⊗SO(4)

L(1, 1) 6 S`(3,R)
SO(3)

Sp(6)
U(3)

F4

USp(6)⊗SU(2)

L(2, 1) 9 S`(3,C)
SU(3)

SU(3,3)
SU(3)⊗SU(3)⊗U(1)

E6

SU(6)⊗SU(2)

L(4, 1) 15 SU∗(6)
USp(6)

SO∗(12)
SU(6)⊗U(1)

E7

SO(12)⊗SU(2)

L(8, 1) 27 E6

F4

E7

E6⊗U(1)
E8

E7⊗SU(2)

the symmetric special Kähler spaces, this reproduces the classification obtained in [70]. A
study of the full set of isometries could be done systematically in these models. All this has
been summarised in [117].
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9 Final results

In this section, we will summarize the final action and transformation laws. We will restrict
here to the action for the bosons and transformation laws of the fermions, as these are the
main tools for applications. This section repeats all definitions as it is meant to be readable
by itself.

9.1 6 dimensions

9.2 5 dimensions

We consider the theory with

• Supergravity including the vielbein ea
µ and gravitino ψi

µ. The graviphoton is included
in the vector multiplets.

• Vector-tensor multiplets enumerated by Ĩ = 0, . . . , nV + nT where nV is the number
of vector multiplets and nT is the number of tensor multiplets. The index is further
split as Ĩ = (I,M), where I = 0, . . . , nV and M = nV + 1, . . . , nV + nT . The vector or
tensor fields are grouped in

H
eI
µν ≡

(
F I

µν , B̃
M
µν

)
, F I

µν ≡ 2∂[µA
I
ν] + gfJK

IAJ
µA

K
ν . (9.1)

where B̃M
µν are the fundamental tensor fields and AI

µ are the fundamental vector fields,
gauging an algebra with structure constants fJK

I and gauge coupling constant g. The
fermions of these multiplets are denoted as λxi and the real scalars as φx where x =
1, . . . , nV +nT . The couplings of the vector and tensor multiplets are determined by the
constants CĨJ̃K̃ , an antisymmetric and invertible metric ΩMN and the transformation

matrices tIJ̃
K̃ related by (we kept here κ as the gravitational coupling constant, which

has been put equal to 1 in other places of this text)

CM eJ eK =

√
3

8κ2
t( eJ eK)

P ΩPM , tI[M
P ΩN ]P = 0, tI( eJ

fMC
eKeL)fM = 0,

(tM)
eJ

eK = 0, (tI)
eJ

eK =

(
fIJ

K (tI)J
N

0 (tI)M
N

)
. (9.2)

Note that this implies that at least one index of a non-zero CĨJ̃K̃ should correspond to
a vector multiplet. The above-mentioned scalars are a parametrization of the manifold
defined by

C
eI eJ eKh

eI(φ)h
eJ(φ)h

eK(φ) = 1. (9.3)

• nH hypermultiplets with scalars qX and spinors ζA, where X = 1, . . . , 4nH and A =
1, . . . , 2nH . Their interactions are determined by the vielbeins, f iA

X , invertible as 4nH×
4nH matrices.
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The bosonic action is

e−1Lbos = 1
2κ2R− 1

4
a
eI eJH

eI
µνH

eJµν − 1
2
gxyDµφ

xDµφy − 1
2
gXYDµq

XDµqY − V

+
1

16g
e−1εµνρστΩMN B̃

M
µν

(
∂ρB̃

N
στ + 2gtIJ

NAI
ρF

J
στ + gtIP

NAI
ρB̃

P
στ

)
+ κ

12

√
2
3
e−1εµνλρσCIJKA

I
µ

[
F J

νλF
K
ρσ + fFG

JAF
ν A

G
λ

(
−1

2
gFK

ρσ + 1
10
g2fHL

KAH
ρ A

L
σ

)]
−1

8
e−1εµνλρσΩMN tIK

M tFG
NAI

µA
F
ν A

G
λ

(
−1

2
gFK

ρσ + 1
10
g2fHL

KAH
ρ A

L
σ

)
. (9.4)

The metrics for the vectors and the vector-scalars are defined by

a
eI eJ = −2C

eI eJ eKh
eK + 3h

eIh eJ , h
eI ≡ C

eI eJ eKh
eJh
eK = a

eI eJh
eJ

gxy = h
eI
xh

eJ
yaeI eJ , h

eI
x ≡ −

√
3

2κ2
∂xh

eI(φ). (9.5)

Many useful relations are given in appendix D (where the gravitational coupling constant
κ has been put equal to 1.). The domain of the variables should be limited to hI(φ) 6= 0
and the metrics aIJ and gxy should be positive definite. Due to relation (D.7) the latter two
conditions are equivalent.

The metric for the hyperscalars is

gXY = f iA
X f jB

Y εijCAB. (9.6)

Here CAB is an antisymmetric constant (a generalization to covariantly constant is possible)
invertible metric, which governs also the reality properties of the vielbeins:(

f iA
X

)∗
= f jB

X εjiρBA, ρBA ≡ CBCd
C

A, ρAB(ρBC)∗ = −δAC . (9.7)

Here a positive definite (for positive kinetic energies) hermitian matrix dA
B enters and the

last reality property is necessary for consistency. The normalization should be such that the
scalar curvature of the metric is

R = −4nH(nH + 2)κ2. (9.8)

All other quantities in (9.4) are related to gauged symmetries. The gauge symmetry
transformations (with parameters αI) of the bosons are

δG(α)AI
µ = ∂µα

I − gαJfJK
IAK

µ , δG(α)B̃M
µν = −gαJtJ eK

MH
eI
µν ,

δGh
eI(φ) = −gαJtJ eK

eIh
eK

δGφ
x = −gαIKx

I , Kx
I ≡ −1

κ

√
3

2
tI eJ

eKh
eJxh

eK , h
eJx ≡ gxyh

eJ
y ,

δGq
X = −gαIkX

I , (9.9)

where kX
I should be isometries of the quaternionic-Kähler metric gXY , whose commutators

are determined by the structure constants fIJ
K :

2kY
[I∂Y k

X
J ] + fIJ

KkX
K = 0. (9.10)
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These transformations determine immediately the covariant derivatives in this bosonic trun-
cation:

Dµφ
x = ∂µφ

x + gAI
µK

x
I , Dµq

X = ∂µq
X + gAI

µk
X
I . (9.11)

These transformations also determine the scalar potential V :

V = g2

κ4

(
4~P · ~P − 2~P x · ~Px − 2WxW

x − 2NiAN iA
)
. (9.12)

The quantities in this expression appear in the transformation laws of the fermions. They
are

~P ≡ κ2hI ~PI , ~Px ≡ κ2hI
x
~PI , N iA ≡

√
6

4
κhIkX

I f
iA
X ,

W x ≡
√

6

4
κhIKx

I = −3

4
tJ eI

ePhJh
eIhx
eP

= −3

4
tJ eI

ePhJh
eIxh

eP , (9.13)

The remaining undefined quantity is the triplet moment map ~PI(q) on the quaternionic-
Kähler manifold related to any gauge symmetry. This needs a few elements of quaternionic-
Kähler geometry. With the fundamental vielbein f iA

X and its inverse fX
iA one constructs the

complex structures
~JX

Y ≡ −if iA
X ~σi

jfY
jA. (9.14)

Furthermore, one defines SU(2) connections on the manifold ~ωX , by requiring the covariant
constancy of the complex structures:

0 = DX
~JY

Z ≡ ∂X
~JY

Z − ΓXY
W ~JW

Z + ΓXW
Z ~JY

W + 2 ~ωX × ~JY
Z = 0, (9.15)

where the Levi-Civita connection of the metric gXY is used. The curvature of this SU(2)
connection is related to the complex structure by

~RXY ≡ 2∂[X~ωY ] + 2~ωX × ~ωY = −1
2
κ2 ~JXY . (9.16)

This allows us to define the moment maps ~PI(q) as solutions of

− 1
2
~JXY k

Y
I = DX

~PI ≡ ∂X
~PI + 2~ωX × ~PI . (9.17)

The algebra of the symmetries implies the ‘equivariance condition’

2κ2 ~PI × ~PJ + 1
2
~JXY k

X
I k

Y
J − fIJ

K ~PK = 0 . (9.18)

The solutions to these equations are unique if the quaternionic-Kähler manifold is non-trivial:

4nHκ
2 ~PI = ~JX

Y DY k
X
I . (9.19)

However, for nH = 0 there are still two possible solutions for the moment maps, which are
called Fayet–Iliopoulos (FI) terms. First, in the case where the gauge group contains an
SU(2) factor, we can have

~PI = ~eIξ, (9.20)
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where ξ is an arbitrary constant, and ~eI are constants that are nonzero only for I in the
range of the SU(2) factor and satisfy

~eI × ~eJ = fIJ
K~eK , (9.21)

in order that (9.18) is verified.
The second case is U(1) FI terms. In this case

~PI = ~e ξI , (9.22)

where ~e is an arbitrary vector in SU(2) space and ξI are constants for the I corresponding
to U(1) factors in the gauge group.

The N = 2 supersymmetry rules of the fermionic fields, up to bilinears in the fermions,
are given by

δψi
µ = Dµ(ω)εi + iκ

4
√

6
h
eIH

eIνρ (γµνρ − 4gµνγρ) εi + 1
κ
√

6
igPj

iγµε
j,

δλxi = − i
2
/Dφxεi + 1

4
γ ·H eIhx

eI
εi + 1

κ2 gP
x
j
iεj + 1

κ2 gW
xεi,

δζA = 1
2
iγµDµq

Xf iA
X εi − 1

κ
gN iAεi. (9.23)

Here indices are lowered with the symplectic metrics εij and CAB using the NW-SE conven-
tion as in (A.39). The new quantities are

Dµ(ω)εi =
(
∂µ + 1

4
ωµ

abγab

)
εi + ∂µq

XωXj
iεj + gκ2AI

µPIj
iεj,

Pi
j = i~P · ~σi

j, (9.24)

where the latter translation between doublet and triplet notation applies to all SU(2) vector
quantities.

To finish this section, let us discuss some aspects of the R-symmetry, which should
clarify how the gauge transformations act on the gravitini and how this is consistent with
the supersymmetry algebra. We can write (9.24) as

δQψµi =
(
∂µ + 1

4
ωµ

abγab

)
εi − i~Vµ · ~σi

jεj + . . . , (9.25)

where
~Vµ = ∂µq

X~ωX − gκ2AI
µ
~PI (9.26)

corresponds to the value of the auxiliary field of the Weyl multiplet that is the gauge field
of the SU(2) in the superconformal algebra.

δSU(2)
~Vµ = ∂µ

~ΛSU(2) + 2~Vµ × ~ΛSU(2) . (9.27)

Due to the gauge fixing of this SU(2), this invariance is in the final theory not an independent
symmetry, but is a linear combination of all the gauge symmetries, i.e.

~ΛSU(2) = g
(
−~ωXk

X
I + κ2 ~PI

)
αI . (9.28)
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The gauge symmetries are those that act on the independent fields (hyper-scalars qX and
gauge vectors AI

µ) as in (9.9). To prove (9.27) from these elementary transformations [118]
you need the equations (9.16), (9.17) and (9.18).

The gravitino also transforms under the R-symmetry:

δSU(2)ψµi = i~ΛSU(2) · ~σi
jεj . (9.29)

This means thus that the gravitino transforms under the gauge symmetries as this expression
using (9.28).

It can then be checked that this is consistent with the commutation relation (which is
thus implicitly a commutator between gauge transformations and supersymmetry)[

δQ(ε), δSU(2)(~ΛSU(2))
]

= δQ(i~ΛSU(2) · ~σi
jεj) . (9.30)

9.3 4 dimensions

We consider the theory with

• Supergravity including the vielbein ea
µ and gravitino ψi

µ. The graviphoton is included
in the vector multiplets.

• Vector multiplets enumerated by I = 0, . . . , nV where nV is the number of vector mul-
tiplets and the fundamental vectors are AI

µ, and the field strengths F I
µν are defined with

the same normalization as in d = 5. We can thus have a gauge algebra with structure
constants fJK

I and gauge coupling constant g. The fermions of these multiplets are
denoted as λαi and the complex scalars as zα where α = 1, . . . , nV . The couplings of
the vector multiplets is determined by a holomorphic symplectic vector,

v(z) =

(
ZI(z)
FI(z)

)
, (9.31)

such that

〈Dαv,Dβv〉 = 2
(
D[αZ

I
) (
Dβ]FI

)
= 0, Dαv ≡ ∂αv + (∂αK)v, (9.32)

where the Kähler potential K is determined by

e−K(z,z̄) = −i〈v, v̄〉 = −i
(
ZIF̄I − FIZ̄

I
)
. (9.33)

This Kähler potential gives the metric in the usual way:

gαβ̄ = ∂α∂β̄K = ieK〈Dαv,Dβ̄ v̄〉. (9.34)

We require this metric28 to be positive definite in the physical domain of the scalars z.
The ‘usual case’ is when the (nV + 1)× (nV + 1) matrix(

ZI DαZ
I
)

(9.35)

28There are further cohomological restrictions concerning the global structure of the metric, i.e. it should
be Kähler manifolds of restricted type or ‘Hodge manifolds’, but these global restrictions are not discussed
here.
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is invertible. This can always be obtained by the symplectic transformations of section
6.2 (but one might sometimes prefer not to use such a symplectic basis). In this
‘usual case’ it can be shown that the condition (6.49) implies that one can define a
holomorphic function F (Z), homogeneous of second order in Z, such that

FI(z) =
∂

∂ZI
F (Z(z)). (9.36)

• nH hypermultiplets with scalars qX and spinors ζA, where X = 1, . . . , 4nH and A =
1, . . . , 2nH . Their interactions are determined by the vielbeins, f iA

X , invertible as 4nH×
4nH matrices.

The bosonic action is

e−1Lbos = 1
2κ2R + 1

4
(ImNIJ)F I

µνF
µνJ − 1

8
(ReNIJ)e−1εµνρσF I

µνF
J
ρσ

−gαβ̄Dµz
αDµz̄β − 1

2
gXYDµq

XDµqY − V

−1
6
igCI,JKe

−1εµνρσAI
µA

J
ν

(
∂ρA

K
σ − 3

8
gfLM

KAL
ρA

M
σ

)
. (9.37)

The metric for the vectors is

NIJ ≡
(
FI D̄ᾱF̄I

) (
ZJ D̄ᾱZ̄

J
)−1

, (9.38)

where (for a positive definite metric gαβ̄), the last matrix is always invertible, and the
imaginary part of NIJ is negative definite. If a prepotential F (Z) exists, this definition
leads to

NIJ(z, z̄) = F̄IJ + i
NINNJK ZNZK

NLM ZLZM
, NIJ ≡ 2 ImFIJ = −iFIJ + iF̄IJ , (9.39)

where FIJ = ∂I∂JF .
The properties of the quaternionic-Kähler manifold and the metric gXY are the same as

for d = 5.
The potential is generated by the form of the gauge transformations. These transforma-

tions act first of all on the matter multiplets (vector multiplet and hypermultiplet). The
moment maps determines how also the gravitino transforms, but this is not relevant for this
summary. The transformations are very similar to (9.9). This gives

δG(α)AI
µ = ∂µα

I − gαJfJK
IAK

µ ,

δGv(z) = gαI(TI + rI)v

δGz
α = −gαIkα

I , kα
I ≡ −igαβ̄∂β̄P

0
I , P 0

I = eK〈v(z), TI v̄(z̄)〉,
δGq

X = −gαIkX
I . (9.40)

TI acts on symplectic sections as follows

TI

(
ZJ

FJ

)
=

(
−fIK

J 0
CI,JK fIJ

K

)(
ZK

FK

)
, (9.41)
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where CI,JK are real coefficients, symmetric in the last two indices, with ZIZJZKCI,JK = 0.
The potential takes the following form [10]

V = g2
(
gαβ̄k

α
I k

β̄
J + 2gXY k

X
I k

Y
J

)
eKZ̄IZJ + 4g2

(
U IJ − 3eKZ̄IZJ

)
~PI · ~PJ , (9.42)

where
U IJ ≡ gαβ̄eKDαZ

IDβ̄Z̄
J = −1

2
(ImN )−1|IJ − eKZ

I
ZJ . (9.43)

It is the sum of three distinct contributions:

V = g2 (V1 + V2 + V3) ,

V1 = gαβ̄k
α
I k

β̄
J eKZ̄IZJ ,

V2 = 2gXY k
X
I k

Y
J eKZ̄IZJ ,

V3 = 4
(
U IJ − 3eKZ̄IZJ

)
~PI · ~PJ , (9.44)

V1 can be rewritten with the help of (6.161), (6.165) and (6.158):

V1 = −ie2KZ̄IZJfIJ
KZL

(
fLK

M F̄M + CL,KM Z̄
M
)

+ h.c.

+e2K ∣∣ZIZ̄J
(
CI,JKZ

K + fIJ
KFK

)∣∣2 . (9.45)

The second line vanishes if there exist a prepotential (i.e. the ZI are independent). This
is so because this line is then proportional to a gauge transformation of FI with parameter
replaced by Z. We have noticed already that this operation gives zero on XI , and the FI in
this case depend on XI .

By their definition, the contributions V1,2 are positive definite and the only term that
might involve negative contributions is V3. This can be understood from the fact that V1 and
the first term constitute the square of the supersymmetry transformation of the gauginos
(split in the SU(2) triplet and SU(2) singlet part), V2 is the square of the supersymmetry of
the hyperinos, and the last term of V3 is the square of the gravitino supersymmetry.

The supersymmetry transformations of the fermions to bosons are

δψi
µ = Dµ(ω)εi − gγµS

ijεj + 1
4
γ · F−Iεijγµεj(ImN )IJZ

JeK/2,

Dµ(ω)εi =
(
∂µ + 1

4
ωµ

abγab

)
εi + 1

2
iAµε

i + ∂µq
XωXj

iεj + gκ2AI
µPIj

iεj,

δλα
i = −1

2
eK/2gαβ̄Dβ̄Z̄

I(ImN )IJF
−J
µν γ

µνεijε
j + /Dzαεi + gNα

ijε
j,

δζA = 1
2
ifAi

X
/DqXεi + gN iAεijε

j,

Sij ≡ −P ij
I eK/2ZI ,

Nα
ij ≡ eK/2

[
εijk

α
I Z̄

I − 2PIijD̄β̄Z̄
Igαβ̄

]
, N iA ≡ −if iA

X kX
I eK/2Z̄I (9.46)

(the A index for the hyperinos is to be identified with the ᾱ index in previous parts of these
lectures, see also [52]). The factor in the gravitino transformation can be rewritten in the
case that a prepotential exists as

ImNIJZ
J = −e−KNIJ Z̄

J
(
Z̄KNKLZ̄

L
)
. (9.47)
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Aµ are the components of the one-form gauge field of the Kähler U(1):

Aµ = −1
2
i (∂αK∂µz

α − ∂ᾱK∂µz̄
ᾱ) . (9.48)

XXX positivity domain

Exercise 9.1: As a simple example, consider the special Kähler manifold that we
have discussed in example 5.2, which has n = 1, i.e. 2 vectors. The algebra
should be Abelian to leave F invariant. We consider no hypermultiplet, i.e. in
the superconformal setup there is just a trivial one that is needed for compensa-
tion. Then the potential can only originate in the gauging of the compensating
hypermultiplet, which is equivalent to having constant moment maps ~PI . In the
equivariance condition (9.18), the second term is absent as there are no hyper-
scalars, and the third term as well as the algebra is Abelian. The first term thus
implies that ~P1 and ~P2 should point in the same direction in SU(2) space. Hence
we take

g ~PI = gI~e , ~e · ~e = 1 . (9.49)

To calculate the potential we thus need first U IJ which can most easily be deter-
mined using DzZ

I . This gives, using (5.53)

DzZ
I = ∂zZ

I + ZI∂zK =
1

1− zz̄

(
z̄
1

)
,

U IJ =
1

1− zz̄

(
zz̄ z̄
z 1

)
, eKZ̄IZJ =

1

1− zz̄

(
1 z̄
z zz̄

)
V = g2V3 =

4

1− zz̄

[
g2
0(zz̄ − 3)− 2g0g1(z + z̄) + g2

1(1− 3zz̄)
]
.(9.50)

Before the gauging the model has an SU(1, 1) rigid symmetry. The properties of
the potential depend on the SU(1, 1)-invariant g2

0 − g2
1. There are thus 3 relevant

cases, whether this invariant is positive, negative or zero [1]. We find respectively
the following extrema

• Take g0 = g and g1 = 0. There is an extremum at z = 0 with negative
V (z = 0), i.e. anti-de Sitter. gIU

IJgJ vanishes which is the contribution
from the supersymmetry of the gaugini. Therefore this vacuum preserves
supersymmetry.

• g0 = g1. In this case there is no extremum in the positivity domain |z| < 1.

• g0 = 0 and g1 = g. There is an extremum with positive V , i.e. de Sitter,
with nonvanishing gIU

IJgJ , i.e. broken supersymmetry.

Note that in the first case we can omit the scalars, and this is thus pure N = 2
supergravity with possible gauging (g 6= 0) leading to the anti-de Sitter N = 2
supergravity.
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10 Further developments

Higher derivatives, see e.g. [119].
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A Notation

I use the metric signature (− + . . .+). If you prefer the opposite, insert a minus sign for
every upper index which you see, or for an explicit metric ηab or gµν . The Gamma matrices
γa should then be multiplied by an i to have this change of signature.

I use indices as in table 12. Note that it is not possible to have enough symbols to

Table 12: Use of indices

µ 0, . . . , 3 local spacetime
a 0, . . . , 3 tangent spacetime
i 1, 2 SU(2)
In sections 2 and 3.
α 1, . . . , 4 spinor indices
A all the gauge transformations
I all gauge transformations excluding translations
From section 4 onwards.
I 0, . . . , n vector multiplets
X 1, . . . , 4r scalars in hypermultiplets in 5 dim.
A 1, . . . , 2r spinors (or USp(2r) vector) in hypermultiplets
r 1, 2, 3 triplet of SU(2)
α 1, . . . , n independent coordinates in special Kähler

indicate all indices and numbers with different symbols. Indices and numbers should be
distinguished. An index occurs never as a number. E.g. when r appears as a factor in a
formula, it is the number of hypermultiplets, and is independent of the index r.

(Anti)symmetrization is done with weight one:

A[ab] = 1
2

(Aab − Aba) and A(ab) = 1
2

(Aab + Aba) . (A.1)

The antisymmetric tensors are often contracted with γ matrices as in γ · T ≡ γabTab.

A.1 Bosonic part

For the curvatures and connections, I use the conventions:

Rµν
ab = 2∂[µων]

ab(e) + 2ω[µ
ac(e)ων]c

b(e) ,

Rµ
νρσ = Rρσ

abeµ
aeνb = 2∂[ρΓµ

σ]ν + 2Γµ
τ [ρΓτ

σ]ν ,

Rµν = Rρµ
baeb

ρeνa = Rρ
νρµ , R = gµνRµν ,

Gµν = e−1 δ

δgµν

∫
d4x eR = Rµν − 1

2
gµνR . (A.2)
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Note that the above signs define the (+ + +) convention in terms of the classification of
conventions found on the first page of [120]. These signs concern the signature convention –
curvature definition – Ricci tensor definition, see also section C.1.

The formulations in terms of spin connection ω and in terms of Levi-Civita connection
Γ are equivalent by demanding

0 = ∇µeν
a = ∂µeν

a + ωµ
ab(e)eνb − Γρ

µνeρ
a , gµν = eµ

aηabeν
b , (A.3)

which leads to

ωµ
ab(e) = 2eν[a∂[µeν]

b] − eν[aeb]σeµc∂νeσ
c ,

Γρ
µν = 1

2
gρλ
(
2∂(µgν)λ − ∂λgµν

)
, Γν

µν = 1
2
∂ν ln g . (A.4)

Note that the Ricci tensor and scalar curvature are of opposite sign of many of my previous
papers. The sign is now chosen such that Einstein spaces with positive scalar curvature are
compact. Another useful formula to show the conventions is for any Vρ

[∇µ,∇ν ]Vρ = −Rσ
ρµνVσ. (A.5)

The anticommuting Levi–Civita tensor is real, and taken to be

ε0123 = 1 , ε0123 = −1 , (A.6)

the − sign is of course related to the one timelike direction29. For convenience, I give
below the formulae for an arbitrary dimension d and number of timelike directions t. The
contraction identity for these tensors is (p+ n = d)

εa1...anb1...bpε
a1...anc1...cp = (−)t p!n! δ

[c1
[b1
. . . δ

cp]

bp] . (A.7)

For the local case, we can still define constant tensors

εµ1...µd
= e−1ea1

µ1
. . . ead

µd
εa1...ad

, εµ1...µd = eeµ1
a1
. . . eµd

ad
εa1...ad . (A.8)

They are thus not obtained from each other by raising or lowering indices with the metric.
The εµ1···µd

correspond to the same symbol in the lectures of C. Pope XXX. The εµ1···µd
that

he introduces correspond to the εa1···ad
with indices changed to local indices.

Exercise A.1: Show that the tensors in (A.8) are indeed constants, i.e. that arbitrary
variations of the vierbein cancel in the full expression. You can use the so-called
‘Schouten identities’, which means that antisymmetrizing in more indices than
the range of the indices, gives zero. The constancy thus implies that one can
have (A.6) without specifying whether the 0123 are local or flat indices.

29Note that in many papers, e.g. [35], the lectures in this institute of Peter van Nieuwenhuizen, and many
papers of myself, one takes in 4 dimensions an imaginary Levi–Civita tensor to avoid factors of i in definitions
of duals, . . . .
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Exercise A.2: If one defines in even dimensions d = 2n the dual of an n-tensor as

F̃a1...an = −(i)d/2+t 1

n!
εa1...ad

F ad...an+1 , (A.9)

check that
˜̃Fa1...an = Fa1...an . (A.10)

The self-dual and anti-self-dual tensors are introduced in even dimensions as

F±a1...an
≡ 1

2

(
Fa1...an ± F̃a1...an

)
. (A.11)

The definition (A.9) is in 4 and 6 dimensions respectively

d = 4 : F̃ ab ≡ −1
2
iεabcdFcd , d = 6 : F̃ abc ≡ 1

3!
εabcdefFdef . (A.12)

The minus sign in the definition of the dual is convenient for historical reasons. Indeed,
when, as written in footnote 29, this ε is i times the ε in these earlier papers then this
agrees with the operation that was taken there (e.g. in [35]). In 4 dimensions the dual is
an imaginary operation, and the complex conjugate of a self-dual tensor is its anti-self-dual
partner, while in 6 dimensions the (anti)-self-dual part of a real tensor is real.

It is useful to observe relations between (anti)self-dual tensors. In 4 dimensions there are

G+abH−ab = 0 , G±c(aH±b)
c = −1

4
ηabG±cdH±cd ,

G+
c[aH

−
b]

c = 0 . (A.13)

In 6 dimensions

G±abcH±abc = 0 , G+cd(aH−b)
cd = 1

6
ηabG+cdeH−cde ,

G±cd[aH
±

b]
cd = 0 , G±a[bcH

±
cd]

a = 0 . (A.14)

For N = 2 we use the Levi–Civita εij for which the important property is that

εijε
jk = −δik , (A.15)

where in principle εij is the complex conjugate of εij, but we can use (ε = iσ2)

ε12 = ε12 = 1 . (A.16)

Note how I wrote the position of the indices on the delta function in (A.15). If you remember
that a delta function has this position of indices, then δ and ε can be seen as the same tensor
with indices raised or lowered, i.e. δi

j = εi
j. Switching the positions of contracted SU(2)

indices leads to a minus sign:
Ai

i = −Ai
i . (A.17)

Another useful relation is that for any antisymmetric tensor in ij:

A[ij] = −1
2
εijAk

k . (A.18)
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A.2 Gamma matrices and spinors

A general treatment of gamma matrices and spinors is given in section 3 of [121]. In that
review general spacetime signatures are treated. Of course, that material is not original, and
is rather a convenient reformulation of earlier works [122, 123, 124, 125]. Another approach
to the theory of spinors has been presented in [26]. We review here the essential properties
for the dimensions used in this work.

A.2.1 d = 4

Gamma matrices and chirality. We do not need the explicit representations of gamma
matrices. Three different representations are given in section 3.3 of [121], but the only
equations that we need are

γaγb = ηab + γab , γ5 ≡ iγ0γ1γ2γ3

γ2
5 = 1 , γ5γa = 1

3!
iεabcdγ

bcd , εabcdγ
d = iγ5γabc, γ5γab = −γ̃ab . (A.19)

In the first expression is the antisymmetric γab, which is often denoted as 2σab. I avoid this
notation, as it is special for the 4-dimensional case. I use left and right projections

PL = 1
2
(1 + γ5) , PR = 1

2
(1− γ5) . (A.20)

In four dimensions, one often uses the place of an index, e.g. the i = 1, 2 index for doublets of
N = 2 supersymmetry, to denote chiral spinors. Thus, e.g. for the supersymmetry parameter
one uses

εi = PLε
i , εi = PRεi . (A.21)

Thus εi is not a Majorana spinor, but a chiral spinor. The choice of whether the upper index
denotes the left or the right chiral spinor is indicated when such a spinor is introduced.
Thus, for some chiral spinors, the upper index denotes the right-chiral one rather than the
left-chiral one as here for εi.

One representation of the gamma matrices allows to connect easily to the papers that
use a 2-component notation, see e.g. the review of supergravity couplings [8]. This is a
representation in which γ5 is diagonal:

γ0 =

(
0 i1l2

i1l2 0

)
, ~γ =

(
0 −i~σ
i~σ 0

)
, γ5 =

(
1l2 0
0 −1l2

)
. (A.22)

For convenience, let me repeat that

σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
. (A.23)

The only relevant properties are σ1σ2 = iσ3 and cyclic, and that they square to 1l2 and are
Hermitian. With the choice (A.22), we have

C =

(
ε 0
0 −ε

)
, with ε =

(
0 1
−1 0

)
. (A.24)
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Reality and charge conjugation About the reality conditions, I first give the definitions,
but, for all practical purposes one can suffice by replacing complex conjugation with a charge
conjugation operation, as I will explain subsequently.

For the definitions, γ0 is anti-Hermitian, while the spacelike components of γµ and γ5 are
Hermitian. The spinors are Majorana, which means that

λ̄ ≡ λTC = λ†γ0α
−1 or λ∗ = −αCγ0λ , (A.25)

where C is the (unitary and antisymmetric) charge conjugation matrix and α is a number
with modulus 1.

One can arbitrary choose whether complex conjugation reverses the order of spinors. .
This is indicated by a number β:

(λχ)∗ = βλ∗χ∗ = −βχ∗λ∗ , β = ±1 . (A.26)

This finishes the definitions. Below, I relate the choice of α to the choice of β, such that
βα2 = 1. Then I leave it to your personal preference to choose β and α, as this is immaterial
for everything that follows. Remark that in many papers you will see for all bilinears of
fermions an extra factor of i with respect to what I write. This is then due to a choice of α
and β such that βα2 = −1.

Now the practical way [121]. When one writes +h.c., you consider instead the operation
called charge conjugation (C). E.g. for spinors it is defined by

λC = α−1γ0C−1λ∗. (A.27)

Majorana spinors are according to (A.25) those spinors that are real under this conjugation.
For all practical purposes you do not need this explicit definition. The operation of charge
conjugation leaves the order of the spinors unchanged, independent of the choice of β, i.e.
whether complex conjugation interchanges the order of the fermions. For bosons, the charge
conjugation is just complex conjugation, and thus e.g. changes in 4 dimensions the self-
dual in the anti-self-dual, as remarked after (A.12). For the gamma matrices one uses the
following. For matrices in spinor space, we have γC

µ = γµ and γC
5 = −γ5. Thus, only γ5

should be considered as pure imaginary. This implies that the left and right projections in
(A.20) are interchanged. Thus, chiral spinors are replaced by anti-chiral ones and vice-versa.
The same holds for the barred (Majorana conjugate) spinors. In our notation where the
position of the index i denotes the chirality, the operation thus interchanges upper with
lower i indices.

One more useful information is that the Majorana conjugate of a chiral spinor works as
follows30

PLχ = χ̄PL , χ̄i ≡ χi . (A.28)

30Observe that the bar denotes always a Majorana conjugate, not a Dirac conjugate. As such, the first
equality in (A.25) is the definition, and the second equality is what holds for Majorana spinors, but not for
general spinors, i.e. not for chiral spinors, which cannot be Majorana in 4 dimensions
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As a practical summary of the rules, see the following equations:

γC
a = γa , γC

5 = −γ5 , PC
L = PR ,

λC = λ , λ̄C = λ̄ , χC
i = χi , χ̄C

i = χ̄i ,

h.c.
(
λ̄ψ
)

= λ̄ψ , h.c.
(
λ̄γ5ψ

)
= −λ̄γ5ψ , h.c.

(
χ̄iγaφi

)
= χ̄iγaφ

i . (A.29)

Here and elsewhere in the text, we assume that spinors like λ and ψ are Majorana, and
spinors with an index, like χi and φi are chiral.

Exercise A.3: Suppose that a Majorana spinor λ is given by its left-chiral part,
which is PLλ = miχ

i where mi is a complex number, and χi a (left) chiral spinor
doublet. Show that the appropriate definition for mi is mi ≡ (mi)

∗ and that
λ = miχ

i + miχi. Then suppose that χi = niPLψ, with min
i pure imaginary,

min
i = ip with p real, and ψ Majorana. Then λ = iγ5ψ. Check directly the

C-invariance of this equation.

We finish with a summary in a form to compare below with d = 5 and d = 6.

• a bispinor λ̄ψ is real.

• γC
a = γa, and γC

5 = −γ5

• For a bosonic matrix in SU(2) space, the charge conjugation changes the height of the
indices, e.g. (M ij)C = Mij, or (M i

j)
C = Mi

j.

• Charge conjugation changes also the position of the index i on spinors. This position
indicates the chirality, see table 3 and table 4. For the fermions of hypermultiplets,
the index α plays the same role, i.e. its position is changed by the C operation.

For hypermultiplets, we can add that we also define the charge conjugate of ζA as ζA,
changing its chirality. The charge conjugation thus also changes the height of the symplectic
index A and similarly, see (4.60):

(f iA
X )C = (f iA

X )∗ = f jB
X εjiρBA = fXiA. (A.30)

For the USp(2r) connection one has

(ωXA
B)C = (ωXA

B)∗ = −ρADωXD
EρEB = −ωX

A
B, (A.31)

where we raise and lower indices on the bosonic quantities with ρ (we can not do this here
with fermions, as the position of the index indicates their chirality, and thus we should not
raise or lower it with a matrix that does not change the chirality). Therefore ωXA

B is in a way
pure imaginary under charge conjugation similar to the γ5 matrix. This means that apart
from raising and lowering the indices, we have to insert a minus sign when taking charge
conjugates. Note that the last expression can also be written as −ωXB

A due to (4.89).
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SU(2) and vector indices. At various places in the main text, we switch from SU(2)
indices i, j = 1, 2 to vector quantities with the convention

Ai
j ≡ i ~A · ~σi

j , (A.32)

where ~σi
j are the Pauli matrices (A.23). With these conventions, we obtain the identity

Ai
jBj

k = − ~A · ~Bδik − i( ~A× ~B) · ~σi
k , i.e. ~A · ~B = −1

2
Ai

jBj
i = 1

2
AijBji , (A.33)

for any two vectors ~A and ~B. We have also various symmetric tensors like Yij that satisfy

Yij = −εikY
k`ε`j , where Y ij = Y ∗ij , (A.34)

These are thus the symmetric tensors that are invariant under the charge conjugation. Defin-
ing the 3 matrices

~σij = ~σi
kεkj , (A.35)

we can also write
Yij = i ~Y · ~σij , YijY

ij = 2 ~Y · ~Y . (A.36)

A.2.2 d = 5

Gamma matrices and SU(2) indices. The essential new property for the gamma matri-
ces is that the antisymmetric product of all the matrices is proportional to the unit matrix:

γabcde = iεabcde . (A.37)

Exercise A.4: Check that this implies

γabcd = iεabcdeγe ,

2γabc = iεabcdeγed ,

3!γab = iεabcdeγedc ,

4!γa = iεabcdeγedcb ,

5! = iεabcdeγedcba ,

iεabcdeγef = 4γ[abcδ
d]
f ,

iεabcdeγefg = 12γ[abδ
cd]
gf . (A.38)

In odd dimensions there is no chirality. The position of the indices i on the spinors is
thus not used to indicate chirality. Rather these can now be raised or lowered using εij. I
use NorthWest–SouthEast (NW–SE) convention, which means that this is the direction in
which contracted indices should appear to raise or lower indices: see

X i = εijXj , Xi = Xjεji . (A.39)
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Exercise A.5: Check that we can consider εij as the tensor δi
j with the j-index

lowered. Note that it is important then to write δi
j and not δj

i. Also εij is the
corresponding tensor with raised indices.

Note that we cannot do this in 4 dimensions, as we attached there a meaning to the posi-
tion of the index i related to chirality, and interchanged by complex conjugation. Implicit
summation (in NW–SE direction) is also used for bilinears of fermions, e.g.

λ̄χ ≡ λ̄iχi . (A.40)

The transition between SU(2) indices i, j = 1, 2 and vector quantities as explained for 4
dimensions after (A.32) applies also here and relations as (A.34) are then consistent with
the raising and lowering of indices as in (A.39).

Reality and charge conjugation In this case, the charge conjugation C and Cγa are
antisymmetric. In this case the elementary spinors are ‘symplectic Majorana’, which means
that

(λi)C ≡ α−1γ0C−1(λj)∗εji, (A.41)

where again α is a number of modulus one, and we assume further that βα2 = 1, for β
defining whether fermions change order under complex conjugation as in (A.26). Let us go
directly to the practical rules for replacing complex conjugation by charge conjugation. Then
symplectic Majorana spinors can be considered as real, and for these rules we do not have
to change the order of the spinors or gamma matrices. However there are some differences
with the 4-dimensional rules:

• a bispinor λ̄iχi is pure imaginary.

• γC
a = −γa.

• For a bosonic matrix in SU(2) space, M , we have MC = σ2M
∗σ2, or explicitly (Mi

j)C =
−εik(Mk

`)∗ε`j.

• Charge conjugation does not change the position of the index i. This position can be
changed by multiplying with εij.

As an example, see that the expression

λ̄iγµ∂µλi (A.42)

is real for symplectic Majorana spinors.
For hypermultiplets the reality condition depends on a matrix ρAB, which is introduced

in (4.23). The charge conjugation under which the symplectic Majorana spinors are invariant
is then similar to (A.41):

(ζA)C ≡ α−1γ0C−1(ζB)∗ρBA = ζA. (A.43)
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The generalization of the relation for a bosonic matrix in SU(2) space now includes multi-
plication with iρ matrices. This then e.g. implies that f iA

X is imaginary under 5-dimensional
charge conjugation, contrary to the 4-dimensional charge conjugation. For other objects,
e.g. ωXA

B, one uses as charge conjugate

(ωXA
B)C = (−ρAD)(ωXD

E)∗ρEB = ωXA
B, (A.44)

where the first equation shows the procedure for any lower or upper index, and the last
equation is just true because of the particular reality condition of the USp(2r) connection.

A.2.3 d = 6

Gamma matrices and chirality. Here there is again chirality, as for every even dimen-
sion, but moreover, as we have seen already there are real self-dual tensors. Similarly, we
can define

γ7 = γ0 . . . γ5 = −γ0 . . . γ5 , (A.45)

without a factor i. The essential formula is

γabcγ7 = −γ̃abc , (A.46)

Exercise A.6: Show that γabcPL = γ−abc as in 4 dimensions where γabPL = γ−ab.

Spinors can satisfy the (symplectic) Majorana condition and be chiral at the same time.
Thus complex conjugation does not change chirality, and we can raise and lower indices as
in (A.39).

Reality and charge conjugation We choose the charge conjugation matrix to be sym-
metric31. Then the rules for charge conjugation are

• a bispinor λ̄iχi is real.

• γC
a = γa and γC

7 = γ7.

• For a bosonic matrix in SU(2) space, M , we have MC = σ2M
∗σ2.

• Charge conjugation does not change the position of the index i. This position can be
changed by multiplying with εij.

A.3 Gamma matrix manipulations

In this section, I write some general identities for manipulations of gamma matrices. It is as
easy to write this in general dimensions, and thus this section is not restricted to d = 4, 5, 6.
To indicate this clearly, I use Γ rather than γ for formulas that have a more general validity.

31That is a choice in 6 dimensions, as we can also use the antisymmetric charge conjugation matrix
C′ = Cγ7.
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A.3.1 Spinor indices

I mostly omit spinor indices. However, to make the connection with the abstract algebra, it
is useful to introduce them. I will give here a way to include spinor indices in a practical way,
independent of the dimension of spacetime. First of all, spinors get a lower spinor index. So
for a spinor λ, I write λα. Gamma matrices act on these spinors, and therefore the expression
Γaλ becomes (Γa)α

βλβ. Note the position of the spinor indices on a usual Gamma matrix.
This is then the same for products of Gamma matrices. A Majorana conjugated spinor λ̄ is
written as λα. Thus, see the translation:

λ̄χ→ λαχα , λ̄Γaχ→ λα(Γa)α
βχβ . (A.47)

Then, I want to be able to raise and lower indices. Indeed, e.g. to discuss symmetries
of Gamma matrices, the (Γa)α

β cannot be used, as we cannot interchange upper and lower
indices. To that purpose, I introduce matrices Cαβ and Cαβ, which will be related to the
charge conjugation matrix below. The convention that I adopt, is that I raise and lower
indices always in the NW–SE convention. That means that the contraction indices should
appear in that relative position, i.e.

λα = Cαβλβ , λα = λβCβα . (A.48)

In order for these two equations to be consistent, we should have

CαβCγβ = δγ
α , CβαCβγ = δα

γ . (A.49)

This is thus the same as for the SU(2) conventions mentioned in section A.1, and again it is
good to remember that a delta function is a charge conjugation with indices in the position
as in δα

β = Cα
β.

Comparing (A.48) and (A.25), we conclude that Cαβ is CT , and Cαβ is C−1. The symmetry
of the charge conjugation matrix determines what happens when we raise and lower indices.
Define t0 by

Cαβ = −t0Cβα . (A.50)

This t0 is thus the parameter ε in section 3 of [121], and you find it in table 13. Then raising
and lowering an index goes as

λαχα = −t0λαχ
α . (A.51)

Thus we have + for 6 dimensions, but − for 4 and 5 dimensions. The same is true for spinor
indices at any place: (Γa)α

βλβ = ±(Γa)αβλ
β.

Denoting for short Γ(n) for an antisymmetric product of n gamma matrices:

Γ(n) = Γ[a1Γa2 . . .Γan] , (A.52)

the symmetry of Γ
(n)
αβ ≡ Γ

(n)
α

ΓCΓβ is given by

Γ
(n)
αβ = −tnΓ

(n)
βα , (A.53)

where the tn are the sign factors in table 13.
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Table 13: Symmetries of gamma matrices: sign factors tn. The values of n with tn = +1
and tn = −1 are modulo 4. For even dimensions there are two possibilities. This is related to
changing chiralities of spinors. For d = 0, 4, 8, 12 only the first line is used in supersymmetry,
as this allows the minimal supersymmetry algebras. In d = 2, 6, 10 it does not really matter
what you use, as the two choices are related by a redefinition of the charge conjugation. The
sign changes that this produces only appears when the two spinors are of opposite chirality,
and thus this is not a relevant sign. Note that the numbers appearing in the column tn = −1
also indicate in how many time directions (modulo 4) Majorana spinors can be defined for
the corresponding dimension and charge conjugation. The fact that ’1’ (Minkowski space)
does not appear for d = 5 and d = 6 is the reason why we need symplectic Majorana spinors.
The cases that we use in this review are indicated in boldface.

d (mod 8) tn = −1 tn = +1

0 0,3 2,1
0,1 2,3

1 0,1 2,3
2 0,1 2,3

1,2 0,3
3 1,2 0,3
4 1,2 0,3

2,3 0,1
5 2,3 0,1
6 2,3 0,1

0,3 1,2
7 0,3 1,2
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A.3.2 Symmetries of bilinears.

For bilinears of fermions, an extra sign comes in due to the interchange of the fermions. We
thus have

λ̄Γ(n)χ = tnχ̄Γ(n)λ . (A.54)

Note that in this section we are not concerned with SU(2) indices in 5 and 6 dimensions.
Thus, before using this section in these dimensions, you reinstall the indices explicitly if they
are not written, and keep them attached to the spinors Therefore, in d = 5 and d = 6, then
there is an extra − sign as e.g. in anticommutators of two supersymmetries

ε̄2γaε1 = ε̄i2γaε1i = ε̄1iγaε
i
2 = −ε̄i1γaε2i = −ε̄1γaε2 . (A.55)

The second equality uses (A.54) with t1 = 1. The minus sign of (A.17) produces then the
sign in the next equality.

The same sign factors can be used in a longer chain of gamma matrices:

λ̄Γ(n1)Γ(n2) · · ·Γ(np)χ = tp−1
0 tn1tn2 · · · tnp χ̄γ

(np) · · · γ(n2)γ(n1)λ . (A.56)

We thus just multiply the sign factors of the gamma matrices and transpose them, but in
dimension where C is symmetric (t0 = −1), there is an extra sign factor. For us, this happens
in 6 dimensions.

As an example, consider in 4 dimensions (γ5 is an antisymmetric product of type γ(4))

λ̄γaγbcξ = χ̄γbcγaλ , λ̄γaγ5ξ = −χ̄γ5γaλ . (A.57)

Exercise A.7: Check that due to t0 = t4 in 4 dimensions, and t0 = −t6 in 6 di-
mensions, a bilinear of two chiral spinors of the same chirality should have an
even number of γ matrices in 4 dimensions. E.g. ξ̄LφL 6= 0, while it should
have an odd number in 6 dimensions (the former example would be zero while
ξ̄LγabcφL 6= 0).

Exercise A.8: Check with the rules of raising and lowering indices that if

λ = Γ(n1)Γ(n2) · · ·Γ(np)χ −→ λ̄ = tp0 tn1tn2 · · · tnp χ̄Γ(np) · · ·Γ(n2)Γ(n1) . (A.58)

A.3.3 Products of Γ matrices and Fierzing

There are some useful identities for calculations in arbitrary dimensions [25]. For a product
of two antisymmetrized gamma matrices, one can use

Γa1...ai
Γb1...bj =

i+j∑
k=|i−j|

i!j!

s!t!u!
δ
[b1
[ai
· · · δbs

at+1
Γa1...at]

bs+1...bj] (A.59)

s = 1
2
(i+ j − k) , t = 1

2
(i− j + k) , u = 1

2
(−i+ j + k) .
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The numeric factor can be understood as follows. Between the i indices of the first Gamma
factor, I select s = i− t for the contraction. That choice is a factor

(
i
s

)
. The same number of

indices s is chosen between the j indices of the second factor. That is a factor
(

j
s

)
. Finally, I

can contract these s indices in s! ways. In [25] a few extra rules are given and a diagrammatic
technique is explained that is based on the work of Kennedy [126].

For contractions of repeated gamma matrices, one has the formula

Γb1...bk
Γa1...a`

Γb1...bk = ck,`Γa1...a`

ck,` = (−)k(k−1)/2k!(−)k`

min(k,`)∑
i=0

(
`

i

)(
D − `

k − i

)
(−)i , (A.60)

for which tables were given in [25] in dimensions 4, 10, 11 and 12, and which can be easily
obtained from a computer programme. Useful examples in 4 dimensions are

γaγbcγa = γabγcγab = 0, γabγcdγab = 4γcd. (A.61)

Further, there is the Fierz relation. We know that the gamma matrices are matrices in
dimension ∆ = 2Int d/2, and that a basis of ∆×∆ matrices is given by the set

{1l,Γa,Γa1a2 , . . . ,Γ
a1...a[D]} where

{
[D] = D for even D
[D] = (D − 1)/2 for odd D ,

(A.62)

of which only the first has nonzero trace. This is the basis of the general Fierz formula for
an arbitrary matrix M in spinor space:

2Int(d/2)Mα
β =

[D]∑
k=0

(−)k(k−1)/2 1
k!

(Γa1...ak
)α

β Tr (Γa1...akM) . (A.63)

Further Fierz identities can be found in [126].

Exercise A.9: Check that Fierz identities for chiral spinors in 4 dimensions lead to

ψ̄LφL χ̄LλL = −1
2
ψ̄LλL χ̄LφL + 1

8
ψ̄Lγ

abλL χ̄LγabφL ,

ψ̄LφL χ̄RλR = −1
2
ψ̄Lγ

aλR χ̄RγaφL . (A.64)

An extra minus sign w.r.t. (A.63) appears here because fermions λ and φ are
interchanged. In 5 dimensions the Fierz equation is

ψ̄iφjχ̄kλ` = −1
4
ψ̄iλ`χ̄kφj − 1

4
ψ̄iγaλ`χ̄kγaφ

j + 1
2
ψ̄iγabλ`χ̄kγabφ

j. (A.65)

In 6 dimensions (ψ̄R = ψ̄PL) one has

ψ̄RφL χ̄LλR = −1
4
ψ̄Rγ

aλR χ̄LγaφL + 1
48
ψ̄Rγ

abcλR χ̄LγabcφL ,

ψ̄RφL χ̄RλL = −1
4
ψ̄RλL χ̄RφL + 1

8
ψ̄Rγ

abλL χ̄RγabφL . (A.66)

For those that want to go further, a more complicated identity for doublet spinors
in 4 dimensions is

εjkγabλiλ̄jγabλk = 8εjkλkλ̄iλj. (A.67)

It uses the first equation of (A.64), symmetries of the bilinears and manipulations
between the ε symbols.
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A.4 Dimensional reduction of the spinors

To reduce 5-dimensional expressions to 4-dimensional ones, we identify γ0 to γ3 of 5 dimen-
sions with those of 4 dimensions and we can take

C(5) = C(4)γ5, (A.68)

where C(d) is the charge conjugation matrix in d dimensions. Denoting for now the spinors
of 5 dimensions with a tilde, we define the 4-dimensional chiral spinors as

ζA = PLζ̃
A. (A.69)

Using the same choice of α in 4 as in 5 dimensions, we can then derive from the reality
conditions that

ζA = PRζ̃
BρBA = PRζ̃A, (A.70)

where the lowering of index in 4 dimensions is determined by complex conjugation, while in
5 dimensions it is determined by ρAB.

For other spinors with i indices, we just replace ρ by ε.

B Groups and supergroups

For fixing my notations on algebras, I recapitulate the list of simple algebras32 and their
real forms in table 14. The conventions which I use for groups is that Sp(2n) = Sp(2n,R)
(always even entry), and USp(2m, 2n) = U(m,n,H). S`(n) is S`(n,R). Further, SU∗(2n) =
S`(n,H) and SO∗(2n) =O(n,H). Note that in these bosonic algebras there are the following
isomorphisms, some of which will be important later33

SO(3) = SU(2) = SU ∗(2) , SO(2, 1) = S`(2) = SU(1, 1) = Sp(2) ,

SO(4) = SU(2)× SU(2) , SO(3, 1) = SU(2,C) = Sp(2,C) ,

SO(2, 2) = S`(2)× S`(2) , SO ∗(4) = SU(1, 1)× SU(2) ,

SO(5) = USp(4) , SO(4, 1) = USp(2, 2) , SO(3, 2) = Sp(4) ,

SO(6) = SU(4) , SO(5, 1) = SU ∗(4) , SO(4, 2) = SU(2, 2)

SO(3, 3) = S`(4) , SO ∗(6) = SU(3, 1) ,

SO ∗(8) = SO(6, 2) . (B.1)

Lie superalgebras have been classified in [127]. I do not have the time to go through the
full classification mechanism of course, but will consider the most important superalgebras,
the ‘simple Lie superalgebras’, which have no non-trivial invariant subalgebra. However, one
should know that in superalgebras there are more subtle issues, as e.g. not any semi-simple

32I use the notations with capital letters though in many mathematical works the algebras are denoted by
small letters.

33Note that the equality sign is not correct for the groups. These isomorphism are for the algebras. Also
the covering groups of the orthogonal groups are equal to the groups mentioned at the right hand sides.
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Table 14: Real forms of simple bosonic Lie algebras. The second number in the notation
for the real forms of exceptional algebras is the character (the number of non-compact − the
number of compact generators). An extra possibility that does not occur in this table are the
algebras over C, i.e. SU(n,C), SO(n,C) and Sp(2n,C), which have the double number of
real generators as their maximal compact subgroups SU(n), SO(n) and USp(2n).

Compact Real Form Maximal compact subalg.
SU(n) SU(p, n− p) SU(p)× SU(n− p)× U(1), 1 ≤ p < n
SU(n) S`(n) SO(n)
SU(2n) SU∗(2n) USp(2n)
SO(n) SO(p, n− p) SO(p)× SO(n− p)
SO(2n) SO∗(2n) U(n)
USp(2n) Sp(2n) U(n)
USp(2n) USp(2p, 2n− 2p) USp(2p)× USp(2n− 2p)
G2,−14 G2,−14 G2

G2,−14 G2,2 SU(2)× SU(2)
F4,−52 F4,−52 F4,−52

F4,−52 F4,−20 SO(9)
F4,−52 F4,4 USp(6)× SU(2)
E6,−78 E6,−78 E6,−78

E6,−78 E6,−26 F4,−52

E6,−78 E6,−14 SO(10)× SO(2)
E6,−78 E6,2 SU(6)× SU(2)
E6,−78 E6,6 USp(8)
E7,−133 E7,−133 E7,−133

E7,−133 E7,−25 E6,−78 × SO(2)
E7,−133 E7,−5 SO(12)× SU(2)
E7,−133 E7,7 SU(8)
E8,−248 E8,−248 E8,−248

E8,−248 E8,−24 E7,−133 × SU(2)
E8,−248 E8,8 SO(16)
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superalgebra is the direct sum of simple superalgebras. A good review is [128]. The fermionic
generators of such superalgebras are in representations of the bosonic part. If that ‘defining
representation’ of the bosonic algebra in the fermionic generators is completely reducible,
the algebra is said to be ‘of classical type’. The others are ‘Cartan type superalgebras’ W (n),
S(n), S̃(n) and H(n), which we will further neglect. For further reference, I give in table 15
the list of the real forms of superalgebras ‘of classical type’ [129, 130, 23]. In this table

Table 15: Lie superalgebras of classical type. Note that the superalgebras SU(m|m), which
are indicated in this table with bosonic subalgebra SU(m) ⊕ SU(m) are often indicated as
PSU(m|m), while then SU(m|m) refers to the (non-simple) algebra including the U(1) factor.

Name Range Bosonic algebra Defining Number of
repres. generators

SU(m|n) m ≥ 2 SU(m)⊕ SU(n) (m, n̄)⊕ m2 + n2 − 1,
m 6= n ⊕U(1) (m̄, n) 2mn
m = n no U(1) 2(m2 − 1), 2m2

S`(m|n)
SU(m− p, p|n− q, q)
SU∗(2m|2n)
S` ′(n|n)

S`(m)⊕ S`(n)
SU(m− p, p)⊕ SU(n− q, q)
SU∗(2m)⊕ SU∗(2n)

⊕ SO(1, 1)
⊕U(1)
⊕ SO(1, 1)

if
m 6= n

S`(n,C)

OSp(m|n) m ≥ 1 SO(m)⊕ Sp(n) (m,n) 1
2
(m2 −m+

n = 2, 4, .. n2 + n),mn

OSp(m− p, p|n)
OSp(m∗|n− q, q)

SO(m− p, p)⊕ Sp(n)
SO∗(m)⊕ USp(n− q, q)

n even
m,n, q even

D(2, 1, α) 0 < α ≤ 1 SO(4)⊕ S`(2) (2, 2, 2) 9, 8

Dp(2, 1, α) SO(4− p, p)⊕ S`(2) p = 0, 1, 2

F (4) SO(7)⊕ S`(2) (8, 2) 21, 16

F p(4)
F p(4)

SO(7− p, p)⊕ S`(2)
SO(7− p, p)⊕ SU(2)

p = 0, 3
p = 1, 2

G(3) G2 ⊕ S`(2) (7, 2) 14, 14

Gp(3) G2,p ⊕ S`(2) p = −14, 2

P (m− 1) m ≥ 3 S`(m) (m⊗m) m2 − 1,m2

Q(m− 1) m ≥ 3 SU(m) Adjoint m2 − 1,m2 − 1

Q(m− 1)
Q((m− 1)∗)
UQ(p,m− 1− p)

S`(m)
SU∗(m)
SU(p,m− p)

‘defining representation’ gives the fermionic generators as a representation of the bosonic
subalgebra. The ‘number of generators’ gives the numbers of (bosonic,fermionic) generators
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in the superalgebra. I mention first the algebra as an algebra over C, and then give different
real forms of these algebras. With this information, you can reconstruct all properties of these
algebras, up to a few exceptions. The names which I use for the real forms is for some algebras
different from those in the mathematical literature [129, 130, 23], and chosen such that it is
most suggestive of its bosonic content. There are isomorphisms as SU(2|1) = OSp(2∗|2, 0),
and SU(1, 1|1) = S`(2|1) = OSp(2|2). In the algebra D(2, 1, α) the three S`(2) factors of
the bosonic group in the anticommutator of the fermionic generators appear with relative
weights 1, α and −1 − α. The real forms contain respectively SO(4) = SU(2) × SU(2),
SO(3, 1) = S`(2,C) and SO(2, 2) = S`(2)× S`(2). In the first and last case α should be
real, while α = 1 + ia with real a for p = 1. In the limit α = 1 one has the isomorphisms
Dp(2, 1, 1) = OSp(4− p, p|2).

For the real forms of SU(m|m), the one-dimensional subalgebra of the bosonic algebra
is not part of the irreducible algebra. Furthermore, in that case there are subalgebras
obtained from projection of those mentioned here with only one factor SU(n), S`(n), SU∗(n)
or SU(n− p, p) as bosonic algebra.

C Comparison of notations

C.1 Other N = 2, d = 4 papers

Unfortunately the normalization of F and various other functions vary in the N = 2 litera-
ture. In table 16, I compare notations between various articles on N = 2 in d = 4. The first
column is the notation used here, and for most part also e.g. in [77, 117, 47]. The exception
is the Ricci sign (see below) that has been chosen negative in these papers. The column
‘original’ refers to the articles in the beginning of the development of N = 2 superconfor-
mal tensor calculus and special geometry. These are e.g. [40, 37, 48, 131, 132, 46, 60, 65,
1, 56, 67, 78, 79, 115, 133, 17]. The third column is the one presently mostly used in the
Italian groups. It is especially the one that can be found in the paper that contains all the
matter-coupled Lagrangians [10], and e.g. also in [134, 108].

The first row gives the signs in the Misner-Thorne-Wheeler classification [120]. The first
sign is the ‘signature’, determining whether the authors use mostly + or mostly − convention
for the metric. It determines whether we have to change gµν to −gµν to compare the papers.
To compare with such papers, one has also to introduce an i factor for any single γ-matrix
(assuming one uses γµγν + γνγµ = +2gµν which is true in all these papers, but not in all the
mathematical literature).

The second sign (‘Riemann sign’) determines whether

Rµ
νρσ = s2

(
∂ρΓµ

νσ − ∂σΓµ
νρ + . . .

)
. (C.1)

Usually s2 = ±1. However, in some papers s2 = −1
2

which is related to not including the
factor p! in the definition of components of p-forms. This factor 2 is indicated in the second
line. You can see that in these papers for the same reason also the field strength of vectors
Fµν have a different normalization.
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Table 16: Comparison of notations

Here original Italian [62, 63] [81] [106]
(+ + +) (+−−) (−−−) (−−) (−) (+−+)
Rµνρ

σ −Rµνρ
σ −2Rµνρ

σ −2Rµνρ
σ −2Rµνρ

σ

R −R 2R

gαβ̄ −gAB̄ gij∗ gij∗ gi̄ gij∗

K −K + 2 logα K G K K
F − i

4
F −iF F −F

XI αXI LΛ LΛ LΛ LΛ

ZI ZI XΛ XΛ XΛ XΛ

FI − i
4α
FI MΛ −iFΛ MΛ −FΛ

NIJ − 1
α2NIJ −NΛΣ −NΛΣ 2 ImFΛΣ iNΛΣ

NIJ
i

α2NIJ NΛΣ −iNΛΣ NΛΣ

Cαβγ e−KQABC iCijk Cijk iCijk −iCijk

F I
µν αF I

µν −2FΛ
µν 4FΛ

µν

√
2FΛ

µν

g −α−1g

ε 2ε
√

2ε

ψµ ψµ

√
2ψµ

γµ γµ iγµ

ΩI αΩI

ηi ηi

φµ
1
2
φµ

fµ
a 1

2
fµ

a

ΛK
1
2
ΛK

Vµ
i
j

1
2
Vµ

i
j

χi χi

T−abε
ij T−ij

ab

εabcd iεabcd
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The third sign, ‘Einstein sign’, is the sign in 8πTµν = s3

(
Rµν − 1

2
gµνR

)
, where T00 is

always positive. But it is easier to understand the product of sign 2 and sign 3 as the sign
in the definition

s2s3Rµν = Rρ
νρµ . (C.2)

Some signs can be recognized in papers as the sign of kinetic energies of the scalars and
graviton. Positive kinetic energies imply for the kinetic terms

L = −s1
1

2
∂µφ∂

µφ+ s1s3
1

2κ2
R− 1

4
FµνF

µν , (C.3)

where we assumed that R is gµνRµν . See, however, the factor of 2 in the definition of R in
some papers.

For some papers we did not give 3 signs, as the Ricci tensor, or even the Riemann tensor
do not appear for all. If only one sign it is the signatures sign, if two signs it is signature
and Riemann sign.

In the following rows, one finds the expression given in the first column in the notation
of the corresponding papers. The freedom of the real parameter α, indicated in the second
column, can be repeated in all columns, but looks most useful in this case. The sign of ωµ

ab

is relevant in expressions as covariant derivatives on fermions, where we have

∂µ + s2
1
4
ωµ

abγab, (C.4)

and on vectors
∂µV

a + s2ωµ
abVb. (C.5)

We assume here the usual definition of the corresponding curvature as in the first line of (A.2),
and that this curvature is related by vierbeins to the curvature Rµνρ

σ without changing the
place of indices. Under these conditions, this sign is the same as the second sign of the Misner-
Thorne-Wheeler signs. The papers with a factor 2 in the second line of table 16, have also
a factor 2 in the first line of (A.2) as this is due to the same difference in normalization of
components of 2-forms. Therefore the identification of the sign in (C.4) and (C.5) with the
second Misner-Thorne-Wheeler sign remains valid.

Note also that in the old papers an antisymmetrization [ab] was (ab − ba) without the
factor as in (A.1).

The symplectic matrices compare as follows between the notations here (left hand side)
and in the ’old’ notation (right hand side):(

A B
C D

)
=

(
U 2α2Z

1
2α2W V

)
. (C.6)

C.2 Translations from/to form language

We define the tangent space components of a generic p–forms, φp, according to

φp =
1

p!
dxµ1 · · · dxµpφµp···µ1 , (C.7)
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where the wedge product between forms will always be understood. The following relations
are easily derived,

dxµ0 . . . dxµd−1 = −εµ0...µd−1dx0 . . . dxd−1

= εµ0...µd−1ddx , (C.8)

(C.9)

when we define
ddx ≡ −dx0 . . . dxd−1 . (C.10)

Exercise C.1: Obtain for 3-forms H and G in 6 dimensions, obtain that∫
GH = 1

6

∫
d6x

√
gGµνρH̃

µνρ . (C.11)

Note that we consider the differentials as space-time derivatives commuting with the spinors.
The differential d works on the right: A = Aµdxµ, then dA = ∂νAµdxµdxν . This implies

e.g. that
F = dA ⇒ Fµν = 2∂[µAν] . (C.12)

Note that also here conventions differ between authors. E.g. in the ‘Italian papers’ [10, 134,
108], the factor 1/p! is not introduced in (C.7), with as consequence that Fµν = ∂[µAν]. XXX
or do not change order and A = Aµdxµ and dA = ∂νAµdxνdxµ.

D Identities of very special geometry

For simplicity of notation, all the relations in this appendix are given for vector multiplets,
though they apply for vector-tensor multiplets. In the latter case, all indices I should be
replaced by Ĩ. The vector multiplets are defined in terms of the symmetric real constant
tensor CIJK . The independent scalars are φx, but many quantities are defined by functions
hI(φ), satisfying

CIJKh
I(φ)hJ(φ)hK(φ) = 1, (D.1)

and

hI(φ) ≡ CIJKh
J(φ)hK(φ) = aIJh

J , aIJ ≡ −2CIJKh
K + 3hIhJ ,

ΓIJK ≡ −
√

2
3

(
CIJK − 9hLCL(IJhK) + 9hIhJhK

)
, RIJKL = 2ΓKM [JΓI]L

M , (D.2)

where here and below I-type indices are lowered or raised with aIJ or its inverse, which we
assume to exist.

Define (with,x an ordinary derivative with respect to φx)

hI
x ≡ −

√
3
2
hI

,x(φ), (D.3)
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which, due to the constraint (D.1) satisfies hIh
I
x = 0, leading to

hIx ≡ aIJh
J
x =

√
3
2
hI,x(φ). (D.4)

We then also have
hIhIx = 0, hIh

I
x = 0. (D.5)

These quantities define the metric on the scalar space, which is the pull-back of the metric
aIJ to the subspace defined by (D.1):

gxy ≡ hI
xh

J
yaIJ = −2hI

xh
J
yCIJKh

K . (D.6)

The above relations can be written in matrix form(
hI

hI
x

)
aIJ

(
hJ hJ

y

)
=

(
1 0
0 gxy

)
. (D.7)

We can find the inverse of the first and third (n+ 1)× (n+ 1) matrices on the left-hand side
(using hy

I ≡ gyxhIx)(
hI

hI
x

)(
hI hy

I

)
=

(
1 0
0 δy

x

)
→

(
hI hx

I

)(hJ

hJ
x

)
= δJ

I . (D.8)

Multiplying the latter equation with aJK leads to

hIhJ + hx
IhJx = aIJ . (D.9)

Using the decomposition of the unity as in (D.8), we can write (with ‘;’ a covariant derivative
including a connection hJx;y = hJx,y − Γz

xyhJz such that gxy;z = 0)

hIx;y = δJ
I hJx;y =

(
hIh

J + hz
Ih

J
z

)
hJx;y =

√
2
3

(
hIh

J
yhJx + Txyzh

z
I

)
=
√

2
3

(hIgxy + Txyzh
z
I) ,

hI
x;y = −

√
2
3

(
hIgxy + Txyzh

Iz
)
,

Txyz ≡
√

3
2
hJx;yh

J
z = −

√
3
2
hJxh

J
z;y = CIJKh

I
xh

J
yh

K
z ,

⇒ Γz
xy = hIzhIx,y −

√
2
3
Txywg

wz = hz
Ih

I
x,y +

√
2
3
Txywg

wz. (D.10)

The tensor Txyz is symmetric. Comparing (D.9) and (D.2), we obtain

hx
IhJx = −2CIJKh

K + 2hIhJ , (D.11)

whose covariant derivative with respect to φy leads to

Txyzh
x
Ih

z
J = CIJLh

L
y + h(IhJ)y. (D.12)

Multiplying with another hy
K , using again the two expressions for aIJ , leads to

Txyzh
x
Ih

y
Jh

z
K = CIJK + 3

2
a(IJhK) − 5

2
hIhJhK . (D.13)
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The curvature is

Kxyzu = RIJKLh
I
xh

J
yh

K
z h

L
u = 4

3

(
gx[ugz]y + Tx[u

wTz]yw

)
. (D.14)

Finally, after a straightforward calculation, we get

Txyz;u =
√

3
2
[g(xygz)u − 2T(xy

wTz)uw],

CIJK
,x = 2Tuvw;xh

IuhJvhKw. (D.15)

This formula was found in [135], but the factor was corrected in [136].
The domain of the variables should be limited to hI(φ) 6= 0 and the metrics aIJ and gxy

should be positive definite. Due to relation (D.7) the latter two conditions are equivalent.

E Rigid supersymmetry

For convenience, we here give the formulae for rigid supersymmetry with vector and hyper-
multiplets.

The Lagrangian for the vector multiplet.

L = −iFIDaD
aX̄I + 1

4
iFIJF−I

ab F
−abJ + 1

2
iFIJΩ̄I

i
/DΩiJ

−1
8
iFIJY

ijIY J
ij + 1

8
iFIJKY

ijIΩ̄J
i ΩK

j

− 1
16

iFIJKε
ijΩ̄I

i γ
abF−J

ab ΩK
j + 1

48
iFIJKLΩ̄I

i ΩJ
` Ω̄K

j ΩL
k ε

ijεk`

+1
2
igFIf

I
JKΩ̄iJΩjKεij − 1

2
igFIJf

I
KLX̄

KΩ̄J
i ΩL

j ε
ij − ig2FIf

I
JKf

J
LMX̄

KX̄LXM

+h.c.. (E.1)

We started from a holomorphic prepotential F (X). The vector multiplets are denoted by
indices I. The FI , FIJ , . . . are the derivatives. The holomorphic scalars are thus XI , and XI

are the complex conjugates. ΩI
i are the chiral fermions (left-handed). ΩiI is the right-handed

component. Covariant derivatives are given in (4.72), and the F−I
ab are the anti-selfdual field

strengths.
For the gauging I assumed here that F is an invariant function as in (4.73), although

one may allow that F transforms in a quadratic function with real coefficients [56, 57] as in
(4.74).

Now we come to the hypermultiplets. The real scalars are denoted as qX , with X running
over 4nH values. The fermions are then ζA (left-handed chiral) or complex conjugates ζA
(right-handed). A runs over 2nH values. The metric of the hyper-Kähler manifold spanned
by the scalars is gXY . The latter is generated by vielbeins and the (hermitian) metric in
tangent space dA

B:
gXY = fXiAd

A
Bf

iB
Y . (E.2)

The vielbeins should satisfy reality conditions that are determined by a symplectic metric
ρAB. Its complex conjugate is ρAB such that

ρABρBC = −δA
C . (E.3)
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The reality conditions are (
f iA

X

)∗
= fXiA = f jB

X εjiρBA. (E.4)

On the other hand, fX
iA are the inverse matrices of f iA

X as 4nH × 4nH matrices, see (4.26).
But one has to be careful to raise indices on the vielbeins with the metric, see (4.95).

However, if one is interested in positive definite kinetic energies, one can put dA
B = δA

B

without loosing generality.
The vielbeins should be covariant constant as in (4.27), where ΓX

ZY (q) is the Levi-Civita
connection of the metric, and this defines ωXA

B.
In general hyper-Kähler manifolds we have for the curvature tensor

RXY Z
W ≡ 2∂[XΓY ]Z

W + 2ΓV [X
W ΓY ]Z

V = −1
2
fAi

X εijf
jB
Y fkC

W fZ
kDWABC

D. (E.5)

The symmetric tensor W appears in the action.
The 2-form complex structures are

~JXY = −if iA
X ~σi

jfY jBd
B

A . (E.6)

The action is in general

Shyp =
∫

d4x
(
− 1

2
gXYDaq

XDaqY −
(
ζ̄A /DζBdA

B + h.c.
)

+ 1
2
WBC

DAdE
Aζ̄EζDζ̄

BζC

−g
(
2X̄ItI

BAζ̄CζBd
C

A + 2if iA
X kX

I ζ̄BΩjIεij + h.c.
)
− gPIi

kY ijIεjk

−2g2X̄IXJkX
(Ik

Y
J)gXY

)
. (E.7)

The covariant derivatives in (E.7) are given in (4.105).
These equations include already the coupling of vector and hypermultiplets. This cou-

pling is determined by gauged isometries. These are determined by Killing vectors kX
I of the

manifold that are triholomorphic, which means that they are derivable from a moment map
according to

∂X
~PI = −1

2
~JXY k

Y
I . (E.8)

The fact that this has a solution is equivalent to the requirement (4.53). The matrix tI
AB

occurring in the action is defined as

tI
AB = ρACtIC

B, tIA
B =

1

2
fY

iADY k
X
I f

iB
X . (E.9)

The remarks on the simple example given around (4.106) apply also here and lead again
to (4.107).

The general result is the sum of (E.1) and (4.103), which still includes the auxiliary fields
Y ijI .
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